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Abstract. — Let π ∈ Cusp (U(Vn)) be a smooth cuspidal irreducible representation of
a unitary group U(Vn) of dimension n over a non-Archimedean locally compact field. Let
W±

m the two isomorphism classes of Hermitian spaces of dimension m, and the denote by
τ+ ∈ Cusp

(
U(W+

m+)
)

and τ− ∈ Cusp
(
U(W−

m−)
)

the first non-zero theta lifts of π. In this
article we prove that m+ + m− = 2n + 2, which was conjectured in [HKS, Speculations
7.5 and 7.6]. We prove similar equalities for the other dual pairs of type I : the symplectic-
orthogonal dual pairs and the quaternionic dual pairs.

Introduction

Let F be a non-Archimedean locally compact field, of characteristic not equal to 2, and

fix ψ : F→ C× a non-trivial additive character of F.

Let (G,G′) be an irreducible dual pair of type I. Dual pairs of type I come in three

types:

(I) Let E be a quadratic extension of F and Vn and Wm some E-vector spaces of

dimension n and m equipped, respectively, with a non-degenerate Hermitian and a non-

degenerate skew-Hermitian form. Then G = U(Vn), G′ = U(Wm) are unitary groups

defined over F.
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(II) Let Vn and Wm be some F-vector spaces of dimension n and m equipped, respec-

tively, with a quadratic and a symplectic form. Then G = O(Vn) is an orthogonal group

and G′ = Sp(Wm) is a symplectic group defined over F.

(III) Let D be the quaternion F-algebra and Vn and Wm, some D-vector spaces of

dimension n and m equipped, respectively, with a non-degenerate Hermitian and a non-

degenerate skew-Hermitian form. Then G = U(Vn), G′ = U(Wm) are quaternionic unitary

groups defined over F.

We will give more details of each of these dual pairs in the forthcoming sections.

Denote by G̃ and G̃′ their pre-images in the metaplectic group. The metaplectic group

is equipped with a complex representation, canonically attached to ψ, the Weil representa-

tion, also called the metaplectic representation, which will be denoted in this introduction

by ω. We are interested in its restriction to the product G̃ × G̃′. We say that a genuine

irreducible representation π of G̃ occurs in the theta correspondence for the dual pair

(G,G′) if π occurs as a quotient of ω. The maximal quotient of ω which is π-isotypic has

the form π⊗Θ(π,Wm), where Θ(π,Wm) is a smooth representation of G̃′ [MVW, 2.III.5].

The Howe duality principle asserts that Θ(π,Wm) has a unique irreducible quotient, de-

noted by θ(π,Wm). This principle is known to hold if the residue characteristic of F is

not 2 [Wa1] or when π is a cuspidal representation [MVW, page 69]. In this article, we

will just be interested in cuspidal representations so we will not need to suppose that the

residue characteristic of F is different from 2. We will write θ(π,Wm) = 0 if π does not

occur in the theta correspondence for (G̃, G̃′). One of the main problems in the theory of

the theta correspondence is to determine whether θ(π,Wm) is 0 or not.

Fix the integer n and a genuine irreducible representation π of G̃. Consider the integer

m as a variable. Theta conservation principle predicts the first occurrence of π in the

theta correspondence, that is, the smallest integer m such that θ(π,Wm) is not zero. This

conjecture was first stated in [HKS] and extended to the symplectic-orthogonal dual pairs

in [KR], where the conjecture was proved for many irreducible representations (including

cuspidal representations). In [GTn], the conjecture was made for quaternionic dual pairs.

It has been shown to be of great interest for proving that a theta lift is non-zero (see, for

example, [GTk] for a beautiful application).

The precise statement of this conjecture depends on the dual pair and our simple

argument applies only when π is a cuspidal representation (in this case Howe duality

principle holds independently of the residual characteristic of F so we will not need to

suppose that it is different from 2). We will give the technical details in the forthcoming
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sections. Section 1 is devoted to the case where G,G′ are two unitary groups, Section

2 deals with symplectic-orthogonal dual pairs and finally, in Section 3, we will treat the

case of quaternionic dual pairs.

1. The dual pair (U(n),U(m))

Let E be a quadratic extension of F with associated quadratic character εE/F. Let Vn
and Wm be some E-vector spaces of dimension n and m equipped, respectively, with a

non-degenerate skew-Hermitian and a non-degenerate Hermitian form. Then the isometry

groups U(Vn) and U(Wm) of the spaces Vn and Wm form a reducive dual pair in Sp(Vn ⊗
Wm). This dual pair is split : attached to a fixed pair of characters χ = (χn, χm) of E×

with

χm|F× = εmE/F and χn|F× = εnE/F

there are splitting homomorphisms

iχm : U(Vn) → S̃p(Vn ⊗Wm)

iχn : U(Wm) → S̃p(Vn ⊗Wm).

Using these splittings, we consider the Weil representation restricted to U(Vn)×U(Wm),

and, for a cuspidal representation π of U(Vn), denote by θχ(π,Wm) the theta lift of π to

U(Wm).

For a fixed dimension m, there are precisely two isomorphism classes of Hermitian

spaces, W±
m , so that

εE/F

(
(−1)

m(m−1)
2 detW±

m

)
= ±1,

and we consider the collection of representations θχ(π,W±
m) as m and ± vary. Fix a parity

of m and define m+ (resp. m−) to be the smallest integer m with that fixed parity such

that θχ(π,W+
m) 6= 0 (resp. θχ(π,W−

m) 6= 0).

By [HKS, Corollaries 4.4], one has that

(1.1) max{m+,m−} ≥ n+ 1,

and by [HKS, Corollaries 4.5], one also knows that

(1.2) min{m+,m−} ≤ n+ 1,

Theorem 1.1. — We have

m+ +m− = 2n+ 2.
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This equality was conjectured in [HKS, speculations 7.5 and 7.6] to hold for every

irreducible representation π. Following the ideas in [KR], the conjecture has been proved

independently in [GG] with the same restrictions as in [KR].

Proof. — Define the skew-Hermitian space Vn+2 = Vn⊕H, where H is a hyperbolic space.

Denote by P1 the parabolic subgroup of U(Vn+2) associated to this decomposition. We

will write τ+ = θχ(π,W+
m+) and τ− = θχ(π,W−

m−). It is known that τ± is a cuspidal

representation of U
(
W±
m±

)
.

Consider the theta lift θχ(τ+, Vn+2). By [MVW, page 69], the Jacquet functor

JP1 (θχ(τ+, Vn+2)) is irreducible and by Ibid or [Han, Theorem 3.1], θχ(τ+, Vn+2) is a

subquotient of the parabolically induced representation Ind
U(Vn+2)
P1

(| |(m+−n−1)/2χm ⊗ π).

As the Jacquet functor of this induced representation, by the geometric lemma of [BZ,

2.12], is reducible we deduce that Ind
U(Vn+2)
P1

(| |(m+−n−1)/2χm ⊗ π) is reducible.

In the same way, using the theta lift θχ(τ−, Vn+2), we deduce that the induced repre-

sentation Ind
U(Vn+2)
P1

(| |(m−−n−1)/2χm ⊗ π) is reducible. However [Sil, Lemma 1.2], implies

that the representation

(1.3) Ind
U(Vn+2)
P1

(| |sχm ⊗ π)

has at most just two real points of reducibility, of the form s = ±s0. If m+ 6= m− we

deduce that

m+ − n− 1 = −(m− − n− 1),

that is, m+ + m− = 2n + 2. If m+ = m−, then by (1.1) and (1.2), the only possibility is

m+ = m− = n+ 1.

Remark 1.2. — We have, in fact, proved that the induced representation (1.3) is re-

ducible exactly when s ∈ {m+−n−1
2

, m
−−n−1

2
}. The reducibility points of the induced

representation (1.3) may be computed in terms of π (for example, by computing poles of

L-functions when F is of zero characteristic and π generic or with the theory of types if

n and m are not too big). If so, we may deduce the set {m+,m−}. The set of points

for which the representation (1.3) is reducible is supposed to be constant for representa-

tions in the same L-packet so we deduce that the set {m+,m−} is constant for cuspidal

representations in the same L-packet.

For example, in [HKS, §7] it was expected that, if m and n are of different parity,

then for most representations {m+,m−} = {n + 1, n + 1} while, if m and n are of the
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same parity, then for most representations {m+,m−} = {n, n+ 2}. We can translate this

fact now, for cuspidal representations, by saying that for most cuspidal representations

π, (1.3) is reducible for s = 0 if m and n are of different parity, and for s = ±1
2

if m and

n are of the same parity.

2. The dual pair (O(n), Sp(2m))

In this section, we consider the case of the orthogonal-symplectic dual pair. Let V be a

quadratic space over F of dimension n and denote by O(V ) the orthogonal group attached

to it. For any positive integer m, let Wm be a symplectic space over F of dimension m.

Let Gm = Sp(Wm) be the symplectic group of rank m over F, when n is of even parity,

or Gm = Mp(Wm) be its metaplectic extension, in the case of odd parity. The groups

O(V ), Sp(Wm) form a dual pair in Sp(V ⊗ Wm). It splits when n is even so we can

consider the restriction of the metaplectic representation to the product O(V )×Gm. For

any irreducible cuspidal representation π of O(V ), denote θ(π,Wm) the theta lift of π to

Gm, if such a lift exists. We write θ(π,Wm) = 0, if there is no such a lift.

The representation theory of O(V ) follows from its connected component SO(V ), see

for example [MVW, 3.II.5]. Let sgn be the non trivial character of O(V )/SO(V ), and

εn an element of O(V ) not in SO(V ). For any irreducible representation π0 of SO(V ) we

denote by πεn
0 its conjugate by εn, that is

πεn
0 (εnsε

−1
n ) = π0(s), s ∈ SO(V ).

The isomorphism class of πεn
0 does not depend on the choice of εn.

Let π be an irreducible cuspidal representation of O(V ) and write m+ (resp. m−) to

be the smallest integer m such that θ(π,Wm) 6= 0 (resp. θ(sgn · π,Wm) 6= 0).

The following proposition, stating similar inequalities to (1.1) and (1.2), follows from

the results of [Yam, §8], using the same arguments as in [HKS, §4] or [KR]. For the

sake of completeness, we will write a proof in the appendix.

Proposition 2.1. — The following inequalities hold :

max{m+,m−} ≥ n/2,

min{m+,m−} ≤ n/2.

Theorem 2.2. — We have

m+ +m− = n.
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This theorem, for any irreducible representation, was conjectured in [KR, Conjecture

C]. Before proving the theorem, let’s briefly recall some facts about the representation

theory of orthogonal groups [MVW, 3.II.5]. Let π be an irreducible representation of

O(V ) and let π0 be an irreducible subrepresentation of the restriction of π to SO(V ).

There are two different possibilities :

(1) The restriction π to SO(V ) is irreducible and hence equal to π0. This is possible if

and only if the following equivalent conditions are satisfied

(a) π is not isomorphic to sgn · π;

(b) πεn
0 is isomorphic to π0;

(c) Ind
O(V )
SO(V )(π0) = π + sgn · π.

(2) The restriction π to SO(V ) is reducible and hence equal to π0 +πεn
0 . This is possible

if and only if the following equivalent conditions are satisfied

(a) π is isomorphic to sgn · π;

(b) πεn
0 is not isomorphic to π0;

(c) Ind
O(V )
SO(V )(π0) = π.

Define the quadratic space Vn+2 = V ⊕ H, where H is a hyperbolic space. Denote

by P1 (resp. P̃1) the parabolic subgroup of SO(Vn+2) (resp. O(Vn+2)) associated to this

decomposition.

Proof. — Write τ+ = θ(π,Wm+) and τ− = θ(sgn · π,Wm−). It is known that τ± is a

cuspidal representation of Gm± .

Consider the theta lift θ(τ+, Vn+2). By [MVW, page 69] or [Ku1], the Jacquet func-

tor JP1 (θ(τ+, Vn+2)) is irreducible and θ(τ+, Vn+2) is a subquotient of the parabolically

induced representation Ind
O(Vn+2)eP1

(
| |(2m+−n)/2 ⊗ π

)
. As the Jacquet functor of this in-

duced representation, by the geometric lemma of [BZ, 2.12], is reducible we deduce that

Ind
O(Vn+2)eP1

(
| |(2m+−n)/2 ⊗ π

)
is reducible.

In the same way, using the theta lift θ(τ−, Vn+2), we deduce that the induced represen-

tation Ind
O(Vn+2)eP1

(
| |(2m−−n)/2 ⊗ sgn · π

)
is reducible.

Suppose first that the restriction of π to SO(V ) is irreducible. Then,

r
O(V )
SO(V )

(
Ind

O(Vn+2)eP1

(
| |(2m+−n)/2 ⊗ π

))
= Ind

SO(Vn+2)
P1

(
| |(2m+−n)/2 ⊗ π0

)
r

O(V )
SO(V )

(
Ind

O(Vn+2)eP1

(
| |(2m−−n)/2 ⊗ sgn · π

))
= Ind

SO(Vn+2)
P1

(
| |(2m−−n)/2 ⊗ π0

)
,
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so the reducibility of the left-side representations implies the reducibility for the

right-side representations. Again, [Sil, Lemma 1.2] implies that the representation

Ind
SO(Vn+2)eP1

(| |s ⊗ π0) has at most just two real points of reducibility s = ±s0. If

m+ 6= m−, we deduce that

2m+ − n = −(2m− − n),

that is, m+ +m− = n.

If m+ = m−, by Proposition 2.1, we get m+ +m− = n. (See that this can just happen

when n is even.)

Suppose finally that the induced representation Ind
O(V )
SO(V )(π0) is irreducible. This can

happen just when n is even : we have seen this means that π is isomorphic to sgn · π
(and hence m+ = m−) and π0 is not isomorphic to πεn

0 . By Harish-Chandra criterion

[Wa2, Prop IV.2.2], for any real s the induced representation Ind
SO(Vn+2)
P1

(| |s ⊗ π0) is

then irreducible.

This last representation, for s 6= 0, is not isomorphic to its conjugate by εn+2 so,

as we have seen before, this means that the representation Ind
O(Vn+2)eP1

(| |s ⊗ π0) '

Ind
O(V )
SO(V )

(
Ind

SO(Vn+2)
P1

(| |s ⊗ π0)
)

, is irreducible when s 6= 0. As it is reducible for

s = 2m+ − n we deduce that 2m+ − n = 0 so m+ = m− = n/2 and hence m+ +m− = n.

Remark 2.3. — We have, in fact, proved that the induced representation

(2.1) Ind
O(Vn+2)eP1

(| |s ⊗ π0)

is reducible exactly when s ∈ {m+ − n
2
,m− − n

2
}. The reducibility points of the induced

representation (2.1) may be computed in terms of π (for example with Shahidi’s theory

of L-functions when F is of zero characteristic and π is generic). If so, we may deduce the

set {m+,m−}.

There is a similar conjecture with the roles of O(V ) and Gm exchanged. For a fixed

quadratic character χ of F×, there are precisely two isomorphism classes of quadratic

spaces, V ±n , of dimension n, determined by the Hasse invariant. Let π be a cuspidal

representation of Gm and consider the collection of representations θχ(π, V ±n ) as n and ±
vary. Fix a parity of n and define n+ (resp. n−) to be the smallest integer n with that

fixed parity such that θχ(π, V +
n ) 6= 0 (resp. θχ(π, V −n ) 6= 0).
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Theorem 2.4. — We have

n+ + n− = 4m+ 4.

The proof is the same as for unitary groups (similar inequalities to (1.1) and (1.2)

are proved in [KR]) and is left to the reader. This theorem was first proved, with a

different method, in [KR] for many irreducible representations (including cuspidal repre-

sentations).

3. Quaternionic dual pairs

The literature about quaternionic dual pairs is not as large as for the other dual pairs.

However, the proof of the conservation relation for cuspidal representations is much sim-

pler in this case, as one does not need inequalities (1.1) and (1.2) to achieve it.

Let’s first briefly recall the classification of quaternionic Hermitian and skew-Hermitian

spaces. For a more detailed exposition one can consult [MVW], [GTn] and [Yam].

Let F be a non-Archimedean local field of characteristic not equal to 2 and let D be

the quaternion F-algebra. We denote by ν = |Nrd| the normalized absolute value of the

reduced norm of D.

For a given positive integer k there is a unique Hermitian space Vk which has dimension

k over D. There are two Witt towers of quaternionic Hermitian spaces, characterized by

the parity of their dimensions. We will denote by U(Vk) the automorphism group of Vk.

On the other hand for a given positive integer k the quaternionic skew-Hermitian spaces

of dimension k over D are classified by their discriminant, which is an element in F×/F×2

and thus determined by a quadratic character χ of F×. Let fix a quadratic character χ,

and denote by Wk the unique quaternionic skew-Hermitian spaces of dimension k over D

with discriminant χ, except when k = 1 and χ = 1 in which case Wk does not exist. There

are again two Witt towers of quaternionic skew-Hermitian spaces with fixed discriminant

K, characterized as before by the parity of their dimensions. We will denote by U(Wk)

the automorphism group of Wk.

If n and m are positive integers, the groups U(Vn) and U(Wm) form a split reducive

dual pair in Sp(Vn⊗Wm). For any irreducible cuspidal representation π of U(Vn), denote

θ(π,Wm) the theta lift of π to U(Wm), if such a lift exists. We write θ(π,Wm) = 0, if

there is no such a lift.

Let us now fix the quaternionic Hermitian space Vn and an irreducible cuspidal repre-

sentation π of U(Vn). Write m+ (resp. m−) to be the smallest integer of the form 2m
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(resp. 2m + 1) such that θ(π,W2m) 6= 0 (resp. θ(π,W2m+1) 6= 0). These are the first

occurrence indices of π in the two Witt towers.

Theorem 3.1. — We have

m+ +m− = 2n+ 3.

This equality was conjectured in [GTn, Conjecture 1] to hold for every irreducible

representation π.

Proof. — Define the quaternionic Hermitian space Vn+2 = Vn⊕H, whereH is a hyperbolic

space. Denote by P1 the parabolic subgroup of U(Vn+2) associated to this decomposition.

We will write τ+ = θ(π,Wm+) and τ− = θ(π, Vm−). It is known that τ± is a cuspidal

representation of U (Wm±).

Consider the theta lift θ(τ+, Vn+2). By [MVW, page 69], the Jacquet functor

JP1 (θ(τ+, Vn+2)) is irreducible and θ(τ+, Vn+2) is a subquotient of the parabolically

induced representation Ind
U(Vn+2)
P1

(ν(m+−n− 3
2
)/2ξψWm

⊗ π), where ξψWm
is a certain fixed

unitary character depending on the discriminant of Wm and the choice of the non-trivial

additive character ψ of F (see Introduction). As the Jacquet functor of this induced

representation, by the geometric lemma of [BZ, 2.12], is reducible we deduce that

Ind
U(Vn+2)
P1

(ν(m+−n− 3
2
)/2ξψWm

⊗ π) is reducible.

In the same way, using the theta lift θ(τ−, Vn+2), we deduce that the induced repre-

sentation Ind
U(Vn+2)
P1

(ν(m−−n− 3
2
)/2ξψWm

⊗ π) is reducible. However [Sil, Lemma 1.2] implies

that the representation

(3.1) Ind
U(Vn+2)
P1

(νsξψWm,
⊗ π)

has just two real points of reducibility s = ±s0. As m+ 6= m− (being of different parity)

we deduce that

m+ − n− 3

2
= −(m− − n− 3

2
),

that is, m+ +m− = 2n+ 3.

Remark 3.2. — We have proved that the induced representation (3.1) is reducible ex-

actly when s ∈ {m
+−n−3/2

2
, m

−−n−3/2
2

}. So similar arguments as in Remarks 1.2 and 2.3

apply.

One also has an analogous theorem with the role of Vn and Wm exchanged. Fix the

skew-quaternionic Hermitian space Wm and an irreducible cuspidal representation π of

U(Wm). Write n+ (resp. n−) to be the smallest integer of the form 2n (resp. 2n+ 1) such
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that θ(π, V2n) 6= 0 (resp. θ(π, V2n+1) 6= 0). These are the first occurrence indices of π in

the two Witt towers.

Theorem 3.3. — We have

n+ + n− = 2m+ 1.

This equality was conjectured in [GTn, Conjecture 2] to hold for every irreducible rep-

resentation π. The proof is the same (one just needs to change 3
2

into 1
2

in the exponents,

as Wm is now skew-Hermitian) and it is left to the reader.

A

Proof of Proposition 2.1

We keep notations as in Section 2. Let fix V be a quadratic space over F of dimension

n and, for any positive integer m, let Wm be a symplectic space over F of dimension m.

The following facts are well known so we will not give many details.

We denote by Rn(Wm) the maximal quotient of the space of Bruhat functions S (W n
m)

on which Sp(Wm) acts trivially. Then, if we denote by O(n, n) the split orthogonal group

of rank 2n, by [Ral], Rn(Wm) injects into the degenerate principal series

(A.1) Ind
O(n,n)
GLn(F)×GLn(F)

(
| det |m−

n−1
2

)
.

The interest of using Rn(Wm) comes from the fact that (A.1) is a well known rep-

resentation (in our case, this work has been achieved by Yamana [Yam, §8]) and the

fundamental equivalence (see [Ku2, §IV, Prop. 1.10], for example)

(A.2) θ(π,Wm) 6= 0⇔ HomO(V )×O(V ) (Rn(Wm), π ⊗ π) 6= 0.

Let fix now π a cuspidal representation of O(V ). By [MVW, page71],

(A.3) dim
(

HomO(V )×O(V )

(
Ind

O(n,n)
GLn(F)×GLn(F)

(
| det |m−

n−1
2

)
, π ⊗ π

))
= 1.

Suppose that m < n
2
. By [Yam, Proposition 8.4], we deduce from the previous equality

that,

dim
(
HomO(V )×O(V ) ((Rn(Wm), π ⊗ π)) + HomO(V )×O(V ) ((Rn(Wm), sgn · π ⊗ sgn · π))

)
≤ 1,
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so, by (A.2), we cannot have that both θ(π,Wm) and θ(sgn · π,Wm) are non zero. By the

persistence principle [MVW, page 67], this exactly means that

max{m+,m−} ≥ n

2
.

On the other hand, if m ≥ n
2
, by [Yam, Corollary 8.8] and (A.3),

dim
(
HomO(V )×O(V ) ((Rn(Wm), π ⊗ π)) + HomO(V )×O(V ) ((Rn(Wm), sgn · π ⊗ sgn · π))

)
≥ 1,

so at least one of the representations θ(π,Wm) or θ(sgn · π,Wm) is not zero. Again, by

the persistence principle [MVW, page 67], this exactly means that

min{m+,m−} ≤ n

2
,

which proves the proposition.
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