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Abstract. — Let F be a non-Archimedean locally compact field of residue characteristic p and R
be an algebraically closed field of characteristic ¢ different from p. Let G be the group GL,, n = 1,
over F or one of its inner forms. In this article, we prove that the unramified irreducible smooth
R-representations of G(F) are those representations that are irreducibly induced from an unramified
character of a Levi subgroup. We deduce that any irreducible unramified F,-representation of G (F)
can be lifted to Q,, which proves a conjecture by Vignéras.

Introduction

The classification of representations of reductive groups over local fields is a fundamental
problem in harmonic analysis, with various applications in the theory of automorphic forms and
in number theory. The class of irreducible unramified representations is of particular importance:
indeed, if G is a connected reductive group defined over a number field &k, and if 11 is a complex
admissible irreducible representation of the adelic group G(Ay), then, at almost all finite place
v, the local component IT, is an unramified irreducible complex representation of G(k).

Complex unramified representations of G(k,) are well understood (see [2, 3, 10]). In partic-
ular, if G = GL,,, Tadi¢ [11] proved that a complex irreducible representation is unramified if
and only if it is irreducibly induced from a unramified character of a Levi subgroup.

So far we have only been concerned with representations on complex vector spaces. Recently
however, the applications of the representation theory of p-adic reductive groups to number
theory have required considering representations with coefficients in fields of positive character-
istic (for example, see [4] for the modularity lifting problems). Their behaviour is very different
depending on whether this characteristic £ is equal to, or different from p. In this article we will
only deal with the latter case. In this case, the theory of /-modular representations of p-adic
reductive groups has been developed by Vignéras (see [13]).

This work was partially supported by the ANR (ANR-08-BLAN-0259-01, ANR-10-BLANC-0114) and the EPSRC
(EP/G001480/1). First named author was also partially supported by MTM2010-19298 and FEDER.
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Let F be a non-Archimedean locally compact field of residue characteristic p. We write O for
its ring of integers and ¢ for the cardinality of its residue field. Let £ # p be a prime number
and n be a positive integer. Irreducible smooth -modular representations of the group GL,,(F)
have been studied fifteen years ago [14]. Nevertheless, the classification of those irreducible (-
modular representations of GL,,(F) that are unramified, that is, that have nonzero GL,,(0)-fixed
vectors, remained unknown. Taking GL,,(0)-fixed vectors of smooth ¢-modular representations
of GL,,(F) is not, in general, an exact functor. There can be more than one irreducible unramified
subquotient in an unramified principal series, and this makes things complicated. In particular
there might be several unramified /-modular representations having the same Satake parameter
(see [16, Ap. BJ).

In this article we classify all irreducible unramified /-modular representations of GL,,(F) and
its inner forms. More precisely, we prove the following theorem.

Theorem 0.1 (see Corollary 6.2). — An irreducible smooth (-modular representation of the
group GL,(F) — or one of its inner forms — is unramified if and only if it is irreducibly induced
from an unramified character of a Levi subgroup. In this case, the space of its fized vectors by
a mazximal compact subgroup has dimension 1. Moreover, any irreducible unramified £-modular
representation can be lifted to an irreducible £-adic representation.

This theorem was conjectured in [14, VI.3]. To give more detail on the proof let us introduce
some notation.

Let D be a finite dimensional central division F-algebra. For any integer m > 1, we write G,,
for the group GL,,(D). To a cuspidal irreducible /-modular representation p of G,,, we attached
in [8] an unramified character v, so that, for any cuspidal irreducible representation p’ of Gy,
m’ = 1, the (normalized) parabolic induction p x p’ is reducible if and only if m’ = m and p’
is isomorphic to pv, or pyp_l. For example, if D = F, the character v, is independent of p and
equals |det |p, where | | denotes the normalized absolute value on F. This allows us to define
a segment as a sequence of the form:

[a,b], = (pvs, pvs™™, ..., p}),

with a,b € Z such that a < b. The support of [a, b] , is the multiset (i.e. set with multiplicities)
pvs + pratt 4 ...+ pvb and its length is b —a + 1. If a + 1 < b, we write:
"A=fa+1,0],, AT =[a,b—-1],.

To any segment A = |[a,b] , we have associated in [9], following Zelevinsky and Vignéras, an
irreducible subrepresentation Z(A) of PV X puﬁ“ X+ ee X pug. It is a representation of Gy, (p—q1)-

Let A = [a,b], and A" = [a',V] , be two segments. We say that A and A’ are linked if if one
can extract from at least one of the following sequences:

(pvs, ... ,puz,plug,,...,pluﬁ,) and (p'vy,... ,p’uz,,pyg, . ,pyg)
a subsequence which is a segment of length greater than those of A and A’.

If Ay,...,A, are segments we know that the induced representation Z(A1) x --- x Z(A,) is
irreducible if and only if, for all 4, j € {1,...,r}, i # j, the segments A; and A; are not linked. We
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deduce in section 3 that, if Aq,..., A, are segments with support made of unramified characters
and for all 7,5 € {1,...,7}, ¢ # j, the segments A; and A; are not linked, then the representation
Z(Aq) x---xZ(A,) is irreducible and unramified. The hard task is to prove that every irreducible
unramified /-modular representation is of that form.

It is easy to see, by the Iwasawa decomposition, that such a representation is a subquotient
of a principal unramified series. These representations are parametrized by unramified multiseg-
ments, that is multisets of segments with support made of unramified characters. Let e be the
multiplicative order of ¢¢ modulo £. To prove Theorem 0.1 we distinguish two cases, depending
on whether e = 1 or not.

The case when e = 1 is easy, and the proof was already sketched in [14, VI.2]. It relies on
the use of the Hecke-Iwahori algebra. See Section 4 for more details.

The case when e > 1 is more complicated. The key idea is that, in this case, on can distin-
guish irreducible f-modular representations by their proper Jacquet modules. By an inductive
argument carried out in Section 6, one can see that it is enough to prove that, if A = [a, b] p and
A =1d V] , are two linked segments, with p an unramified character of Gy, then the irreducible
representation corresponding to the multisegment A+ A’; denoted Z(A + A’), is not unramified.
We prove this result in Section 5. For this we distinguish several cases and see that Z(A + A’)
is always a subrepresentation of one of the following induced representations:

(1) Z(A~ + A7) x pvb x pygl, with A=, A" linked,;

(2) Z(A + A7) x pvb, with A, A’ linked;

(3) pri x pr¥ x Z(~A +~A), with ~A, ~A' linked;

(4) pr¥ x Z(A +7A'), with A, ~A linked;
and the theorem follows from an inductive argument. See Section 5 for more details.

The results of this paper will be used by the authors in a forthcoming paper on the £-modular
Jacquet-Langlands correspondence.
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1. Notation and preliminaries

1.1. Throughout this article, F is a non-Archimedean locally compact field of residue characte-
ristic p and q is the cardinality of its residue field. Let D be a finite dimensional central division
F-algebra of reduced degree d and let Op be its ring of integers. Let R be an algebraically closed
field of characteristic ¢ different from p. If £ > 0, we denote by e the order of ¢% in R*. If £ = 0,
we set e = 0.

1.2. A smooth R-representation of a topological group G is a pair (r, V) where V is a R-vector
space and 7 is a group homomorphism from G to Autg (V) such that the stabilizer of any vector
in V is an open subgroup in G. In this article all representations will be smooth.
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An R-character of G is a group homomorphism from G to R* with open kernel. It is a smooth
representation of dimension 1. Given 7 an R-representation and x an R-character of G, we write
xm or mx for the representation g — x(g)m(g).

We denote by Irrg (G) the set of equivalence classes of irreducible R-representations of G. For
any finite length R-representation 7 of G we will denote by [7] its semisimplification.

When the coefficient field is clear from the context, we will write character and representation
rather than R-character and R-representation.

1.3. For any m > 1, we write .#,,(D) for the F-algebra of m x m matrices with coefficients in
D and G,, = GL,,(D) for the group of its invertible elements.

Let N,;,, denote the reduced norm from .#,,(D) to F, and write | |¢ for the normalized absolute
value of F, giving the value ¢~ ! to any uniformizer of F. As the image of ¢ in R is invertible, this
defines an R-character of F* that we will write | |p gr. The map g — |N,,|pRr is an R-character
of G, that we denote by v (the m will be implicit and hopefuly clear from the context).

If 7 is an R-representation of G,, we will write deg(mw) = m, the degree of .

1.4. Let m be a positive integer. A composition of m is a finite sequence a = (my,...,m;)
of positive integers of sum m. If m; = m;1q for all 1 < ¢ < r — 1, we say that « is a partition
of m. To each composition a = (myq,...,m,) of m we naturally associate a unique partition
by rearranging the m;’s. We define a partial order in the set of partitions of the integer m. If
a=(ny,...,ns) and § = (my,...,m,) are two partitions of m, we write a < 3 if:

ny+---+ng<my+---+mg
for all integers k£ = 1. We write <1 3 if we have in addition «a # (.

Lemma 1.1. — Let a = (ny,...,n,) and B = (my,...,m,) be two partitions of m. Assume
there are two integers 1 < i < j < r such that:

(1) nE = mg ka ¢ {’L,j}

(2) n; > m,.

Then we have o = (3.

Proof. — See that n; = m; +m; —n;. By definition of the order we can suppose first 7 = 1 and
j = r. Then we can suppose n; = 0. The proof is now straightforward. 0

1.5. Let a = (my,...,m;) be a composition of m. We denote by M, the subgroup of G,, of
invertible matrices which are diagonal by blocks of size my, ..., m, respectively (it is isomorphic
to Gy, X -+ X Gyy,,.) and by P, the subgroup of G, generated by M, and the upper triangular
matrices. A standard parabolic subgroup of G, is a subgroup of the form P, and its Levi factor
is M,,.

We choose once and for all a square root of q in R. Write 7, for the normalized Jacquet func-
tor associated to P, and ¢, for its left adjoint functor, that is, normalized parabolic induction.
If 71, ..., m are smooth representations of G, , ..., Gy, respectively, we write:

(1.1) T X T X+ X T = o (m @M@ -+ @7y ).
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1.6. In this paragraph we give a combinatorial version of the Geometric Lemma of Bernstein-
Zelevinsky [1] (see also [13, 11.2.19]). Let o = (mq,...,m,) and 3 = (ni1,...,ns) be two com-
positions of an integer m > 1. For every i € {1,...,r}, let m; be an irreducible R-representation
of G, and let 7 = 1 ® - - - @ 7, € Irrg(M,). Denote by M*P the set of matrices B = (bi )
with non-negative coefficients such that:

E r
Zbi,jzm% Zbiyj=nj, iE{l,...,T}, jE{l,...,S}.
j=1 i=1

Fix B € .#“" and denote by a; = (bi1,. .. bis) and B = (b1, ..., b, ) which are compositions
of m; and n; respectively. For all i € {1,...,r}, set:

al(k) = az(ﬁ) Q- ®0Z-(?, ag? € Iir(Gy, ;), ke{l,...,m},
the different composition factors of rq,(m;). For all j € {1,...,s} and all sequences of integers
(k1,...,k;) such that 1 < k; < r;, we define the representation o; of Gy, by:

o; = i,Bj (U(k}) Q- ®U£,kjr)) )

1,j

Then we have:

[75 0 d(m)] = > [01 Q- ® o).
Bes#/ @B, (ki,....kr)

1.7. An irreducible representation 7 of Gy, is said to be cuspidal if it is not a subrepresentation
(or equivalently a quotient) of a representation of the form (1.1) with » > 2 and mq,..., 7, all
irreducible. It is said to be supercuspidal if it is not a subquotient of a representation of the form
(1.1) with » > 2 and 7y, ..., 7w, irreducible. A supercuspidal irreducible representation is always
cuspidal but, in general, the converse is not true. Write Cr(Gy,) and Sg(G,,) for the subsets of
Irrr (G;,) made of equivalence classes of cuspidal and supercuspidal representations of G,,. We
write Cr and 8y for the disjoint union of Cr(G,,) and Sg(G,,) respectively, for m > 1.

Given a set X, write N(X) for the commutative semigroup of maps from X to N with finite
support, and < for the natural partial order on N(X).

For any irreducible representation m of Gy, there exists a composition a = (mq,...,m,) of m
and cuspidal (resp. supercuspidal) representations 7y, ..., 7, of Gy, ..., Gy, such that 7 is a
subrepresentation (resp. a subquotient) of m; x mg x «-+ X 7. The sum:

[mi] + [mo] + -+ - + [m]
in N(Cr) (resp. in N(8gr)) is unique and called the cuspidal (resp. supercuspidal) support of 7
(see [9, Théorémes 2.1 et 8.16]).

1.8. We write:
Ko = GLm(OD)

for the subgroup of G,, made of those elements g € .#,,(Op) such that N,,(g) is a unit in D*.
Any maximal compact subgroup of G, is conjugate to Ky, and any such subgroup is open.
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An R-representation of G, is said to be unramified (or spherical) if it has a non-zero K-fixed
vector for a maximal compact subgroup K of G,,. The notion of unramified representation does
not depend on the choice of K because all maximal compact subgroups are conjugated in G,,.

An R-character of G; = D* is unramified if and only if it is trivial on the unit subgroup 0.
Every unramified character of G is of the form y o Ny with x an unramified character of F* (it
is determined by the image of any uniformizer of D).

2. On the classification of irreducible R-representations of G,,

In this section, we recall the classification of irreducible representations of G,,, with m > 1,
in terms of multisegments (see [9]).

2.1. Let m > 1 be an integer and p be an irreducible cuspidal R-representation of G,,. In [8]
we associate to p an unramified character v, of Gy, such that, if p' is an irreducible cuspidal
representation of G,,s for some m’ > 1, the induced representation p x p’ is reducible if and only
if m' = m and p' is isomorphic to pv, or pv, . We set:

(2.1) Z, = {[pvi] | i € Z}.
In the case where the characteristic of R is non-zero, this set is finite and we denote by e(p) its
cardinality. If the characteristic of R is zero, Z, is an infinite set and we write e(p) = .

Example 2.1. — If p is the trivial representation of G, or more generally, if p is an unramified
character of G; then e(p) = e (see Paragraph 1.1) and v, = v%.

Definition 2.2. — A segment is a finite sequence of the form:

(2.2) (v, pra™t, ... puh)

where p is as above and a,b € Z are two integers such that a < b. Such a sequence is denoted
[a7 b]p

If A =[a,b], is a segment, we write:

(2.3) {A)y=b—a+1, deg(A)=(b—a+1)m,
respectively the length and the degree of A. If a + 1 < b, we set:
(2.4) "A=la+1,b],, A =lab-1],.
The support of A, denoted supp(A), is the sum:

(2.5) supp(A) = [prg] + -« + [pv)]

in N(GR)
Definition 2.3. — Let A = [a,b], and A" = [d, '] , be two segments.
(1) We say that A precedes A’ if one can extract from the sequence:
b s.d ’Y
(pVg,...,pr,pI/g/,...,pr/)

a subsequence which is a segment of length greater than [(A) and [(A).
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(2) We say that A and A’ are linked if A precedes A’ or if A’ precedes A.

(3) We say that A and A’ are equivalent if they have the same length and pv, is isomorphic
to p 1/,‘;,' .

Remark that, if A and A’ are linked or equivalent, then Z, = Z,. Conversely, when Z, = Z,,
we have the following results.

Lemma 2.4. — Let A = [a,b], and A" = [d, V'], be two segments. Then A precedes A" if and
only if the two following conditions are fulfilled:

(1) There is a ' € Z such that o' < <V and ¢ =b+ 1 (mode(p)).

(2) There is a c € Z such that a < ¢ < b and ¢ =a’ — 1 (mode(p)).

Remark 2.5. — Note that Condition 1 is enough when [(A) > I(A’), and Condition 2 is enough
when [(A) < I(A).

Proof. — By Remark 2.5, the two conditions imply that A precedes A’. Assume that A precedes
A’. There are integers a < ¢y < ¢ < -+ < c¢s < band a’ < csq41 < Csq2 < -+ < ¢ < b such
that:

(1) one has ¢j41 =¢; +1 (mode(p)) forallie {1,...,r —1};

(2) the integer r is greater than [(A) and [(A’).
By adding the integers that may be missing, we may assume that {c1,...,cs} = {a,a+1,...,¢s}
and that {cs4+1,...,¢.} = {cs+1,...,0/—=1,0'}. Thus we have ¢ = a+s—1and ¢s41 = ' +1—r+s.
Since I(A) <7, we get b — c¢s <1 —s. Then ¢ = ¢5y1 + b — ¢; satisfies Condition 1. Similarly,
since [(A") < r, we get cs11 —a’ < s. Then ¢ = ¢5 + a’ — c441 satisfies Condition 2. O

We deduce the following corollary.

Corollary 2.6. — Let A = [a,b], and A" = [a',V] , be two segments such that [(A) = I(A').
Then A and A are linked if and only if there is a ¢ € Z such that a’ < <V and c is congruent
tob+1 ora—1 mod e(p).

We write Seg = Segp for the set of equivalence classes of segments.

Definition 2.7. — A multisegment is a multiset of equivalence classes of segments, that is an
element in N(Seg). We write Mult = Multg for the set of multisegments.

Let m = Ay 4+ -+ + A, be a multisegment. The length, degree and support can be extended
additively to Mult, that is we will write:

Im) = > 1(A), deg(m)= ) deg(A;), supp(m)= > supp(A;),
1<i<r 1<i<r 1<i<r
the length, the degree and the support of m respectively.

Definition 2.8. — A segment A = [a, b] p s said to be supercuspidal if p is supercuspidal, and
unramified if p is an unramified character of Gi.

We say that m is supercuspidal if A; is supercuspidal for all 1 < ¢ < r, and that m is unramified
if A; is unramified for all 1 <7 < r.
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2.2. Let m = 1 be a positive integer and p be a cuspidal representation of G,,. To any segment
A = [a,b], of degree n, we associate in [9, §7.2] a representation:

Z(A)

of G;, which is a subrepresentation of pvg x pl/g“ X e X pz/g. This representation satisfies the
property:
T(mn-m) (L(D)) = pry ®Z (" A)
and, if e(p) = 2, this property characterises Z(A) inductively. See [9, §7.2] for more details.
By a slight abuse of notation, we will consider the case where b is equal to a — 1 and associate

to [a,a — 1], the one-dimensional representation of the trivial group, denoted Gy.

Ezxample 2.9. — Suppose that p is the trivial representation of G1, denoted 1. Then Z([a, b],)
is the unramified character v(¢t%/2 of Gy_,. 1. By [9, §7.2], if x is a character of F*, we have:

Z([a, b]XoNl) = (x © Np—q+1) Z([a, b],).

In particular, if 42 is an unramified character of Gy, the representation Z([a, b],) is an unramified
character of Gy_g41-

One of the main ingredients we will use in this article is the following theorem.

Theorem 2.10 (see Theéoréme 7.23 in [9]). — Let r = 1 be an integer and let Ay,..., A,
be segments. The following statements are equivalent:

(1) Foralli,je{l,...,r}, i # j, the segments A; and A; are not linked.

(2) The induced representation Z(A1) x - -+ x Z(A,) is irreducible.

If one of these conditions is fulfilled, then for any permutation o € 8,, the irreducibly induced
representations Z(A1) x -« x Z(Ay) and Z(Ag(1y) x +++ x L(Agyy) are isomorphic.

We classified in [9] the irreducible representations of Gy, for all n > 1, in terms of multiseg-
ments. More precisely, we defined a map:

(2.6) m — Z(m)

that associates to any multisegment m = A; + --- 4+ A, an irreducible subquotient Z(m) of the
induced representation:

Z(A1) x - x Z(A,)

that satisfies one condition that will not be very important to us in this article. See [9, §9] for
more details; we will explicit the construction in the case where r = 2 in the next paragraph.
This map induces a bijection between supercuspidal multisegments of degree n and irreducible
representations of G,,.

2.3. We need to give more details about the construction of Z(m) from the multisegment m.
To do so, we introduce the notion of residually nondegenerate representation [9, §8]. We will
need the definition only in the case of representations with cuspidal support of cardinality at
most two, a very simple case. Then we will explain how to define Z(m) when the multisegment
m has exactly two segments.
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2.3.1. The concept of residually non-degenerate representation generalizes to inner forms of
GL,,(F) the notion of non-degenerate representation (developed in [13] for R-representations).
In particular a cuspidal irreducible representation is always residually non-degenerate.

Let m, m' be two positive integers and let p and p’ be respectively two cuspidal representations
of G, and G,,y. We define an irreducible representation St(p, p’) of G,,1ms as follows:

(1) If p’ is not isomorphic to pv, nor to pup_l (see Paragraph 2.1), the induced representation
p x p' is irreducible, and we set St(p, p’) = p x p'.
(2) If p’ is isomorphic to pv,, then Z([0,1],) is a submodule of p x p’ and:
— if e(p) = 3, then p x p’ has length 2, and we write St(p, p) for its unique irreducible
quotient;
—if e(p) = 2 or if £ = 2, then p x p’ has length 3, with Z([1,2],) as a unique quotient,
and with a cuspidal irreducible subquotient, which we write St(p, p’);
—if e(p) = 1 and £ # 2, then p x p’ is a semisimple representation of length 2: we write
St(p, p') for the unique irreducible subquotient which is not isomorphic to Z([0,1],).
In all cases we have defined an irreducible representation St(p, p’): this is the unique irreducible
residually non-degenerate subquotient of p x p’ in the sense of [9].
If « = (mq,...,m,) is a composition of m, a residually non-degenerate representation of the
Levi subgroup M,, of G, is a tensor product of residually non-degenerate representations of the
various Gy, ’s.

2.3.2. Let m be a positive integer and let p be a cuspidal representation of G,,,. Let a,b,a’,V
some integers such that a < b and o’ <b'. Write A = [a,b], and A’ = [d/,V'],. Let [ and I’ be
the lengths of A and A’ respectively and suppose that [ > I’. We define two compositions:

<
axn = (mym,... ,m, 2m, 2m, .. .,277}),
Y Y
-1’ times I’ times
> _
Appn = (?m,Qm,...,Qm,zn,m,...,m)
v v
I’ times —U' times

of (I +1")ym and write T& A and TX’ A+ for the representations of Maz w and MQZ K defined by:

Taa = @t @@ e T @St (o T ) @ - @Sty pry ),
Taa = Stlprl, prd )@ @St(pr) T )@ prh U @ @ ).
Then the irreducible representation associated to the multisegment A + A’ denoted Z(A + A’),
is the unique irreducible subquotient 7 of:
Z(A) x Z(A")
such that one of the following equivalent conditions is fulfilled:
(1) 7X A+ is a subquotient of Tag o (m);
(2) 7X ar is a subquotient of Tox (7);
)

(3) there are a composition « of (I + 1")m with associated partition a3 ,, and a residually
non-degenerate representation 7 of M, occurring as a subquotient of r ().
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The next lemma follows also from the classification theorem of [9].

Lemma 2.11. — Let A and A’ be two supercuspidal segments such that deg(A) > deg(A’). Let
7 be an irreducible subquotient of Z(A) x Z(A') different from Z(A+A"). Letm = Ay +---+ A,
be the supercuspidal multisegment attached to m, and assume that Aq, ..., A, are ordered so that

deg(A1) = ... = deg(A;). Then r <2 and (deg(A1),deg(A2)) = (deg(A), deg(A")) (see §1.4).

Proof. — This is a consequence of [9, 7.4]. O

3. Complements on unramified representations of G,,

In this section we prove preliminary results that will be used in the proof of Theorem 0.1. We
fix a positive integer m.

Lemma 3.1. — Let o be a composition of m and p be a smooth representation of the standard
Levi subgroup M,,. Then p is unramified if and only if the representation i,(p) is unramified. If
this is the case, we have:

(3.1) dimpg (pR0"Me) = dimg (34 (p)¥0) = 1.

Proof. — This follows from the isomorphism:

(3.2) ia(p)K0 = pionMe

given by [13, 1.5.6]. O
Lemma 3.2. — Let I1 be a smooth representation of G, and K be a compact subgroup of Gy,.

Suppose that 11 does not have any nonzero vector fixed by K. Then no subrepresentation of 11
has a nonzero vector fixed by K.

Proof. — This is a direct consequence of the fact that the functor of K-fixed vectors is left exact
(see [13, 1.4.5]). O
Lemma 3.3. — If an irreducible representation is unramified then its cuspidal support is an

unramified multisegment (that is, is made of unramified characters of D* ).

Proof. — Let m be an unramified representation of Gy,. Let p1,...,p, € Cr be some cuspidal
representations such that 7 is a subrepresentation of:

(3.3) pP1 X+ v X Py

By Lemma 3.2, we deduce that (3.3) is an unramified representation and then by Lemma 3.1
that for all 1 < i < r, p; is an unramified representation. By [8] (see Exemple 2.26 and Remarque
2.27), a cuspidal representation of G, with r > 2 does not have any vector fixed by the Iwahori
subgroup and hence it is never unramified. This implies that p; is unramified if and only if it is
an unramified character of Gi. The lemma follows. ]

Another consequence is the following proposition.
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Proposition 3.4. — Let m = Ay + --- + A, be an unramified multisegment such that for all
1<i#j<r, A; and Aj are not linked. Then Z(m) is an unramified representation.

Proof. — By definition, Z(m) is a subquotient of the induced representation:
(3.4) Z(A1) x -+ x Z(A,).

By Proposition 2.10 and our hypothesis, (3.4) is irreducible. We deduce that Z(m) is isomorphic
to (3.4). By Example 2.9, for all 1 < i < r, the representation Z(A;) is unramified. Lemma 3.1
implies then that Z(m) is unramified. O

4. The case e =1

In this section, we assume that e = 1, that is, the image of ¢? in R is 1. In this case, the proof
of Theorem 0.1 was sketched in [14, V1.2] for d = 1.

Let I be the standard Iwahori subgroup of G,, contained in Kq. Write H(G,,,I) for the Hecke-
Iwahori algebra made of compactly supported functions from G,,, to R that are bi-invariant under
I. This algebra has generators Si,...,S;, 1 and X1, (X1)7, ..., X, (X)) 7! with relations:

Si+1)(S;i—1) = 0, ie{l,...m—1},

SiS; = S;5;, li—7] =2,
SiSiHSZ- = Si+1sisi+1, 1€ {1, A 2},
Xin = XjXZ', i,jE{l,...,m},

X;Si = SiXj, i¢{jj—1}
SZX’LSZ = Xi+17 iE{l,...,m—l},

and X;(X;) = (X;)" X =1forall j e {1,...,m}.
According to Sections 2 and 6 of [15], the map 7 +> 7! induces a bijection between irreducible
representations of G,, having nonzero I-invariant vectors and simple modules over H(G,,,I).

Proposition 4.1. — The trivial character is the unique unramified irreducible representation
of Gy, having cuspidal support 14 ---+ 1 (m times).

Proof. — Let w be an unramified irreducible representation of G, which embeds in 1 x --- x 1.

Then 7 has nonzero invariant vectors by I. The space 7!

is a simple module over H(G,,I). The
generators X1, ...,X,, act as the identity on 7', due to the condition on the cuspidal support
of . Therefore ' can be considered as a simple module over H(G,,,I)/(X; — 1), that identifies
with the spherical Hecke algebra H(Kg,I) generated by Si,...,S,, 1. But 7% is stable under
H(Ko,I) and the S;’s act trivially on it. As 7! is simple, we get 7! = 750 is the trivial character

of H(Ko,I), thus of H(G,,,I). By the bijectivity property of the map 7 ~— 7!, we deduce that

7 is the trivial character of G,,. L]
Proposition 4.2. — Let m an unramified irreducible representation of G,,. Then there are
unramified characters x1, ..., xr of D* and positive integers nq, ..., n, such thatni+---+n, = m

and = (x10Npy) x - x (xr 0 Ny, ).
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Proof. — Let m an unramified irreducible representation of G,,. According to Lemma 3.3, its
cuspidal support is of the form nyx + - - - + n,x:, where the x;’s are unramified characters of D*
(with x; # x; for i # j) and where the n;’s are positive integers such that ny +--- +n, = m.
According to [9, Proposition 5.5], the representation 7 can be decomposed in a unique way as
a product 7 x --- x m,, where 7; is an irreducible representation of G,,, of cuspidal support
n;Xi- Moreover, according to Lemma 3.1, the 7;’s are unramified. Write o; for the unramified
twist 7; (i o Np,) L. Then o; is unramified and its cuspidal support is 1 +«-- + 1 (n; times).
According to Proposition 4.1, it is the trivial character of G,,,. The result follows. O

5. The case of two segments and e > 1

In this section, we assume that e > 1 and we treat the case where the representation m is of
the form Z(A + A’), with A and A’ some segments.

5.1. The proof of Theorem 0.1 uses the Jacquet functor technique. In the case where e > 1,
we can distinguish irreducible representations by their proper Jacquet functors. First we need
to adapt [6, Théoreme 5.1] to our situation.

Lemma 5.1. — Let m be an irreducible representation of G,, with n = 1 and x be a character
of G1. Let a = 1 be a positive integer. Then the induced representation:

XX XXX XY (resp. X X X X ==+ X X XT)
—_— —_—
a times a times

has a unique irreducible subrepresentation.
Proof. — To simplify notation, for every ¢ > 1, we write:

X=X x X x

As we have e(x) = ep = 2, Theorem 2.10 implies that x** is an irreducible representation of
G;. Let’s prove that m x x** has a unique irreducible subrepresentation (the proof of the other
assertion is similar). First, we reduce to the case where the cuspidal support of 7 is made of
elements of Z,. Indeed, if this is not the case, then according to [9, Proposition 5.5] we can
write m = my x 71, where the cuspidal support of 7 is made of elements of Z, and that of
does not contain any element of Z,. If w1 x x** has a unique irreducible subrepresentation o,
then my x ¢ is the unique irreducible subrepresentation of 7 x x*%. Thus we may and will assume
that the cuspidal support of 7 is made of elements of Z,.

Let t be the largest integer i > 0 such that 7 has an irreducible quotient of the form 7 x x**
for some 7 € Irr(Gp—;).

Lemma 5.2. — Let t' be the largest integer i > 0 such that T (n—i) () possesses an irreducible
subquotient of the form 7' ® x*' for some 7' € Irr(G,_;). Then we have t' = t.
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Proof. — By Frobenius reciprocity, we have ¢t < #'. Given an integer 7 > 0, assume that there is
an irreducible representation 7/ of G,,—; such that 7/ ® x*? appears as an irreducible subquotient
of 7(,_i (7). Write r for the Jacquet functor r(;
is made of elements of Z,. If we apply 7, then we get that 7(7) has an irreducible subquotient
of the fom p = X1 ® - QO X ® - ® X, where t = n —i and x1,...,xs € Z,. Since r(m)
has finite length, it decomposes into a finite direct sum of indecomposable summands. Let V be

geeay

1) and recall that the cuspidal support of 7/

an indecomposable summand of r(7) that contains ¢ as a subquotient. Since p is a character
of the minimal Levi subgroup Mg = G; x - -+ x Gy of G,,, it does not have nontrivial extensions
with other characters ¢’ # o of My. It follows that the irreducible subquotients of V are all
isomorphic to 9. We thus have a surjective map:

r(m) — o.

By Frobenius reciprocity, we have a nonzero map from 7¢,_; ; (7) to x1 % --- x xt ® x*%, and
thus a surjective map from T(n,i,i)(ﬂ') to 7 ® x*?, where 7 is an irreducible subquotient of the
product x1 X -+ X X¢. O

Choose 7 € Irr(G,—¢) such that Homg, (7,7 x x*!) # 0. By the maximality of ¢, the repre-
sentations 7 and y*(+%) satisfy the conditions of [7, Proposition 1.1]. Thus 7 x X (t+a) hag
X@ is a subrepresentation of 7 x XX(”“), the
lemma follows. O

a unique irreducible subrepresentation. As 7 x y

Remark 5.3. — We expect that Lemma 5.1 can be generalized by replacing x by any super-
cuspidal representation p of G, r = 1. For this, we need to prove that p does not have nontrivial
extensions by nonisomorphic unramified twists of p. Such a question is investigated (in greater
generality) in [12]. Note that, when R has positive characteristic, a supercuspidal representation
need not be projective mod centre.

5.2. Let x be an unramified character of G; = D*. Let A = [q,b], and A’ = [d/, V], be two
segments. Write [ and I’ for the lengths of A and A’ respectively, and suppose that [ > I’. The
condition e > 2 means (see Example 2.1) that e(x) = 2. See also that in this case v, = %

We have the following theorem (see Definition 2.3(2) for the definition of linked segments).
Theorem 5.4. — The segments A, A’ are linked if and only if Z(A + A') is not unramified.

This paragraph is devoted to the proof of this theorem. One implication follows from Propo-
sition 3.4. We prove the other one by induction on the sum m = [ +I’. We suppose henceforth
that A and A’ are linked.

Since the map (2.6) is compatible with unramified twists (see for instance Example 2.9), and
since an irreducible representation is unramified if and only if all its unramified twists are, one
may assume that x = 1. In this case, A and A’ are just denoted [a, b] and [d’, b'].

Assume that m =2 and say @’ = a + 1. If e > 2, the pro-order of Ky is invertible in R* and

i
da » 1da" has

hence the functor of Ky-invariant vectors is exact [13, 1.4.6]. The representation v
a unique irreducible unramified subquotient Z([a, a’]), which differs from Z([a, a] + [@,a']). We

deduce that the latter representation is not unramified.
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If e = 2, then the representation Z([a, a] + [a’,a’]) of Gg is cuspidal, thus is not unramified.

Suppose that m > 3 and that the theorem is true for all segments A, A’ such that (A + A') is
smaller than m. We use the notation of Section 2. Up to equivalence of segments, we distinguish
the following cases:

(1) b=V and A~ and A’~ are linked.

(2) b=V and A~ and A’~ are not linked.

(3) a=d" and ~A and ~A’ are linked.

(4) a = a’ and ~A and ~A’ are not linked.

(5) a # d' (mode) and b # b’ (mode).

In each of these cases we will exhibit a representation V, which will not be unramified thanks
to our inductive argument, and which will have a unique irreducible subrepresentation 7 thanks
to Lemma 5.1. We will prove that 7 is isomorphic to Z(A + A’): it will follow from Lemma 3.2
that the latter is not unramified. For this, we will prove (see Paragraph 2.3.2) that m occurs
as a subquotient in Z(A) x Z(A’) and that, for a suitable choice of a composition « of m, the
Jacquet module r,(7) contains a suitable residually non-degenerate irreducible factor.

5.2.1. We start with Case 1. Suppose thus that b = b and A~, A’™ are linked, and write:
V=Z2A +A") xv® x %

The inductive hypothesis together with Lemma 3.1 imply that V is not unramified. By Lemma
5.1, V has a unique irreducible subrepresentation 7. We are going to prove that m ~ Z(A + A').
The theorem will thus follow from Lemma 3.2.

For this (see Paragraph 2.3.2) it is enough to prove that 7 is a subquotient of Z(A) x Z(A')
and that TE’ As 18 a subquotient of Tag o (). First, by Frobenius reciprocity, we have:

Z(AT + A7) @ (v x v®) < [r(n2.9)(7)].
Then, by definition of Z(A~ + A’7) and exactness of the Jacquet functor, we have:

Ta-.a- ® (v® x ) < [TO‘Z N (m)].

But, as e > 2, we have v% x v = St(v® %) by Paragraph 2.3.1. Thus TA A/ 18 & subquotient
of Tas () as expected. Note that V is a subrepresentation of:
W = Z(A7) x Z(A7) x v® x %,

The representation 75 o, occurs with multiplicity 1 in Tas (Z(A) x Z(A')). By the geometric
lemma, and thanks to the fact that e > 2, it also occurs in Tas o (W) with multiplicity 1. If =
is not a subquotient of Z(A) x Z(A'), then:

[7] +[Z(A) x Z(A')] < [W].

Thus, by exactness of the Jacquet functor, 75 ,, occurs in Tas (W) with multiplicity 2: con-
tradiction. ’
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5.2.2. We now treat Case 2. Suppose that b = b’ and A~, A’ are not linked. Remark that
we have a < a’ < b.

Lemma 5.5. — We have ! < e and e divides .

Proof. — According to Corollary 2.6, there is a ¢’ € Z such that o’ < ¢ < b and ¢ is congruent
to b+ 1 or a—1 mod e, and there is no d’ € Z such that ' < d' < b—1 and d' is congruent to b
or a — 1 mod e. The second condition implies that b — a’ < e, or equivalently I’ < e.

Assume that o’ < ¢ <b. Then ¢ = b+ 1 (mode) which contradicts the fact that I’ < e. It
follows that ¢/ = b. Thus b =a — 1 (mode), or equivalently e divides I. O

In other words, we have b —e + 1 < a’ < b and there is a t > 1 such that a = b —te + 1. We
now distinguish two cases: I’ > 2 and I’ = 1.

5.2.2.1. Let us first assume that o’ # b, that is I’ > 2, and write:
V=04 < Z(" A+ A).

It has a unique irreducible subrepresentation 7 and, since ~ A’, A are linked, it is not unramified.
We will prove that 7 is isomorphic to Z(A+A'). For this, we will show that there is a composition
a of m, with associated partition a3 ,,, and a residually non-degenerate representation 7 of M,
occurring as a subquotient of ’I"a(ﬂ'j. Then we will prove that m occurs as a subquotient of
Z(A) x Z(A'"). By Frobenius reciprocity, we have:

VI QZ(TA + A) < [rm 1) (m)]-

By definition of Z(“A’ + A) and exactness of the Jacquet functor, 19 ® TN - A/ OCCUTS as a
subquotient of r,(7), where a is the composition:

a=(1,1,...,1,2,2,...,2).
—_—
a’—a+2 b—a’

Thus the irreducible representation:
Vda’ ® Vda ® Vd(a+1) ®® Vda’ ® St(l/d(a,+1), Vd(a'+1)) R -® St(de, de)

denoted 7, occurs as subquotient of 7, (7). Write a° for the composition of m defined by:

o =(2,1,1,...,1,2,2,...,2).
—_—
a’'—a b—a’

Then there is an irreducible representation p of Go such that v @ pde oecurs as a subquotient
of 71 1)(p) and:

p ® Vd(a-i—l) ® . ® Vda' ® St(ud(a/+1), Vd(a’-i—l)) ® e ® St(l/db, l/db)

denoted 7p occurs as a subquotient of r,0(7). Since a’ # b and by Paragraph 2.3.1, p is isomor-
phic to St(udal, v, This proves our first assertion. We prove now that 7 is a subquotient of
Z(A) x Z(A"). We write W = 9 x Z(A) x Z(~A’).
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Suppose that @’ # a. Then 7 appears with multiplicity 1 in r,(Z(A) x Z(A’)) and 7,(W).
Since V is a subquotient of W, we have that 7 is a subquotient of W. Hence, if 7 is not a
subquotient of Z(A) x Z(A'), then:

[7] + [Z(A) x Z(A)] < [W].

By exactness of the Jacquet functor, 7 appears in r,(W) with multiplicity 2: contradiction.
Suppose that @’ = a, thus t = 1 and A’ = A. We write:

X =04 x v x Z(TA) x Z(TA).

The representation 7y appears with multiplicity 1 in 7,0(Z(A) x Z(A')) and r,0(X). Since V is
a subquotient of X, we have that 7 is a subquotient of X. Hence, if 7 is not a subquotient of
Z(A) x Z(A'), then:

[7] + [2(A) x Z(A")] < [X].
By exactness of the Jacquet functor, 7y appears in r,0(X) with multiplicity 2: contradiction.

5.2.2.2. Suppose now that o’ = b, that is A’ = [b,b] has length 1. This case is particular and
we treat it by a different method. We write V = Z([a,b]) x v and 7 = Z([a, b] + [b,b]). Write
Ky for the normal subgroup of Ky made of those matrices that are congruent to the identity
mod the maximal ideal of Op. We identify the quotient Ko/K; with the general linear group
GL,, (k) where k is the residue field of D, which has cardinality ¢%. Thus the space of K;-fixed
vectors of any smooth representation of G is naturally endowed with an action of GL,, (k). Note
that m =1 4+ 1. Write X for the projective space of k™.

Lemma 5.6. — VX identifies with the representation of GL,,(k) on the space of functions
from X to R.

Proof. — Let P be the standard parabolic subgroup P(; 1) of G. Restricting functions from G
to Ko induces a bijective and Kg-equivariant map from VK1 to the representation of Kq induced
from the trivial character of P n Kg. The latter representation identifies with the representation
of GL,, (k) on the space of functions from X to R, since (P n K)\Ko identifies with X. O

Lemma 5.7. — The representation VK is semisimple of length 2, and the trivial character 1,
of GLy, (k) occurs with multiplicity 1 in it.

Proof. — We identify VX1 with the space S of functions from X to R, which is the representation
of GL,,(k) parabolically induced from the trivial character of the standard Levi subgroup of
GL,, (k) associated with the composition (I, 1).

According to James’s classification [5] (see also [9, §3.3]), S is made of a nontrivial irreducible
subquotient Sg, occuring with multiplicity 1, and of the trivial character 1,,, occuring with some
multiplicity n > 1. Given f € S, write ¥ (f) for the sum of the values of f in R. Then % is a
homomorphism from S to the trivial character 1,,.

Lemma 5.8. — The trivial character 1,, does not occur as a subrepresentation of Ker(1)).
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Proof. — Assume that 1,, occurs as a subrepresentation of Ker(v), and write f; for the constant
function equal to 1. Then ¢ (f1) is equal to the cardinality of X, thus we have:
md __ 1

q
O = = —
in R. Tt follows that ¢ is congruent to 1 mod ¢, that is e divides m = [ + 1. The contradiction
follows from Lemma 5.5. O

It follows that the socle of Ker(¢)) is equal to Sg. Since S is selfcontragredient, Sy is selfcon-
tragredient too, 1,, occurs as a subrepresentation of S and Sy as a quotient of S. Thus 1,, and
So are direct summands in S, that is we have S = So @ S’ for some subrepresentation S’ of S
which is made of 1,, with multiplicity n, and 1,, is a direct summand in S’. This gives us:

Ker(y)) = Sp @ (Ker(y)) n S').

If Ker(v)) is not reduced to Sy, then 1,, occurs as a subrepresentation of Ker (), which contradicts
Lemma 5.8. O

We thus have:
VE = Z([a- 1) @ =1, @75 = 1,, @ So.
It follows that 751 = Sy is irreducible nontrivial, thus 7X° is zero and 7 is not unramified.
5.2.3. The proof in Case 3 is similar to that of Case 1, using 7';7 s instead of TE A

5.2.4. The proof in Case 3 is similar to that of Case 2. Note that a < ¥ < a+e — 1 and
there is an integer ¢ > 1 such that b = a + te — 1.

5.2.5. We now treat Case 5. This case itself decomposes into seven subcases:

(1) I > 1" and A precedes A’.
) I >1"and A’ precedes A.
)l=10Vand a#a —1 (mode) and ~A, A’ are linked.
4) I =1"and '’ #a —1 (mode) and ~A’, A are linked.
JIl=0Iand b£b +1 (mode) and A~, A’ are linked.
JIl=0UandV Zb+1 (mode) and A~, A’ are linked.
7)1l=1and e=2.

Note that Cases 4 and 6 follow respectively from 3 and 5 by exchanging A and A’ and will
not be treated.

We write V = 19 x Z(“A+A") and W = 1% x Z(~A) x Z(A’) and 7 for the unique irreducible
subrepresentation of V. By Frobenius reciprocity, 1% ® Z(~A + A’) occurs as a subquotient of
the Jacquet module 71 y,_1)(7).

Subcase 1: In this first subcase, ~A precedes A’. By definition of Z(~A + A’) and exactness
of the Jacquet functor, we have:

vt g Toan < [raz N (m)].
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Hence 73 5/ occurs in TaX ar () with multiplicity 1. Thanks to the fact that a # o’ (mode), it
also occurs with multiplicity 1 in Tag o (W) and Tag o (Z(A) x Z(A'")). If 7 is not a subquotient
of Z(A) x Z(A') then:

[7] + [Z(A) x Z(A")] < [W].
By exactness of the Jacquet functor, TE A/ appears in Tas o (W) with multiplicity 2: contradic-
tion.

Subcase 2: The proof is the same as in the previous case, using now 73 ,, instead of 75 /.
Subcase 3: Suppose that [ =1’ and a #a’ — 1 (mode) and ~A, A’ are linked. We have:

da ®ToA < [Tao(7)],
where o is the composition of 2 defined by:
a®=(1,1,2,2,...,2).
—_—
I—1

Thus, by definition of 7'§ As» We have:
1 @ 18 @ Sp(pAet) LAWY @@ St LY < [0 ()],
Then there is an irreducible representation p of Go such that v% @ v4" < [7(1,1(p)] and:
7 = p@St(pAetD LD @ L g S D, )

occurs as a subquotient of r,0 (7). By the classification of irreducible representations of Ga (see
Paragraph 2.3.1) and the assumption a % o’ — 1 (mod e), we have p = St(v%, v%). Thus TE7A,
occurs as a subquotient of TaX a (m). Thanks to the fact that a # o’ (mode), it occurs also
with multiplicity 1 in [TQZ,A' (W)] and in [razyA,(Z(A) x Z(A")]. If 7 is not a subquotient of
Z(A) x Z(A') then:
[7] + [Z(A) x Z(A")] < [W].

By exactness of the Jacquet functor, 7'§ A/ appears in Taz u (W) with multiplicity 2: contradic-
tion.

Subcase 5: The proof of Subcase 5 is the same as in Subcase 3, using now 7'57 A instead of
TE’ A

Subcase 7: Suppose that | = I’ and e = 2. This is the easiest subcase. By [9, Théoréme
7.32(3)], the cuspidal support of Z(A + A’) is not made of unramified characters so, by Lemma
3.3, Z(A + A’) cannot be an unramified representation!

6. The general case

In this section we prove the main theorem of this article.

Theorem 6.1. — Let m = Ay + --- + A, be a multisegment and write m = Z(m). Then 7 is
unramified if and only if m is unramified and, for all 1 < i < j < r, the segments A; and A,
are not linked.
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Proof. — By Proposition 3.4, the condition on m is sufficient. Suppose that 7 is unramified. By
Lemma 3.3, the multisegment m is unramified.

If e = 1, the theorem follows from Proposition 4.2. Suppose ¢ > 1 and let I be the set of
sequences (A, ..., Al) of segments such that 7 is a subrepresentation of Z(A!) x --- x Z(Al).
Let (A],...,Al) € I be so that the partition associated to the composition (I(Af),...,I(A])) is
minimal. Suppose that there exist 1 <14 < j <r, such that A} and A; are linked. By Theorem
2.10, we can suppose that j =i+ 1. Then, by Lemma 2.11, every subquotient of Z(A}) x Z(AY%)
is of the form Z(d + ¢'), where ¢ + ¢’ is a multisegment such that:

— either 6 +¢" = AL + Al |, or

— the partition associated to the pair (1(6),1(d")) is bigger than the partition associated to the
pair (I(A]), (AL, ).

We deduce that 7 is a subrepresentation of:

(6.1) Z(AY) x oo X Z{AI_) x Z(6 + &) x Z(Aj2) x - x Z(A]).

with 0 + ¢’ as above.

If 6 and ¢ are linked (in particular in the first case), then Theorem 5.4 implies that Z(0 + ¢')
is not unramified. By Lemma 3.1, the representation (6.1) is not unramified. By Lemma 3.2 we
deduce that 7 is not unramified, which contradicts our hypothesis.

If 6 and ¢’ are linked (and thus we are in the second case), then Theorem 2.10 implies that
Z(6 + ¢') is isomorphic to Z(d) x Z(d'), hence 7 is a subrepresentation of:

Z(AY) x - x Z(AL_ ) x Z(8) x Z(8") x Z(Ajr2) x -+ x Z(AL).

This contradicts, by Lemma 1.1, the minimality of the partition associated to (A],..., Al).
Thus for all 1 <i < j <7, A and A} are not linked. We deduce that 7 = Z(A] +--- + A)
and this finishes the proof of the theorem. O

Let ¢ be a prime number different from p. We denote by Q, the field of ¢-adic numbers and
F, its residue field. We fix an algebraic closure Q, of Q, and we denote by Fy its residue field,
which is an algebraic closure of Fy.

We say that an irreducible Fy-representation 7 of G,,, m > 1, can be lifted to Q, if there
exists an integral Q-representation 7 such that 7 is the reduction modulo ¢ of 7 (see [9]).

Corollary 6.2. — An irreducible representation m of Gy, m = 1, is unramified if and only if
it s irreducibly induced from an unramified character of a parabolic subgroup. In this case we
have that dimg (7%°) = 1. Every irreducible unramified Fo-representation can be lifted to Q,.

This corollary was conjectured in [14, VIL.3].

Proof. — The first part of the corollary follows from the fact that isomorphism classes of un-
ramified characters of G,, are in bijection with classes of unramified segments of length m.
The identity (3.2) implies that dim(7%°) = 1. Every Fy-character can be lifted to an integral
Qy-character. The last part of the corollary follows then from [9, 1.2.3]. O
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