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ABSTRACT. The local intertwining relation is an identity that gives precise informa-
tion about the action of normalized intertwining operators on parabolically induced
representations. We prove several instances of the local intertwining relation for quasi-
split classical groups and the twisted general linear group, as they are required in the
inductive proof of the endoscopic classification for quasi-split classical groups due to
Arthur and Mok. In addition, we construct the co-tempered local A-packets by Aubert
duality and verify their key properties by purely local means, which provide the seed
cases needed as an input to the inductive proof. Together with further technical re-
sults that we establish, this makes the endoscopic classification conditional only on
the validity of the twisted weighted fundamental lemma.
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INTRODUCTION

The theory of automorphic forms is a profound topic in number theory with broad
applications to other areas of mathematics and theoretical physics. A fundamental
problem, which is central in the Langlands program, is to classify automorphic repre-
sentations of connected reductive groups GG over global fields and to obtain the analo-
gous classification over local fields in terms of parameters pertaining to the Langlands
L-group “G. Such a classification should be consistent with the Langlands functoriality
conjecture, whose rough form posits that a morphism of L-groups “H — £G should
induce a functorial lifting of representations from H to G, provided that G is quasi-
split. The functoriality conjecture is beyond our current technology in general, but
some special cases fit in the framework of endoscopy a la Langlands further developed
by Arthur, Clozel, Kottwitz, Labesse, Shelstad, and others.

When G is a quasi-split classical group, one can hope to study the classification prob-
lem for G by relating it to the general linear groups and to quasi-split classical groups
of smaller rank, via (ordinary and twisted) endoscopy. This was achieved in Arthur’s
book [Ar?], which represents a crowning achievement in the endoscopic approach to
functoriality, and builds on tremendous foundational work on the trace formula and
related matters spanning multiple decades. The results of [Ar2] were later extended
to quasi-split unitary groups by [Moki], following the same arguments. These results
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were partially extended to non-quasi-split classical groups in [KMSW| and [Ish]. Since
classical groups are ubiquitous, the endoscopic classification for them has played an
indispensable role in a number of arithmetic applications such as:

e new instances of the global Langlands reciprocity, see [Sc2, Section 5.1], [BCGP,
Section 1.4.1], [KST, KS2|;
e the p-adic Gross-Zagier formula and the Beilinson-Bloch-Kato conjecture, see

e Euler systems, see [GS], [LSK|, [LTX];

e the Gan—Gross—Prasad conjecture, the Ichino-Ikeda conjecture and their local
analogues, see [W6|, [BPT, BP2, BP3], [BPLZZ, Remark 1.7], [BPCZ], [BPC];

e the Sarnak—Xue density conjecture, see [DGG|, [EGGG;

e an extension of the Shimura—Waldspurger correspondence, see [GI3], [Li;

e classification/counting of irreducible algebraic cuspidal automorphic represen-
tations m of GLy or classical groups over Q of level one, see [CRY, [Tai], [CI],
[C];

e Harder’s conjecture, see [CI]], [ACTKYT, ACTKY?].

The main theorems of [Ar2] and [Mok] depend on several results which were unproven
but expected at the time. Some of the results have become available over the past ten
years. The most notable is the stabilization of the twisted trace formula by Moeeglin—
Waldspurger [MW4, MW3|, assuming validity of the twisted weighted fundamental
lemma; the latter is as yet not available and is discussed further in Section 04 below.
Moeglin-Waldspurger also established the local twisted trace formula in [MWS$], which
is one of the vital ingredients in [Ar2, Chapter 6]. The remaining issues were to be
resolved in the projected papers by Arthur, which are named as [A24, A25, A26, A27]
in [Ax?], at least in the symplectic and orthogonal cases. The problem to be addressed
by [A24] has been solved in [MW4], whereas the other three references [A25, A26, A27]
have not been treated yet. For [A24], see also Section O3 below. The problems to be
covered by [AZH] appear to be particularly challenging, and the Hecke algebra method
mentioned below [Ar2, Lemma 7.1.2] leads to rather complicated calculations that are
delicate even in the (supposedly simplest) case pertaining to the Iwahori Hecke algebras.

The goal of this paper is to prove all unproven assertions that [Ar2] and [MokK] rely
on, apart from the twisted weighted fundamental lemma, uniformly for quasi-split sym-
plectic, special orthogonal, and unitary groups. Our three main theorems correspond
to what should be expected from [A27], [A26], and [A25], respectively, including their
analogues for unitary groups. In addition we justify a few other technical results that
are used in [Ar2] and [Mok] without explicit reference. It is worth noting that we de-
velop a novel method for [A25] and [A26] based on a careful study of local intertwining
operators, that is quite different from the approaches suggested by Arthur in [Ar2]. As
a consequence of this paper, the main endoscopic classification for quasi-split classical
groups will become unconditional as soon as the twisted weighted fundamental lemma
is fully verified. Also unconditional will be the wide range of applications resting on it.
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We remark that a weak global Langlands functoriality from split classical groups
(as well as split general spin groups) to general linear groups was established by Cai—
tending the work by Cogdell-Kim—Piatetski-Shapiro—Shahidi et al. (see [CPSS] and the
references therein) in the globally generic case. Even though the trace formula method
leads to more precise results that are suitable for broader applications, their theorem
is unconditional and less demanding in terms of prerequisites as they avoid the trace
formula. On the other hand, it is possible to deduce a weak global Langlands functori-
ality from (not necessarily quasi-split) classical groups to general linear groups by the
trace formula in a way much softer than [Ar2] and [Mok], and conditional only on the

0.1. Context. Now we partially review the outline of Arthur’s inductive argument in
[AT2] to put our work in context. (The same applies to [Mok] regarding unitary groups.
Since the structure of [Moki] closely follows that of [Ar2], our review focuses on [Ar2].)
We may organize the main theorems in [Ar2] as follows using the numbering from there.

e Local classification theorems: Theorems 1.5.1, 2.2.1, 2.2.4.
e Local intertwining relations (LIR): Theorems 2.4.1, 2.4.4.
e Global seed theorems: Theorems 1.4.1, 1.4.2.

e Global classification theorems: Theorems 1.5.2, 1.5.3.

e Global stable multiplicity formulas: Theorems 4.1.2, 4.2.2.

The local classification includes the local Langlands correspondence, construction and
internal parametrization of A-packets, and the endoscopic character relations. The
global seed theorems support the formalism of Arthur’s global parameters for classical
groups; the global classification includes Arthur’s multiplicity formula as well as the
dichotomy for self-dual cuspidal automorphic representations of GLy, with N even,
into symplectic and orthogonal types. The above theorems are proven all together
by induction on a positive integer N for quasi-split symplectic and special orthogonal
groups which are twisted endoscopic groups for GLy.

The most crucial ingredient of the proof is the stabilization of the trace formulas for
quasi-split classical groups and twisted general linear groups. Essential for its use is
a precise understanding of the intertwining operators appearing in the trace formulas.
This is the role of our main theorems corresponding to [A26] and [A27] (announced in
[AT2, Section 2.5]) clarifying the relationship between normalized intertwining operators
and Whittaker models, as well as the part of [A25] pertaining to LIR for A-parameters.

In addition, the theorems on [A25] serve as the cornerstone for Chapter 7 of [Ar2].
Let us provide more details. Arthur obtains the local theorems for tempered repre-
sentations and bounded Langlands parameters, a.k.a., tempered L-parameters, by the
end of Chapter 6 of [Ar2]. Chapter 7 is devoted to the local classification and LIR for
non-tempered A-parameters. Building on the local results of Chapters 6 and 7, Arthur
finishes the proof of the global theorems, thereby completes the inductive argument, in
Chapter 8.
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Arthur’s strategy in Chapter 7 broadly consists of two steps:

Step 1: Handle a certain class of A-parameters over p-adic fields by a local method.
Step 2: Prove the general case via globalization.

Step 2 propagates the results from Step 1 by carefully globalizing a given local A-
parameter such that the local A-parameters at all the other places, apart from the place
of interest, are essentially understood. With that said, we concentrate on Step 1 as this
is what our main theorem is about.

A key input in Step 1 is Aubert duality, which is defined on local A-parameters as
well as on irreducible representations of p-adic reductive groups. On A-parameters, it is
induced by simply permuting the two SLo-factors in the source group. On representa-
tions, Aubert duality is defined in terms of parabolic inductions composed with Jacquet
modules; for example, the trivial representation and the Steinberg representation are
Aubert-dual to each other, and each supercuspidal representation is its own Aubert
dual. Aubert duality on the two sides should be compatible with each other through
the local classification. This is indeed shown to be so by the end of Chapter 7 in [Ar2].

Arthur’s strategy for Step 1 is to turn the tables around. Since the local theorems
are known for tempered L-parameters, we can hope to construct A-packets and prove
the local theorems via Aubert duality when the A-parameters are co-tempered, i.e.,
when they are Aubert-dual to tempered L-parameters, provided that we understand
how Aubert duality interacts with the local classification and LIR. This is exactly what
our third main theorem achieves.

In [Ax2] the counterpart of this theorem is stated as Lemma 7.1.2 and the penultimate
paragraph on p.428, whose proof was deferred to [A25]. In fact Arthur asserted only
a weaker statement for certain co-tempered A-parameters, which nevertheless suffices
for Step 2 above. On the other hand, our method seems robust and optimal in that it
allows us to deal with all co-tempered A-parameters.

0.2. Results, proofs and organization. Let us describe our results. Let F' be a
local field of characteristic zero with the local Langlands group Lp, and let either G =
GLy(F) equipped with a non-trivial pinned outer automorphism 6 (which coincides
with g — ‘g~ up to an inner automorphism), or let G' be a symplectic group Sp,,, (F)
over F'; for simplicity, in this introduction, we will not discuss orthogonal or unitary
groups, which require more notations. See also Section O, where we review Arthur’s
results and state our three main theorems in the general setting.
Fix a proper standard parabolic subgroup P = M Np of G, and an A-parameter

77DMZ LF X SLQ(C) — LM

for the Levi component M. As an induction hypothesis, we assume that we have the
A-packet Il,,,, which is a multi-set of irreducible unitary representations of M. Let w
be a (twisted) Weyl element of G that preserves M, i.e., an element of Ng(M)/M when
G is the symplectic group, or an element of Ngyg(M)/M when G is the general linear
group. After fixing some auxiliary data, for my, € Ily,,, Arthur defines a normalized
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intertwining operator

Rp(w,ﬂ'M,l/}M)Z Ip(ﬂ'M) — IP(UJTFM),

where Ip (/) is the normalized parabolic induction of 7y and (wmy)(m) = m (W tmw)

with a carefully chosen representative w of w (see Section 74 for more details). Our
three main theorems concern these normalized intertwining operators.

0.2.1. Main Theorem 1. In the first main theorem (Theorem I"8T), we consider the
tempered and generic case. Let 1), = ¢y be a tempered L-parameter, which means
that ¢M|{1LF}xSL2(<C) = 1, and let my; be a generic representation lying in Il,,,. In
this case, from a fixed Whittaker functional on 7, one can get a Whittaker functional
Q(mar) of Ip(mpr) by the Jacquet integral (see Section IR). Then Theorem I claims
that

Q(wmar) o Rp(w, mar, dar) = Qmar)

if wry = mp. This is [Ar2, Theorem 2.5.1 (b)], whose proof was deferred to [A27].
Note that a similar result is proven by Shahidi [ShaZ], but Shahidi’s definition of
Rp(w, s, ¢ar) is not the same as Arthur’s because it uses different normalizing factors.
As suggested in the proof of [Ar2, (2.5.5)], Theorem & will be proven by comparing
Arthur’s normalization factors with Shahidi’s local coefficients. This is done in Section
2. In particular, if G is a classical group, we need the coincidence of Shahidi’s gamma
factors (constructed in terms of representations of reductive groups) with those defined
by Artin, Deligne, and Langlands (constructed in terms of Galois representations). This
is well-known to experts, but for completeness, we give a proof of this fact in Section
A7

Another result, whose proof was deferred to [A27], is [Ar2, Lemma 2.5.5]. This lemma
claims that the local intertwining relation (see Section below for more details) for
the tempered case can be reduced to a slightly weaker statement. We will show this
lemma in Appendix 0. Theorems &1 and DT together with the twisted endoscopic
character relations for the archimedean case, which are explained in Appendix E, make
the discussion of [Ar2, Chapter 6], and hence the local classification in the tempered
case, conditional only on the twisted weighted fundamental lemma.

0.2.2. Main Theorem 2. The second main theorem concerns G = GLy(F) and its
automorphism 6. In this case, I, = {ma} is a singleton, and Ip (7)) is an irreducible
unitary representation. Let w be a f-twisted Weyl element such that wmy = myy.
Then we have a normalized isomorphism 7y (w): wmy, = 7y, whose composition
with the normalized intertwining operator Rp(w,mys, ) discussed above produces
the intertwining operator

Ep(w,%M)Z Ip(?TM) — Ip(ﬂ'M) o 9,

see Section Y. On the other hand, the assumption wmy, = m, implies that Ip(mwyy)
is self-dual, i.e., Ip(my) = Ip(mpr) 0 0. Using a Whittaker functional on the standard
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module of Ip(my), one can define a normalized isomorphism 04: Ip(my) — Ip(mar) 0@
(see Section TA). Our second main theorem (Theorem ITIT) asserts that

Ep(’w, %M) = HA.

This is [Ar2, Theorem 2.5.3], whose proof was deferred to [A26].

The proof of Theorem I is given in Section B. When ), is tempered (and hence
generic), the assertion immediately follows from the first main theorem (Theorem [CXT).
In the non-tempered case, Arthur notes below [Ar2, Theorem 2.5.3] that it requires fur-
ther techniques, based on some version of minimal K-types. While trying to follow
this argument we were led to heavy calculations. Therefore, in this paper we will prove
Theorem I in the non-tempered case with a completely different approach. One of
the challenges is that the isomorphism 64 is inexplicit, since it is defined through the
Langlands quotient map from the standard module of Ip(my), which is a priori known
to exist only abstractly. Our novelty is to construct the standard module carefully and
to realize the Langlands quotient map as a composition of normalized intertwining op-
erators (Lemma BZ3). This realizes 6, itself as an intertwining operator, and Theorem
9T is reduced to a commutativity of a certain diagram in Theorem B2=2, which we call
the main diagram. However, since Ip(my) is a non-tempered unitary induction, this
commutativity does not follow directly from the previous results, and requires further
arguments. A simple but non-trivial example for Theorem B2 is given in Example
B33

0.2.3. Main Theorem 3. We now discuss the results whose proofs were deferred to
[A25]. They pertain to a classical group G over a non-archimedean base field F' (in this
introduction we are taking the example of G = Sp,,,(F')), and are formulated as [Ar2,
Lemma 7.1.2]. This lemma builds on the inductive assumptions that the local theorems
have been proved for

e all tempered L-parameters for G; and
e all A-parameters for G’ any classical group with rank(G’) < rank(G).

These inductive assumptions hold at the start of [Ar2, Chapter 7]. The statements
of this lemma concern (certain) co-tempered parameters. More precisely, for an A-
parameter ©: Wr x SLy(C) x SLy(C) — LG, we define its Aubert dual parameter

o~

b Wp x SLy(C) x SLy(C) — G by ¥(w, g1, 92) = ¥(w, g2, g1). We say that ¢ is co-
tempered if its restriction to the first copy of SLy(C) is trivial. In other words, ¢ = 12
is a tempered L-parameter.

Under the above inductive hypotheses, our third main theorem (Theorem [IH)
asserts that for every co-tempered A-parameter ¢ = gg for G,

(1) we can construct an A-packet 11, together with a character (-, ), of the compo-
nent group Sy assigned to each 7 € II,, which satisfies the standard endoscopic
character relations, as well as the twisted endoscopic character relations with
respect to GLy (F') (where N = 2n + 1 if G = Sp,,,(F)); and

(2) it also satisfies the local intertwining relation, explained further below.
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Note that this is a stronger statement than what is claimed in [Ar2, Lemma 7.1.2],
because it covers all co-tempered parameters, rather than the special class of tamely
ramified quadratic co-tempered parameters.

Let us be a bit more precise about the statement of our theorem. The construction
of the A-packet I, in (1) is actually very simple. We define

sz{ﬁ-|ﬁen¢}7

where ¢ = 1Z is the tempered L-parameter that is the Aubert dual to %, Il is the L-
packet constructed in [Ar2, Chapter 6], and 7 is the Aubert dual to = (see [Ai]). The
problem is to prove that this definition satisfies the twisted and standard endoscopic
character identities.

For the twisted character identities, we need to show that the sum of the characters
of the members of the packet 11, defined above is the twisted transfer of the twisted
character of the representation of GLy (F') associated to 1 (now viewed as a parameter
for GLy(F) via the standard embedding of G into GLy(C)). For this we need to
relate Aubert duality for the classical group G to twisted Aubert duality for GLy(F).
Building on the work of Hiraga [Hi], this comes down to verifying that certain signs
defined in terms of Aubert duality for representations agree with corresponding signs
defined in terms of Aubert duality for parameters.

For standard character identities, we need to establish a map 7 +— (-, 7),, between II,,
and the set of characters on S, in such a way that, for each s € Sy, the virtual character
ZWGH¢<3 - Sy, )0, matches its endoscopic counterpart. By construction there is an
obvious bijection m +— 7 between II, and IIs, while at the same time we have the
identity Sy = Ss. However, it is not true that (-, m), = (-, T)e, in the sense that, if we
took the above identity as a definition, then the endoscopic character identities would
not hold".

To see what the correct definition would be, we assume tAhat the desired character
relations hold for an arbitrary A-parameter ¢ and its dual 1, and investigate the im-
plication of this assumption on the relationship between (-, 7), and (-, 7) ; in Lemma
24 (2), where we show that the quotient of these characters can be described by cer-
tain signs B(¢y), B(v_), and B(v); here S(v) is the sign that occurs in twisted Aubert
duality on GLy for the representation corresponding to v (see Section B) and 5(¢, ),
B(_) are the analogous signs for certain supplementary parameters ¢, and ¢_ defined
in terms of ¢ and the element s (see Section [B). While we cannot compute these signs
in full generality, we do compute them for tempered representations in Proposition
B3, and for a certain class of representations in Proposition E-h732, respectively. Hence
we obtain an explicit relation between (-, #); and (-, m)y in Corollaries B35 and 53
Note that Proposition B52 is an application of the second main theorem (Theorem
[9), and Corollary B3 will be applied in the final step of the proof of Theorem
103 (2).

1t was also pointed out by Liu-Lo-Shahidi [CLS] recently. Their “anti-tempered” is synonymous
to “co-tempered” in this paper.
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Turning the tables around (see Remark B48), we now drop the assumption that the
desired character identities hold (after all, these are the identities we want to prove)
and for a co-tempered A-parameter ¢ = ngS, we define the character (-, 7),, such that the
formula obtained in Corollary B-473 holds. In order to see that this is well-defined, one
has to check a certain equality (®) in Proposition BT2. As a consequence, we can see
that the A-packet II,, satisfies the endoscopic character identities (Theorem BZ).

Finally, we shall explain the proof of Theorem TIIH (2), the local intertwining
relation for co-tempered A-parameters. Our approach is entirely different from the
one suggested below the statement of [Ar2, Lemma 7.1.2]. While the suggestion there
was based on the theory of Hecke algebras and an expected extension of results by
Morris, our initial attempts in this direction quickly led to very difficult calculations.
Therefore, we developed a new approach that is based on the study of certain special
representations, motivated by a result of Tadi¢ [Tad?], as well as the study [Af] of
Jacquet modules for tempered L-packets by one of us, to treat the case of maximal
parabolic subgroups and parameters 1,; whose linear part is irreducible and self-dual,
and then an induction procedure to generalize this to arbitrary parabolic subgroups
and arbitrary co-tempered parameters.

Let P = MNp be a proper standard parabolic subgroup of G = Sp,,,(F). If ¥y,
is an A-parameter for M, we denote by ¥ the A-parameter for G given by 1, and
the embedding “M < “G. Then the A-packet I is the multi-set of the irreducible
components of Ip(my) for my € II,,. Moreover, if a Weyl element w of G preserves M
and 1,7, we can normalize an 1som0rphlsm Wy — Ty - This allows us to define for an
element u € Sy = Cent(Im(¢)), G) that normalizes M, a normalized self-intertwining
operator

(u, Tar) Rp(wu, Tar, Yar) : Ip(mar) — Ip(mr),

where the Weyl element w,, is determined by w. If we knew that Ip(m),) is multiplicity-
free, then this operator, being G-equivariant, would act on each irreducible summand
7w C Ip(my) by a scalar. The local intertwining relation (IEIR]) asserts that this scalar
can be described by the character (-, m), associated to 7 and . For a more precise
statement, see Section I0. When ¢y, = &EM is co-tempered, the multiplicity-free state-
ment follows from the corresponding statement for ¢,;, which has been established in
[Ar2, Chapter 6], and Theorem [IUA (2) claims that (IEIR]) holds. We prove Theorem
I3 (2) in Sections B and [.

As mentioned above, the proof can be reduced by an inductive argument (Lemma
B=21) to the case where P = M Np is a maximal parabolic subgroup, so that M =
GL(F) x G with Gy = Spy,,,(F), and the GL-part ¥y, of ¥y = ¥gr @y is irreducible
and self-dual. After that, our approach to attack (LIRI) is to extend our method for
Theorem I from the case of GLx(F) to the case of classical groups. The reason why
our method works well for GLy(F) is that the unitary induction Ip(my) is irreducible,
which implies that its Langlands data are easily described from the ones of m;. When G
is a classical group, Ip(mys) need not be irreducible. In Section 64, we isolate a certain
irreducible summand of Ip(mys) for which our method would work, which we call a
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highly non-tempered summand. The relevance of this notion is that one can infer the
Langlands data of a highly non-tempered summand of Ip(my,) from that of 7, while
the Langlands data for general subquotients of parabolically induced representations are
mysterious. It follows from the definition that for any my, € IL,,,, there exists a highly
non-tempered summand of Ip(my), and in many cases it is unique. Our method would
work only for highly non-tempered summands of Ip(mys). Since we are assuming that
P is maximal and that ¢y, is irreducible, the unitary induction Ip(my) for my, € 1y,
is a direct sum of at most two irreducible representations. In this sense, our method
has a chance to prove (ILIRI) only for “half” of the cases.

The good news is that Corollary B33 tells us that “half” is enough! More precisely,
if Ip(my) = m @ mo is reducible, then this result, which says that Aubert duality
commutes with the normalizing intertwining operator up to a nonzero scalar, implies
that (ICIRI) for 7 is equivalent to (IEIRI) for my (see Lemma 6=34). Note that Corollary
B=323 was established in an appendix in an arXiv version of [KMSW], but because it is
a key input to our argument, we will move this appendix to Appendix B in this paper.

This allows us to focus on (LIR) for a highly non-tempered summand = C Ip(myy).
By the definition of this summand, we have at our disposal the analogue of the main
diagram from the GLy(F') case. However, since the intertwining operator on Ip(myy)
is normalized using the A-parameter 1), whereas the other operators appearing in the
main diagram use L-parameters, the main diagram is commutative only up to an explicit
scalar, which is a special value of the quotient of the normalizing factors defined using
the A-parameter 1), and the L-parameter ¢,.,, of my;. See Theorem 65, By (LIR)
in the tempered case, we can relate this scalar with the eigenvalue of the normalized
intertwining operator on 7. In conclusion, (ILIRI) for the highly non-tempered summand
7w C Ip(myr) is equivalent to a certain scalar equation (®) presented in Corollary B52.

The proof is therefore reduced to establishing this scalar equation (m). Note that
the left-hand side of this equation involves the L-parameter of my,;. In general, it is
very difficult to completely list the L-parameters of representations in a given A-packet
II,,. Circumventing this problem, we give an inductive argument to show (=). The
initial step is where the classical part my of my = warL W my is almost supercuspidal
(see Definition "ZT). In this case, we will compute everything by hand in Section
[3. For the inductive steps (Sections [[4, [3 and [[A), we use [Afl, Theorem 4.2] that
computes the Jacquet modules of tempered representations. According to this theorem,
we need to consider three cases separately. The first and second cases are amenable,
whereas in the last case in Section [[8, we have to treat an A-parameter which is beyond
co-tempered, but it fits the artificial assumption in Corollary E-573.

In our proof of Theorem IITAH, Moeglin’s work on the explicit construction of A-
packets (see [X2] and its references) plays a fundamental role. In particular, her results
on the computation of the cuspidal support of discrete series representations and their
reinterpretation in terms of enhanced L-parameters by Xu (see [XT]), as well as the
extension [Af] of these results to the tempered case by one of us (H.A.), are an essential
tool in our argument.
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However one has to be quite careful at this point. As explained in [X%, Section 8],
the original arguments presented in [X2] and [Af], follow a strategy that requires the
validity of Arthur’s results not only for the group G itself, but also for groups of higher
rank. Therefore, such approach cannot be taken in the middle of a proof by induction
on the rank of G, which is the situation of [Ar2, Chapter 7]. This requires us to give new
proofs of some of these results, in particular [Af, Theorem 4.2], which avoid appealing
to groups of larger rank. We do this in Appendix 0, and also extend the results to
cover the case of unitary groups.

Note also that, if we could use the full extent of these results, that would easily lead
to a generalization of Corollary that does not use Theorem Y. But because of
the inductive constraints, we are forced to prove the stated version of Corollary EZ5=3
and appeal to Theorem I"I1 in that proof.

0.2.4. Supplementary results. In addition to the main theorems, we prove a number
of supplementary results in the appendices, most of which are also required for the
inductive argument in [Ar2], and some of which may be of independent interest.

In Appendix [, we prove that the local Langlands correspondence for classical groups,
that is established by the inductive argument of [Ar2] and [Mok], matches the Galois-
theoretic local factors defined by Artin, Deligne and Langlands with the automorphic
local factors defined by Shahidi. This result is used in the proof of our first main
theorem (Theorem [CRT) and it is also of independent interest: for example, it is used
in [GIT] and [GI2Z], where it was taken as an assumption.

In general, the matching of such local factors is a basic expectation for the local
Langlands correspondence, at least in the setting in which automorphic local factors
have been defined. In some constructions of the correspondence (such as those based
on converse theorems), this matching is built into the construction. In the approach via
endoscopy that is the subject of [Ar2] and [Mok], this matching does not follow directly
from the construction. In Appendix A, we verify it for groups of the form GL; x Gy,
where Gy is a classical group. In this setting, the automorphic local factors were defined
by Shahidi, and we verify that they match the Galois factors defined by Artin, Deligne
and Langlands.

In Appendix B, we review the Aubert involution for connected reductive groups and
prove that it is compatible with intertwining operators up to a scalar. This result is
used in an essential way in the proof of our third main theorem (Theorem [IOH). This
theorem, roughly speaking, explicitly determines the scalar.

We also review a forthcoming work on the Aubert involution for disconnected reduc-
tive groups, which is also necessary in the proof of the third main theorem (Theorem
[T0H). In order to keep this note complete and self-contained, we have included in
this appendix those definitions and proofs that are required for our purposes.

In Appendix 0, we extend and reprove some results of [Mcd], [XT], and [Afl], to all
classical groups. These results are essential in the proof of our third main theorem
(Theorem [CIOH). On the one hand, some of these results were originally formulated
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only for symplectic and orthogonal groups, and we take the opportunity here to formu-
late and prove them also for unitary groups. As already mentioned, the earlier proofs
of some of these results relied on some arguments that presuppose that the endoscopic
classification of representations has been established for all groups, in particular for
groups whose rank is higher than the group one is interested in. Since such an assump-
tion is problematic in the midst of a proof by induction on the rank, we present in this
appendix alternative proofs that avoid this assumption.

Appendix O is devoted to the proofs of two results which are based on the same
argument. The first result is the strong form of Shahidi’s tempered L-packet conjecture
(a strengthening of [ShaZ, Conjecture 9.4]), which states that every tempered L-packet
contains exactly one member that is generic with respect to a given fixed Whittaker
datum to, and moreover that the pairing of this L-packet with the centralizer group of
its parameter matches the generic constituent with the trivial character. For classical
groups, the existence and uniqueness of generic constituent was proven by Varma [V2].
We prove this for general connected reductive groups under relevant assumptions, which
the construction of the local Langlands correspondence in [Ar2] and [Mok] does indeed
satisfy.

The second result is of a more technical nature. It is formulated in [Ar2] as Lemma
2.5.5 and is used in the inductive proof. This lemma states that a weaker version of
the local intertwining relation, where a certain unknown scalar is inserted, implies the
stronger version, in which this scalar equals 1. In [Ar2], this statement is formulated
for classical groups and for odd residual characteristic. Building on results of Kottwitz
[Kofi] and Varma [V1], we are able to give a proof that works uniformly for all reductive
groups and arbitrary residual characteristic.

In Appendix B, we prove certain twisted character identities over the real numbers
that are assumed at various places in the inductive argument of [Ar2]. Such identities
are now available in the literature, so we simply collect the required references and
supply the necessary additional arguments to adapt them to the form needed in [AT2].
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0.2.5. A roadmap. The following is a roadmap of our paper and Arthur’s results:

[Aopenie ] — [secion ]

” Local classification for tempered L-parameters H

Section B Appendix O

\

” Local classification for co-tempered A-parameters “

/I

globalization

” Local classification for general A-parameters H

0.3. On [A24]. As alluded to above, the problem associated with [A24] has been re-
solved. The main role of [A24] is to justify [Ar2, Proposition 2.1.1], which asserts
that choosing a test function on the twisted general linear group essentially amounts
to choosing a family of test functions on (not necessarily elliptic) twisted endoscopic
groups satisfying a certain compatibility condition. The proposition “represents part
of the stabilization of the twisted trace formula” (see [Ar2, p.57, line -8]), and indeed,
it has been proved in general (not only for twisted general linear groups) by Moeeglin—
Waldspurger [MW4, 1.4.11]. Note that [A24] is used again in the proof of [Ar2, Corollary
8.4.5] to back up an implicit fact in one of Arthur’s papers; this fact is covered by [MW4,
[.4.11] as well.

0.4. On the twisted weighted fundamental lemma. As mentioned above, the
stabilization of the twisted trace formula depends on the twisted weighted fundamental
lemma stated as a theorem in [MW4, I1.4.4], which remains conditional to the best of
our knowledge; cf. the third last paragraph in the preface of [MW3]. As explained in
[MW4, 11.4.4], this theorem is reduced via [W4, Theorem 3.8] to

(i) the weighted fundamental lemma for Lie algebras; and
(ii) the non-standard version thereof; see [W4, Conjectures 3.6, 3.7] for the precise
statements.
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We should point out that (i) is already needed to stabilize the untwisted trace formula.
The proof of (i) was completed for split groups by Chaudouard-Laumon [CLI, CL2].
Even though their methods are expected to generalize beyond the split case, no written
account has appeared on the proof of (i) for non-split groups, or on the proof of (ii).
Such a generalization is necessary for the stabilized trace formulas considered in [AT2]
and [Mok].

It is worth noting that all versions of the unweighted fundamental lemma are theorems
thanks to Ngo, Waldspurger, and others; see the introduction of [N] and [LMWI for the

explanation and further references, and [GWZ] and [Wal] for other proofs.
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1. ARTHUR’S THEORY OF THE ENDOSCOPIC CLASSIFICATION

In this section, we review Arthur’s theory and state our main theorems in their
appropriate generality.
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1.1. Basic notation. Fix a local field F' of characteristic zero. Let E be either F or a
quadratic field extension of F. We denote by = — T the generator of Gal(E/F). Fix a
non-trivial unitary character ¢ p: F' — C*, and put ¢ = ¢ o trg/p. The normalized
absolute value of E is denoted by | - |g. In particular, if E is non-archimedean, and if
wg is a uniformizer of F, then |wg|g = qgl, where qg is the cardinality of the residue
field of E.

Fix an algebraic closure F of F', which contains E. The absolute Galois group of F
is denoted by I' = I'p = Gal(F/F). Let Wy be the Weil group of E, and let

I Wg if £ is archimedean,
B {WE x SLy(C) if £ is non-archimedean

be the local Langlands group of E. Let | - |g be the norm map of Lg, i.e.,

s Lp —» L 2 B 15 Ry,

[a¥)

where L3> = E* is the isomorphism given by the local class field theory. Here, we
normalize this isomorphism such that an arithmetic Frobenius map corresponds to a
uniformizer in £*.

1.2. Groups. In this paper, we often identify a connected reductive group over F' with
the group of its F-points.
Let G° be a general linear group GLy(FE) or one of the following quasi-split classical
groups
SOQn+1 (F), San(F), SOQn(F), Un

Here, when G° = U, it is an outer form of GL, with respect to a specified quadratic
extension F of F', whereas when G° = SOn(F'), Sp,, (F') we simply set £ = F'. On the
other hand, when G° = SO,,(F), we denote by K the splitting field of G°, which is
equal to F' or a quadratic extension of F'. Letting n be the (possibly trivial) quadratic
character of F™* associated to K/F, we sometimes write SOs, (F) = SO, (F).

Fix an F-splitting spl = (B°,T°,{X,}a) of G°. Namely, B° = T°U is an F-rational
Borel subgroup, 7° is a maximal torus, U is the unipotent radical of B°, and {X,},
is a ['-invariant set of root vectors, where « runs over simple roots of T with respect
to B°. Then spl and 1p give rise to a Whittaker datum w = (B°, x), where x is a
non-degenerate character of U. For any Levi subgroup M° of G° containing T°, we
take the F-splitting of M° induced by spl, so that the associated Whittaker datum is
given by oy = (B° N M°, x|unne)-

For any subgroup N of U stable under the adjoint action of 7°, we take the Haar
measure on N determined by {X,}, and the self-dual Haar measure on I’ with respect
to ¢F.

If G° = SOJ, (F), we also consider the full orthogonal group G = O3 (F) such that
G° is the connected component of 1 € G. We also abbreviate O3, (F) as O, (F). Let
T be the normalizer of (7°,B°) in G. Then T/T° = G/G°. Fix ¢ € T\ T° with
¢ = 1 such that e preserves the splitting spl. (See cf., Section B3 below.) It gives an
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identification of Oy, (F') with a twisted group SOs,(F) % (€). If G° # SOq,(F), we set
G=G°and T =1T".

Let P° = M°N be a parabolic subgroup of GG°, where M° is a Levi component of
P° and N = Np is the unipotent radical of P°. We say that P° (resp. M°) is standard
(resp. semi-standard) if it contains B° (resp. 7°). If P° is stable under the adjoint
action of T, we set P = P°-T and M = M° -T. Otherwise, we put P = P° and
M = M°. We call the subgroup of the form P = MN (resp. M) a (standard) parabolic
subgroup (resp. a (semi-standard) Levi subgroup) of G.

1.3. Representations. Let G be one of groups GLy(E), SOg41(F), Spy, (F), Ogn(F)
or U, as in the previous subsection. We denote by Rep(G) the category of smooth
(Fréchet) admissible complex representations of G (of moderate growth) of finite length.
Here, the notions of Fréchet and moderate growth are meaningful only when F' is
archimedean. Let Irr(G) be the set of equivalence classes of irreducible objects of
Rep(G). The subset of Irr(G) consisting of irreducible unitary (resp. tempered) repre-
sentations is denoted by Irry,t(G) (resp. Irtiemp(G)).

Let P = M N be a standard parabolic subgroup of G with semi-standard Levi com-
ponent M. Put ay; = Hom(Rat(M),R) and a}, = Rat(M) ® R, where Rat(M) is the
group of algebraic characters of M defined over F. Let aj,~ = Rat(M) ® C be the
complexification of a},. Define a homomorphism H,;: M — ayp; by

Ix(m)|p = el m)x)

for all x € Rat(M) and m € M, where (-,-): ap; x a}; — R is the natural pairing. For
an irreducible representation 7 of M and A € aj; ¢, we define a representation 7y of M

by my(m) = e!Hm )N (m) realized on the space V, of 7. We denote by
Ip(my) = Ind%(7y)

the associated normalized parabolically induced representation of G. As C-vector
spaces, Ip(my) is the space of smooth functions fy: G — V, such that

fr(nmg) = 53(m)ms(m) f(g)

forn € N,m € M and g € G. When F' is archimedean, this space is a Fréchet space
with some natural semi-norms. For more precision, see [Cas, Section 4].

On the other hand, if F' is non-archimedean and if (7, V) is a smooth representation
of G, set V;(NN) to be the subspace of V, generated by vectors of the form v — 7(n)v
for v € V; and n € N. Define an action 7 of M on V,/V.(N) by

7(m)(v mod Vy(N)) = 657 (m)m(m)v mod Vs (N).

The representation (7, V:/V:(N)) of M is called the normalized Jacquet module of
along P, and is denoted by Jacp(m).
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1.4. Arthur’s extension of conjugate-self-dual representations. We define an
involution # on GLy(F) by

0:x— T
(~1y-t SIS

Set GLy(E) = GLy(E) x (6).
Let m be an irreducible representation of GLy(£). Suppose that 7 is conjugate-self-
dual, i.e., m = 7o 0. Then there is a linear isomorphism 7: m = 7 such that

Ton(g)=7(0(g))oT, g€ GLN(E).

Note that 7" is unique up to a nonzero scalar. We can normalize T" as follows. Let Z, be
the standard module of GLy(FE) whose Langlands quotient is 7. Since Z, is w-generic,
we can fix a nonzero to-Whittaker functional 2 on Z,. By m = 7 0 0, there is a unique
linear isomorphism Oy : Z, — I, satisfying the equations

Ow 0 Z:(g9) = Z(0(g)) o Ow, g € GLy(E),
Qo GW = Q.

Since 2 is unique up to a scalar, the definition of #y, is independent of the choice of €.
Then we can define a linear isomorphism 64: 7 = 7 satisfying 04 o 7(g) = w(6(g)) 0 04
for any g € GLy(FE) and making the diagram

7. w1

Lo

r Ay ox
commutative, where the vertical map Z, — 7 is the (fixed) Langlands quotient map,
which is unique up to a scalar. In particular, 6, gives an extension 7 = 7w X 04 of 7 to
GLy(E). We call it Arthur’s extension of . Note that 64 depends on .

1.5. A-parameters. First, we consider GLy(E). A representation of Lg x SLy(C) is
a homomorphism

¥: L x SLy(C) — GLy(C)
such that

e ¢)(Wg) consists of semisimple elements;
e |y, is continuous;
® V|s,(c) is algebraic if E is archimedean, whereas, 9|sr,(c)xsL,(c) is algebraic if
E' is non-archimedean.
An A-parameter for GLy(E) is an equivalence class of N-dimensional representations

Y: Lg x SLe(C) — GLy(C) such that ¢(Wg) is bounded. By the local Langlands
correspondence (LLC) for GLx(E) established by Langlands himself [IJ], Harris—Taylor
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[HT], Henniart [He?], and Scholze [Scll], we obtain an irreducible representation m, of
GLy(F) associated to the L-parameter

¢¢I Lg>w—1 (w, <|w|é 0 1>> € GLN(C)

0 |wlg®
This is a unitary representation.

If £E # F, fix s € Wp\ Wg and set “¥(w,a) = (sws™ a). We call “) the
conjugate of ¥». When E = F,| we simply set ‘¢ = 1. We say that ¢ is conjugate-
self-dual if 1 = “V. In this case, m, is also conjugate-self-dual, i.e., my = my 0 0. Let
Ty = my X 64 be Arthur’s extension of my to GLy(E). We denote the character of 7y,
by Oz, (f) = tr(wy(f)) for f € C2°(GLy(E) x 0).

Next, let G' be one of the following quasi-split classical groups

SO?TLJrl(F)a Sp2n(F)7 Ogn(F)v Un

Set N = 2n,2n + 1,2n or n according to G = SOsg,+1(F), Spy, (F),0s,(F) or Uy,
respectively. We denote by G° the connected component of the identity of G. Then
G = G° unless G = O (F) in which case G° = SO, (F). As explained in Section 2,
we sometimes write SOy, (F) = SO3,(F') and Oq,(F) = O3 (F).
Let ¥(G) be the set of equivalence classes of conjugate-self-dual representations
-1 if G = S0g,11(F),
(-t if G =1U,,

1 lf G - SOQn—l—l(F)? Sp?n(F)
det(v)) = {77 if G =01 (F).

See [GGP, Section 3] for the notions of the signs of conjugate-self-dual representations.

An A-parameter for G° is a C/J\O—conjugacy class of L-homomorphisms

Y: Lp x SLy(C) — £G°

such that ¢)(Wp) is bounded. If G = G°, then any A-parameter ¢: Lp x SLy(C) — LG
can be identified with an element of W(G) by ¢ — |1 ,xs1,(c)- On the other hand,
when G = Oy, (F), if we denote by U(G°) the set A-parameters 1): L x SLy(C) — £G°,
then there is a surjective map V(G°) — W(G) whose fibers have order 1 or 2. We say
that ¢ € ¥(G) is tempered if ¢ is trivial on the last SLy(C), i.e., ¢: Ly — GLy(C).
We denote by ®ien,(G) the subset of W(G) consisting of tempered A-parameters.

Let ¢ € U(G). We decompose

w = wbad % wgood % ng/ada

where 15004 is a sum of irreducible conjugate-self-dual representations of the same type
as ¥, and 1,q is a sum of irreducible representations of other types (see cf., [GGP,
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Section 4]). We say that v is of good parity if {p.q = 0. In general, if we write

t
wgood = @pz X Sai X Sbi

i=1
with S, the unique a-dimensional irreducible algebraic representation of SLy(C), we set
t
Aw = @ Z/2Ze(pz, a;, bl>
i=1

Namely, it is a free Z/2Z-module with a canonical basis {e(p;, ai, b;) }1<i<i- Let A be
the kernel of the homomorphism

det: Ay — Z/2Z, e(p;, a;, b;) — dim(p; K S,, K S, ) mod 2.

Define A?p as the subgroup of A, generated by elements of the form e(p;,a;,b;) +
e(p;,a;, b;) such that p; X S,, K Sy, = p; K S, W .Sy,. Note that ASZ) C A$. Finally, set

Zop = Z::l 6(pi7aivbi)‘ . g
Let Sy = Cent(Im(z)), G°) be the centralizer of Im(¢) in G°, and consider the com-
ponent group

Sy =0(Ss/2(G°)").
Then we have the following.
o If G =S0,,,1(F), then z, € A}, = A;. Moreover,

o If G = Sp,,(F), then z, ¢ A} # Ay. Moreover,
Sy = AL JA) = Ay /(A) + L[27zy).
o If G = Og,(F), then z, € Aj. Moreover,
Sy = AL J(AY + L)2Zzy).

If we define 32‘[ similarly to S, with replacing Cent(Im(v)), (/}’\O) with Cent(Im(v)), Oy, (C)),
then
S = Ay/(AY +Z/2Lzy).
o If G =1U,, then
Sy = Ay/(AY + 7/272).
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1.6. A-packets via endoscopic character relations. Set A, = Ay /(A) + Z/272,)

and denote its Pontryagin dual by ;l:/, According to [Ar2, Theorems 2.2.1, 2.2.4] and
Mok, Theorem 3.2.1] for ¢, there is a multi-set II, over Irry,(G) and a map

My — Ay, 7 (7).

We call II,, the A-packet associated to 1. By identifying .Zl; with a subgroup of ;L\/,,
one regards (-, ), as a character of A, which factors through the surjection Ay, — Ay.
In particular, we can consider a sign (e(p;, a;, b;), m)y € {£1} for 1 <@ <t.
The A-packet II,, together with the pairing (-, 7), will be determined by the following
endoscopic character relations.
(1) The equation

- 1

(ECR1) Oz, (f) = GG > (50, m)uOx(fc)

holds whenever f € C(GLy(E) x 6) and fg € C>(G°) have matching orbital
integrals, where ©, is the character of 7, and we set

sp= ) elpiaib).

(2) For s =Y., e(pi,ai,b;) € Ay, set 1 as

b= rRSG, RS, tp=1)—¢_.

i€l

Fix a conjugate-self-dual character n. of £ such that there is a classical group
G4 satisfying that ¢ @ ny. € V(Gy). For fo € CX(G), taking fo. € C2(GY)
such that
e fcand fq, ® fg_ have matching orbital integrals;
e when G = O,,(F) and s € AJ (resp. s ¢ AJ), we further assume that
falg) =0 for g € Og,(F) \ SO, (F) (resp. for g € SO, (F)),

we define

=Tl g | X (oenmduendnlfo)

He{i} TrKGHwH®nH

Then f/, (1, s) is independent of the choice of f, , and the equation

(ECR2) 6(0.9) = gy 3 (5 50701 (fo)

WEHw

holds.
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Remark 1.6.1. (1) We normalize the transfer factors such that it is consistent
with Arthur’s Whittaker normalization. It gives a precise meaning of “matching
orbital integrals”.

(2) The pair of characters (n;,7n_) determines an L-embedding

£: MG x G2) = Ge,
and the notion of matching orbital integrals depends on (ny,7n_) or &.

(3) A non-trivial pair of characters (n;,n-) is necessary when G = Sp,,(F) or
G = U,, in general. More precisely, if G = Sp,,,(F') and dim(¢),) = 1 mod 2, we
must take 7, = det(¢,). If G = U,, and dim(v,) Z n mod 2, we need to choose
a conjugate-symplectic character 7,, of which there is no canonical choice.

Remark 1.6.2. In [Ar2], Arthur works exclusively with SO, (F'), but we have elected
to work with O, (F') in this paper. For a discussion of why this is natural and preferable,
see the introduction of [AGT].
Suppose that G = O, (F) and ¢ € ¥(G). We shall explain how to reformulate
Arthur’s results in this setting.
(1) Arthur defines a packet ﬁ¢ over Irryit (SO, (F))/Oa,(F) together with a map

INLb — 3’;, (7] — (-, [7])y. We set I, to be the inverse image of II,, under the
canonical map

IrTunit (O2s (F)) = IrTyumit (SO20 (F)) /On (F)

obtained by taking the orbit of an irreducible component of the restriction.
Then [Ar2, Theorem 2.2.4] gives a map 1I,, — A, such that the diagram

HU)—)"Z;

o, — S,
is commutative. In particular, I, is stable under the determinant twist 7
T @ det.

(2) Note that 11, is actually defined as a packet over Irryy;; (SOa, (F') X (Ad(e))). To
fix an identification Og, (F) = SOq,(F') x (Ad(€)), we need to choose € € T'\ T°.
Hence this pairing (-, ) for 7 € II,, depends on this choice.

(3) As in (ECRT), one can consider the distribution

Oulfo) = (GG 3 (v mOnlfo). fo € CZ(G),

On the other hand, if one denotes by C2°(G°)¢ the subspace of C2°(G°) consisting
of f& such that f& o Ad(e) = f&, Arthur considers

O5(fe) = Y (su, [T)uOa(f), f& € CX(G)".

S
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They are related such that the diagram

Oyloge(ao)
/=

C

l H

oy
Ccr (G —— C
is commutative, where the left arrow is defined by fe — 3(fo+ feoAd(e)). Note
that ©, is a distribution on G, but it is restricted to C°(G°) in the diagram.
Since fg o Ad(€) has the same transfer as fg, our (ECKT) is the same as the
ECR by Arthur [Ar2, Theorem 2.2.1]. Similarly, (ECRZ) is the same as [Ar2,
Theorems 2.2.1, 2.2.4].

1.7. Normalized intertwining operators. For semi-standard Levi subgroups M7y
and M3 of G°, put

N(M;, M3) ={g € G|gM{g~" = M;}.
The group M7 (resp. MJ) acts on this set by multiplication on the right (resp. the left).
We consider the Weyl set

WMy, My) = M3\N (M7, M3) = N(My, Mg) /M.

In particular, we write W (M?) = W (M, M?) = Ng(M7)/My. We also set W& =
Neo (T°)/T°.

For w € W (M7, M), there is a unique element wr € N (M7, Ms)/T° such that it is a
lift of w, and it maps the Borel pair (7°, B°NM7) of M7 to the Borel pair (7°, B°NMy)
of My. Unless G = Oy,(F) and det(w) = —1, we have wy € W and hence the the
Langlands—Shelstad representative wr of wy with respect to spl. See [LSH, p. 228]. We
call w = wy the Tits lifting of w. If G = Oy, (F) and det(w) = —1, then wpe™t € W

—_—

and we have Langlands—Shelstad representative wre~!. Then we set w = wpe~! - € and
call it the Tits lifting of w. Note that w depends on the choice of e.

Let P = MN and P’ = M'N’ be standard parabolic subgroups of G with the semi-
standard Levi components M and M’ respectively, such that W (M°, M) # (). For
w € W(M°, M), an irreducible representation m of M, and A\ € aj, ¢, we define a
representation wmy of M’ by wmy(m') = my\(w ™ m/w) realized on the space of 7.
Lemma 1.7.1. Forw € W(M°, M") and w' € W (M, M"°), if we write

ww =w'w -z,
then z belongs to the center Z(M) of M. In particular,
(w'w)my = w'(wmy).
Proof. Since w'w and @'@ are two representatives of w'w € W(M®, M"), we have

z € M°. Moreover, by definition, z preserves the splitting of M°. Hence z € Z(M?°).
This completes the proof if Z(M°) = Z(M). If Z(M°) # Z(M), then M is of the form

M = GLy,, (F) x -+ x GLy,(F) x O(F).
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In this case, by calculating
ﬁja = eXp<Xa) eXp(_X—a) GXp(Xa)

for each simple root «, where w, is the simple reflection with respect to «, one can
check z € Z(M). See Section A3 for the root vectors {X,}. O

By this lemma, for w € W (M°, M), we may write M’ = wMw™ as wMw™",
Now we have an intertwining operator
Jp(w,ﬂ')\)I [p(ﬂ')\) — [p/(UJﬂ')\)

given by (the meromorphic continuation of) the integral

(Jp(w, m) f1)(9) =/ (@ tug)du.

(NG~ 1NN')\N’

Suppose that M is a proper Levi subgroup, and we are within an inductive argu-
ment. Hence by inductive hypothesis, we have an A-packet II, for ¢ € ¥(M) (with
all the desired properties) at our disposal. Let m € II,. In particular, 7 is a unitary
representation of M. Following Arthur [Ar2, Section 2.3], [MoK, Section 3.3], we define
the normalized intertwining operator Rp(w, 7y, %,) by

Rp(w,my, ¥2) = rp(w, )" - Jp(w, my),
with
rp(w, ¥a) = Aw) - ¥4 (0, ¥x, po1 pryps ¥r)
where the notation is as follows.
o Put ¢\ = ay -, where a) € Zl(WF,Z(]\//f)) is a 1cocycle whose class in

HY (W, Z(]\/f\)) corresponds to the character m > efm(mA) of M (see [LMa,
Lemma A.1]).

e For any finite dimensional representation p of "M, we write

(S % ) (8 po¢w) 5(3a¢707¢F) = E(Sapoqbqu/]F)

for the associated Artin L- and e-factors, and

(5,6, py ) = (5,0, py ) LTS 02 P)

L(s,v¥,p)
is Arthur’s modified gamma factor.
e Set w'P' = w 'P'w and write p,-1pp for the adjoint representation of “M
on

Ad(w) "' /(Ad(w) "' Nn)

with A = Lie(N) and @' = Lie(N).

e Let Ao be the split component of T°. For a reduced root a of Ape in G°, we
denote by G, the associated Levi subgroup of G° of semi-simple rank 1 and
by G.sc the simply connected cover of the derived group of G,. Let Aj(w)
(resp. Ag(w)) be the set of reduced roots a with a > 0 and wa < 0 (with respect
to B°) such that G, = Resp,/pSLy (resp. Resg, /rSUg, /r,(2,1)), where F is
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(4.1)], we define

Aw) =Mw,vp) = [ MF/Fr) [[ AEao/Fobw)MFa/Fpe) ™,

acAq(w) a€Ns(w)

where for a finite extension F’ of F, A(F'/F,vr) is the associated Langlands
M-factor.

Recall that Rp(w, my, 1) is regular at A = 0 ([Ar2, Proposition 2.3.1], [MoK, Propo-
sition 3.3.1]), and hence we have a well-defined operator

Rp(w,m,): Ip(m) = Ip/(wm).

When 7 is tempered, taking its L-parameter ¢, we set Rp(w,m\) = Rp(w, mx, Py).

Let P” = M"”N" be another standard parabolic subgroup of G with the semi-standard
Levi component M” such that W (M, M"°) # (). Then the normalized intertwining
operators satisfy the following multiplicative property.

Proposition 1.7.2. Let © be an irreducible tempered representation of M. Then we
have

Rp(w’w, 7T,\) = Rp/ (w', U)7T)\) @) Rp(w, 7'(')\)
forw e W(M°, M) and w' € W (M, M"°).
Proof. When G = GLy(FE), the assertion was proved in [Sha3], [AxT]. (Note that the
local factors of Shahidi agree with those of Jacquet—Piatetski-Shapiro—Shalika by [Shad]
and hence with the Artin factors by the desiderata of the local Langlands correspon-
dence.)
When G is a classical group and M; = My = Ms, the assertion was proved in [Ar2,

(2.3.28)], [MoK, Proposition 3.3.5] at least unless G = Os,(F'). The general case will
be handled in Section A—G below. O]

The following is an important property of v4-factors throughout this paper.

Lemma 1.7.3. Suppose that F' is non-archimedean. Let ¢1 and ¢ be two conjugate-
self-dual representations of Wg X SLy(C) of dimension N. Fori = 1,2, define a repre-

sentation Ay, of Wg by
%
)\¢z(w) = sz w, |w|E O,l .
0 ‘w‘E2

If Mgy = Ng,, then the quotient
’YA(S: ¢1) 7vDE)
IYA(Sa ¢27 ¢E)

is holomorphic at s = 0, and its special value at s =0 is in {£1}.
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Proof. Let 74, be the irreducible representation of GLy(E) corresponding to ¢;. If
Mg = Ag,, then 7y, and 7y, share the same cuspidal support, and hence we obtain an
equation of Godement—Jacquet v-factors

7(37 Ty 2ﬁE) = PY(S: Tas wE)

Since (s, mg,;,¥E) is equal to the usual y-factor (s, ¢;,¥g) in the Galois side, it is
enough to consider the quotient v4(s, ¢;, ¥g)/v(s, ¢, ¥E). Note that

a5, 60) _ L0 +5,6) _ L(l+s,0) _ L(1+50)
v(s, 0, 0E)  L(1—s,¢Y) L(1—s,%;) L(1—s,¢;)
If we write the Laurent expansion of L(1 + s, ¢;) as
L(1+s,¢;) = as™ + (higher terms)
with a # 0, then we conclude that

P)/A(Sa¢i7¢E> L(1+87¢l)

Y(s, ¢i, VE) s=0 L(1 —s,¢;) o = (=1)™.

This proves the lemma. 0J

In the rest of this section, we state three main theorems. Before doing them, let us
clarify the dependence of these results.

e The first main theorem (Theorem [CXT) depends on results in Sections A and
4 for proper Levi subgroups.

e The second main theorem (Theorem [IT) is for G = GLy(F) so that it is
independent of Section IH. However, it still uses results in Section [Z4, in
particular, Proposition 7.

e In the third main theorem (Theorem IIOH), we will use results in Sections @
and 4 not only for proper Levi subgroups, but also for other classical groups
G’ such that rank(G’) < rank(G). For more precision, see Hypothesis [T,

1.8. Main Theorem 1: [A27]. We set G to be GLx(E) or a (possibly disconnected)
quasi-split classical group as in the previous subsection. Let P = M N be a standard
parabolic subgroup of G, and let P = M N be the parabolic subgroup of G opposite to
P. Recall that we obtain a Whittaker datum to,; of M° from the F-splitting spl of
G°.

Let m be an irreducible tempered representation of M. Suppose that m admits a
non-trivial to,,-Whittaker functional w. We may also regard w as a to,,-Whittaker
functional on my for all A € a}; . Then w gives rise to a ro-Whittaker functional ()
on Ip(my) given by (the holomorphic continuation of) the Jacquet integral

Qm)f = [ (i ) dn’

Here N’ = woNw, Land wy = wgwéw , where w, and wé” are the longest elements in
WS and WM° | respectively.
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Let P’ = M'N be another standard parabolic subgroup of G, and w € W (M°, M’).
Then we may also regard w as a t,-Whittaker functional on wmy. Hence, it gives rise
to a w-Whittaker functional Q(wmy) on Ip/(wm)).

The following is our first main theorem, which was supposed to be proven in [A27].

Theorem 1.8.1 (cf. [Ar2, Theorem 2.5.1 (b)], [MaoK, Proposition 3.5.3 (a)]). Let m be
an irreducible 1oy -generic tempered representation of M.
(1) If w € W(M?°) satisfies that wr = m, then
Qem) o L(e)  if G = Og,(F), det(w) = —1,
Q R =
(wr) o Bp(w, ) {Q(T&') otherwise.

Here
L(€): Ip(m) = Leper(em), (L(€)f)(g) = f(e"g)-
(2) Suppose that G = GLy(E). If w € W(M,0(M)) satisfies that wr = wo 6, then

Q(wr) o Rp(w, ) = Q(m).

This theorem is regarded as the local intertwining relation for generic tempered rep-
resentations. We will prove Theorem 21 in Section B.

Note that the proof of [Ar2, Lemma 2.5.2] was also supposed to be included in [A27].
We will show it in Appendix [O.

1.9. Main Theorem 2: [A26]. The second main theorem concerns G = GLy(E).
Recall that we have an involution § on G. For a function f on G, define a new function

0*(f) on G by
0°(f)(9) = f(0(g))-

Let P = M N be a standard parabolic subgroup of G. Note that 0(P) = 0(M)0(N) is
also a standard parabolic subgroup. Let 1) be an A-parameter for M, and let 7y be the
corresponding irreducible unitary representation of M. Suppose that the composition

is conjugate-self-dual. Then the corresponding representation is the induced represen-
tation Ip(my), which is an irreducible unitary conjugate-self-dual representation of G.
For this irreducibility, see [Berl]. Recall from Section [ that we have a specific linear
isomorphism

QAZ [p(ﬂ'w) l> Ip(ﬂ'd,).

On the other hand, by the assumption on 1, there is an element w € W (6(M), M)
such that w(my o 0) = my. Similar to the definition of 64, we have a normalized
isomorphism

Ty(w x 0): w(my 06) = my
as representations of M by using t,-Whittaker functional on the standard module
7., = w(Z;, 00) of M whose Langlands quotient is 7, = w(my o). Then we can define
a self-intertwining operator

Ep(@ o U},%w): Ip(ﬂ'w) — ]p(ﬂ'w)
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by the composition

Ro(py(w,my00,3) Ip(Ty(wx0))
S L A RS

]p(ﬂ'w) ﬁ)]g(p)(ﬂ'¢09) IP(W(W¢09))
If we write (h- f)(g) = f(gh) for g,h € G, then we have
Rp(#ow,7y)(h- f)(g) = Rp(6 0w, 7y) f(g - 6(h)).

Hence EP(Q ow,Ty) is a constant multiple of 64.
The second main theorem, which was supposed to be proven in [A26], is now stated
as follows.

Theorem 1.9.1 (cf. [Ar2, Theorem 2.5.3], [Maok, Proposition 3.5.1 (b)]). Let P = M N
be a standard parabolic subgroup of G = GLy(E), and let ¢ be an A-parameter for M.
Then for any w € W(0(M), M) with w(my o 0) = 7y, we have

Rp(0ow,7y) =04

]p(’ﬂ',/)).

We can say that this theorem is the twisted local intertwining relation for GLy(E).
See also [Ar2, Corollary 2.5.4] for Arthur’s form of local intertwining relation for twisted
GLy(FE). We will prove Theorem I in Section B.

1.10. Main Theorem 3: [A25]. The third main theorem concerns classical groups
over a non-archimedean local field.

Assume that F' is a non-archimedean local field of characteristic zero. Hence Ly =
Wg x SLy(C). For a representation ¢): Wg x SLy(C) x SLy(C) — GLy(C), we define
its Aubert dual ¢: Wi x SLy(C) x SLy(C) — GLx(C) by

~

w(wa Qaq, a?) = w(wa g, al)-
We say that 1 is co-tempered if ¢ = g/b\ for some ¢ with ¢|{1WF}X{1SL2(C)}XSL2(<C) =1.
Let G be one of the following quasi-split classical groups
SO2n+1(F)7 Sp2n(F>7 OQn(F)7 Un

Fix a standard parabolic subgroup P = M N of G such that M = GLg,(E) X -+ X
GLyg, (F) X Gy, where Gy is a classical group of the same type as G. Let ¢y = ¢, ®--- @
U1 @ Yy be an A-parameter for M, where v; (resp. 1) is an A-parameter for GLy, (E)
for 1 <i <t (resp. Gy). It gives the A-parameter

Y= D1 SYo DY D--- DY/

for G. We assume that ¢, = p; ¥ .S,, M S, is irreducible and conjugate-self-dual.
Let V = C" and decompose

V=Vio---aVieVeV e ---dV,
with a fixed isomorphism [;: V; = V_; for 1 < i < t. We regard 1; as a homomorphism
Y;: Wg x SLy(C) x SLy(C) — GL(V;). Let &; be the symmetric group on {1,...,¢}.
We identify o € &; with an element in GL(V; & --- & V) C M with entries in {0, 1}
such that o1 (GL(V;) x -+ x GL(V}))o = GL(Vy@)) x -+ x GL(V,(1y). Via M — G,
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we also identify o € &; with an element of GLy(C) = GL(V'). On the other hand, for

1 <9<t we set
(0 L o 0 I;
et o) M TSt o

in GL(V; @ V_;) according to whether 1); is of the same type as 1y or not. We regard
u; as an element in GL(V') by setting u;|y, = idy, for j # 44. Then we consider

Ny ={ul' ... ui' |6 € Z)2L} x {0 € &y | o) = (1 <1< 1)}

Remark 1.10.1. When G = Oy, (F) and k; = dim(V}) is odd, since v; is an irreducible
self-dual representation of dimension k;, it must be of orthogonal type. Hence wu; is

always (IQI {;) in GL(V; @ V_;) so that det(u) = —1.

For u =u{' ... ui'oc € My, by a similar definition, we obtain

w, = wy ... wiiw, € W(M®).

ul
It satisfies that w,my = my for any my € II,. Moreover, as in [Ar2, Section 2.4] and
[MoK, Section 3.4], there is a linear isomorphism
(’J, %M)%M(wu) TTM > T M
making the diagram

(@, 7 )T ar (wa)
M M

iﬂM(m)

WA{(@_lm’L’UZ)J/
(@, ar ) pg (W)
™ ™M

commutative for any m € M. In this paper, we understand that the symbol (u, Tas)Tas(w,,)
denotes this map, and we do not separate it into two objects (u, Tys) and Tps(wy,).
Now for u = ui' ... u;'c € My, we define the normalized self-intertwining operator

<ﬂ, %M>Rp(wu, %M, ¢M) [p(ﬂ'M> — ]p(T('M)
by
(U, Tar) Rp(wa, Tar, ar) f(9) = (@, 7o) Tar(wy) (Rp(wa, mar, ¥ar) £(9)) -

On the other hand, let I, be the set of 1 < i <t such that ¢, = 1 and ¢; is of the same
type as ¢g. Then we set

Su = Ze(m,ai,bz‘) € Ay.
i€l
Now we assume that the (multi-)set II, of irreducible components of Ip(my) for
7y € 11y, is equipped with a pairing (-, 7),, satisfying (ECRT), (ECR2) and that

<'7 7T>¢|Aw0 = <'7 7T0>1ZJ0
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if 7 C Ip(mp) where my = my, K-+ - Ky, B mp with mp € II,. See [Ar2, Proposition
2.4.3] and [MoK, Proposition 3.4.4]. Define a distribution fe (1, u) on G for u € 91, by

1

R > (@ Far) Rp(wa, Tar, ¥ar) Ip(mar, f)

W]\{EH#,JW

fa(¥,u) =

for f € C°(G). Then Arthur’s local intertwining relation ([Ax2, Theorems 2.4.1, 2.4.4],
[MoK, Theorem 3.4.3]) states that the equation

(A'LIR) fé(% Swsu) = fG(wv U)

holds for u € 91, where the left hand-side is defined in (ECR2) in Section [A. Notice
that if G = Oy, (F'), then w,, can be in G\ G°, in which case, (A=LIR]) is [Ar2, Theorem
2.4.4].

On the other hand, in this paper, we consider the following statement for our local
intertwining relation. Fix an irreducible summand 7 C Ip(mys). Then the equation

(LIR) (@, Tar) Rp (o, Tar, Uar) |7 = (Suy M)y - 1ds

holds for any u € M. Notice that this statement is slightly different from (A=LIRI).
We clarify the relation between (A=LIRI) and our (CIRI).

Lemma 1.10.2. Assume the existence of the A-packet 11, together with the pairing
(-, m)y satisfying (ECRI) and (ECR2). We assume further that we know that

o Ip(ma) is multiplicity-free for any my € 11y, and
o for myr,mhy € Iy, if 1y 2 )y, then Ip(my) and Ip(mh,) have no common
irreducible summand.

Then (A=LIRI) holds if and only if our (ILIR) holds for each irreducible summand
m™ C IP(TI’M) and Ty € HwM.

Proof. Note that we do not assume whether II,,, is multiplicity-free. Only in this

proof, we denote the canonical map II, — Irry, (G) by 7 — [7], and the multiplicity

of 0 € Iyt (G) in Iy, i.e, the cardinality of the fiber of o under this map, by my (o).

By our assumptions, for any o € Irr(G) with my(o) > 0, there exists exactly one

oy € Irr(M) such that o C Ip(op) and my,, (oa) > 0. Moreover, my,(o) = my,, (o).
Fix u € M. By (ECR2), f/.(1, sys,) is equal to

- :1G_°) > (susmuOal(fa) = ﬁ D sumy | Oa(fa).

welly ' c€lrr(G) | melly,
my(0)>0 \[r]=0

If 7 C Ip(my), since we assume that m appears in Ip(my,) with multiplicity one,
(w, Tar) Rp(wy, Tar, 1ar) acts on m by a scalar cfy), which depends only on [7] and [my,].
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Then one can write fg(¢,u) as

fa(wau)zﬁ > > ) | Oalfc)

c€lrr(G) T €y,
InCIp(mpr),[n]=0c

1
:m Z Z Co @a(fG)

G'GII‘I‘(G) TI'MEHwM
my(0)>0 \[ra]=om

’ oelrr(G)
my,(0)>0

By the linear independence of the characters O,, (A=LIR) holds if and only if

Co = ; Z (Suy T)ep-

my(0) o,

[m]=0
Note that (s,,7)y € {£1}, whereas c[, is a root of unity since
mw SUur <a7 %M>Rp<wua 7’\T:Ma 77Z)M)

is multiplicative by Proposition 72 and [KMSW, Lemma 2.5.3] (see also the paragraph
in [Ar?] containing (2.4.2)). Hence the above equation holds if and only if (s, 7)y = ¢,
for all = € II,, with [7] = o. This is our (ILIRI). O

Remark 1.10.3. The multiplicity-free assumptions can be proven in generality using
Moeglin’s explicit construction of A-packets. However, when 1, is tempered or co-
tempered, one can argue more directly as follows. The co-tempered case will be deduced
from the tempered case by the construction (see Theorem 54), and for the tempered
case, the multiplicity-free assumptions are included in [Ar2, Theorem 1.5.1 (b)] and
[MoK, Theorem 2.5.1 (b)]. In Section 8 below, we will need the multiplicity-free
assumptions for a little more general parameter, which we will prove in Lemma [ZGT.
In this paper, except for Section 8, we may identify Arthur’s LIR with our (ICIRI).

In light of the inductive setting as in [Ar2, Chapter 7] in which [A25] is positioned,
as explained in Sections [l and X3, we are free to assume the following.

Hypothesis 1.10.4. There are A-packets satisfying (ECRT), (ECRZ2) and (A=LIR))
associated to
e all tempered L-parameters for G;

e all A-parameters for G’ with G’ any classical group such that rank(G’) <
rank(QG).
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In particular, we have the A-packet II,, for ¢, € V(M) and for any proper Levi
subgroup M of G.

We state the third main theorem, which was supposed to be proven in [A25].

Theorem 1.10.5 (cf. [Ar2, Section 7.1], [Mak, Section 8.2]). Assume Hypothesis
L. 10.4.

(1) For any co-tempered A-parameter 1) = éﬁ\ € U(G), we can construct an A-packet
I, together with a pairing (-, m), for m € IL, which satisfies (ECRI) and
(ECR2). Moreover, 11, is a (multiplicity-free) subset of Irr(G).

(2) Let P = MN be a parabolic subgroup of G with M = GLy,(E) X - - - x GLg, (F) x
Gy, and let Yy = ng =P D - DY DYy be a co-tempered A-parameter
for M such that ; is irreducible and conjugate-self-dual for 1 < i < t. Set
Y = 1oy € U(G) with 1: LM — LG. Then (LIR) also holds for every
irreducible summand ™ C Ip(myr) for any mar € Iy, .

Remark 1.10.6. The A-packet I, for a given co-tempered A-parameter ¢ = gg is
constructed by Aubert duality from the tempered L-packet II,. To be precise, see
Theorem 2T below. At this stage, it is not known that each representation = € II,,
is unitary. The unitarity will be proven after establishing [Ar2, Proposition 7.4.3] and
[MoK, Proposition 8.4.2].

For co-tempered A-parameters we will establish (ECRT) and (ECR2) in Section
H, whereas (ILIRI) will be proven in Sections B and @ using results in Section . As a
consequence of Theorem [CTOA together with Lemma IO, we have the following.

Corollary 1.10.7. Assume Hypothesis [[.LTU4. For any co-tempered A-parameter ¢ €
U(G) and for any u € Ny, we have an identity

fé(wv Swsu) = fG(dJa U)

of distributions on G.

2. NORMALIZATIONS OF INTERTWINING OPERATORS

The purpose of this section is to prove Theorem 8. Notice that almost the same
assertion was already proven by Shahidi [Sha7], but he used his own normalization of
the intertwining operators. So what we have to do is to compare Arthur’s normalization

with Shahidi’s.

2.1. Local coefficients. Let wv = (B°, x) be a Whittaker datum for G°. We say that
an irreducible representation 7° of G° is tv-generic if

dim¢ Homy (7, x) # 0,
in which case

dim¢ Homy (7%, x) = 1
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by the uniqueness of Whittaker functionals. For G = Os,(F'), we also say that an
irreducible representation 7 of GG is to-generic if

dim¢c Homy (7, x) # 0,

but as we see in the next lemma, the uniqueness of Whittaker functionals does not
necessarily hold. Recall that we have chosen an element ¢ € T\ 7T° C G\ G° with
¢ = 1 such that € preserves spl. In particular, x o Ad(e) = y. For any representation
7° of G°, we define a representation er® of G° by er°(g) = 7°(e ' ge).

Lemma 2.1.1. Suppose that G = Oq,(F'). Let w be an irreducible vo-generic represen-
tation of G.

(a) If T

Ge 18 irreducible, then T|go is w-generic and we have
dim¢ Homy (7, x) = 1.

(b) If w|ge is reducible, then any irreducible component of w|ge is vo-generic and we
have

dim¢ Homy (7, x) = 2.

Proof. Since
Homy (7, x) = Homy (7|ge, X),

the assertion (a) follows.
Assume that 7|ge is reducible. Let 7° be an irreducible component of 7|go. Then we
have 7|ge = 7° @ en® and

Homy (7, x) = Homy (7°, x) @ Homy (e7®, x).

Since y o Ad(e) = x, we see that 7° is to-generic if and only if er® is to-generic. This
implies the assertion (b). O

Remark 2.1.2. In Lemma 2110 (b), the multiplicity two statement may be a bit
disconcerting to the readers. While for connected reductive groups G°, the stabilizer
of a Whittaker datum is the center of G°, in the case of G = Oy, (F), the stabilizer of
a Whittaker datum contains an extra group, generated by e. This group (€) acts on
Homy (7, x) with two possible eigenvalues and each eigenspace has dimension at most
1. In other words, the multiplicity one statement is restored if we take into account the
full symmetry of the situation.

Let P° = M°N be a standard parabolic subgroup of G°. The heredity of Whittaker
functionals asserts that if 7° is an irreducible essentially unitary representation of M°,
then

dime Homy (Ind%e (7°), x) = dime Homynaze (7°, x).
(See [Raod], [CS, Corollary 1.7], [WIIl, Theorem 15.6.7], [WI2, Theorem 40]; note that
this equality holds for all admissible representations 7° when F' is non-archimedean.)
In particular, this dimension is at most 1.
For G = Oy, (F), we modify this property as follows.
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Lemma 2.1.3. Let G = Oq,(F), and let P = M N be a standard parabolic subgroup of
G. Set P°=PNG° and M° = M NG°, so that P= P° <= M = M°. Let ® be an
wrreducible essentially unitary representation of M.

(a) If M # M°, and 7|y is irreducible, then

Ip(m)|ge = IndSe (7] are ).

Moreover,
dim¢ Homy (Ip(m), x) = dime Hompnp (7, x) < 1.

(b) If M = M°, or |y is reducible, then for any irreducible component 7° of |y,
we have
Ip(7) =2 Ipo(n®) = Ind$. (7°).

Moreover,

1
——— dimc Homy (Ip(7), x) = dim¢ Homynp(m, x) < 1.

(G :G°) (M : Me)
(Note that the left-hand side is an integer.)

Proof. Suppose that P # P°. Then G/G° = M/M®°, and the restriction map gives an
isomorphism

Ind%(7m)|ge = Ind%e (7| az0).
This implies the assertion (a).

On the other hand, if P = P°, or if 7|y is reducible, for any irreducible component
7 of 7|are, we have m 2 Ind}fo(7°). Then Ip(m) = Ipo(7°). If we denote by Ij.(7°)
(resp. Ip.(7°)) the subspace of Ip.(7°) consisting of functions f on G whose supports
are contained in G° (resp. G \ G°), then Ipo(7°)|ge = I}.(7°) & Ipo(7°). Moreover, we
have isomorphisms

Io(n°) = Indga(7°), f = flee,

I (7°) = eIndgz(Wo), fre ()

GO

as representations of G°, where (¢! f)(x) = f(ze'). In particular, we have
Ip(m)|ge =2 IndSe (7°) @ eIndSe (7°).

Since x o Ad(e) = x, the following are equivalent:

e Hompyny (7, x) # 0;

o Homynase (7°,x) # 0;

e dim¢ Homy (Ind%. (7°), x) # 0;
e dime Homy (elnd% (7°), x) # 0.

Hence, in this case, we have
dim¢c Hompnp(m, x) = (M : M®), dime Homy (Ip(7), x) = 2.
This completes the proof. O
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Fix two standard parabolic subgroups P = M Np and P’ = M'Np: of G such that
W(MP°, M) # (), an element w € W (M°, M’), and an irreducible unitary to,;-generic
representation m of M. Choose a non-trivial to,,~Whittaker functional w on 7. For
A € aj ¢, define a ro-Whittaker functional Q(7y) = €,(mx) on Ip(my) as in Section
8. Then Q(my) is holomorphic and nonzero for all A (see [CS], [WII, Theorem 15.6.7],
[WI2, Theorem 40]). Similarly, define a w-Whittaker functional Q(wmy) = €, (wmy)
on Ip(wmy), where we regard w as a topr-Whittaker functional on wr. When G =
G°, following Shahidi [Sha2, p. 333, Theorem 3.1], we define a meromorphic function
Cp(w,my) of A, called the local coefficient, such that

Cp(w,my) - Qu(wmy) o Jp(w, my) = Qu(my).

Note that such a function exists and does not depend on the choice of w by the unique-
ness of Whittaker functionals.

When G = Oy, (F), this uniqueness may fail, but we can define an analogous function
as follows.

Lemma 2.1.4. Suppose that G = Oy, (F). Then there exists a meromorphic function
Cp(w,my\) of A such that

Cp(w, 7T)\) . Qw(wﬂ')\) 0] Jp(w, 7T,\)
Qu(my) if det(w) =1,
B {Qw(eﬂ,\) oL(e)  if det(w)=—1,
where L(€): Ip(my) — I.pe-1(emy) is given by (L(e) f)(g) = f(e tg). Moreover, Cp(w, )
does not depend on the choice of w.

To prove this, we need the following.

Lemma 2.1.5. Suppose that G° = SOy,(F), P # P° (and hence eP°e™' = P°), and
det(w) = 1. Let ©° be an irreducible unitary voy-generic representation of M°. Then
we have

Cpo(w, emy) = Cpo(w, 7y).

Proof. Since P # P°, we have
eNpe ! = Np, eNpre t = Npr, cwe = w, cwpe L = wy

with wy = wgwé” , where w, and wéw are the longest elements in W& and WM°,
respectively. Fix a non-trivial w,-Whittaker functional w® on 7°. Since y o Ad(e) = ¥,
we may regard w® as a t,-Whittaker functional on en®. Then w® induces to-Whittaker
functionals Q(7%) and Q(en3) on Ind. (%) and Ind%: (en}), respectively. By definition,
we have
Qfemy) = Q(m}) o Ad(e)",

where Ad(e)* : ITnd%: (en) — Ind%e (%) is the linear isomorphism given by Ad(e)*f(g) =
f(ege™t). Similarly, we have

J(w,m3) o Ad(e)* = Ad(e)* o J(w, 7).
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Hence we have

>0 >

This implies the lemma. O
Now we prove Lemma 214,

Proof of Lemma [Z134. First, we assume that M # M°, and 7|y is irreducible. Then
the existence of Cp(w, ) follows from Lemma T3 (a). Moreover, since w is unique
up to a scalar, Cp(w, 7)) does not depend on the choice of w.

Next, we assume that M = M°, or 7|y is reducible. Fix an irreducible component
7° of m|pre. Note that 7° is wy-generic. If M = M°, then w is unique up to a scalar. If
M # M° (so that e € M\ M° and 7|y = 7° @ en®), then by Lemma 11 (b), we may
take a basis w,w’ of Homypnys (7, x) such that w|ee = 0, w'|ze = 0. We identify m with
Ind}f. (7°), so that 7° (resp. en®) is the subspace of Ind}%. (7°) consisting of functions f
on M whose supports are contained in M° (resp. M \ M°). Then w can be realized by
w(f) = w(f(1)) for f € Ind}f(7°), where w® is a non-trivial tv,,-Whittaker functional
on 7°. In both cases, we have Ip(w) = Ipo(7°) and

Ip(m)|ge = I} (7°) @ Ipo (7°)

as in the proof of Lemma PT3. Then Q,(m) (resp. Q,(emy) o L(€)) is a nonzero
element in Homy (Ip(my), x) which is identically zero on Ip.(7°) (resp. I (7°)). In
particular, Q,(m)) and Q(emy) o L(e) are linearly independent, and hence form a basis
of Homy (Ip(my), x) by Lemma 2123 (b). On the other hand, Q,(wm)) o Jp(w,my)
is also an element in Homy (/p(7y), x) (provided that Jp(w, 7)) is holomorphic at \)
which is identically zero on Ip.(7°) (resp. I (7°)) if det(w) = 1 (resp. det(w) = —1).
This proves the existence of the desired function Cp,,(w, 7)) with respect to w. When
M = M°, Cp,(w, ) does not depend on the choice of w by the uniqueness of Whittaker
functionals.

Finally, we assume that M # M°, and 7|y is reducible. In particular, we have
ePe~! = P. Recall the isomorphisms

I5.(7°) 5 IndSe (7°), f > f

I (7°) = Indgz(mo), f= (L(e)f)

G°,

Ge-

If det(w) = 1, then the restriction to I}, (7°) of the equality in the statement of the
lemma yields

Cpu(w,my\) = Cpo(w, 73).
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Similarly, if det(w) = —1, then the restriction to I5.(7°) yields
Cpo(w,my) = Cpo(we™t, en}),

noting that Jp(w, my) = Jp(we ™! emy) o L(e).

Now we switch the roles of 7° and er®, i.e., we identify 7 with Ind}s. (ex®), so that er®
(resp. 7°) is the subspace of Ind}f. (er°) consisting of functions f on M whose supports
are contained in M° (resp. M \ M°). Then w’ can be realized by w'(f) = w°(f(1)) for
f € Ind}f.(er®), where w® is now a non-trivial w,,-Whittaker functional on er®. The
same argument proves the existence of the desired function Cp,s(w, ) with respect
to w’ and shows that

o (w,3) = {Cpo(w,iﬂi) ?f det(w) = 1,
| Cpo(we™t,m}) if det(w) = —1.
By Lemma I3, we have
Cpuw(w,my) = Cpu(w, ).

This shows that Cp,(w, ) does not depend on the choice of w and completes the
proof. O

In addition, from the proofs of Lemmas 2213 and 214, we can deduce the following
relation between local coefficients for Oq,(F") and those for SOy, (F').

Lemma 2.1.6. Suppose that G = Og,(F) and det(w) = 1. Then we have
Cp(UJ, 7T>\) = CPO (wv ﬂ-i)v
where ©° is an arbitrary irreducible component of | .

Now we assume that 7 is tempered. Let ¢ be the tempered L-parameter of m. To
show Theorem X, it suffices to prove the following.

Proposition 2.1.7. In each situation in Theorem I8, the function Cp(w, 7)) rp(w, d,)
18 holomorphic and equal to 1 at A = 0.

We will prove Proposition 2177 in Sections 224 and 23. By the next lemma, which
follows from the definitions, it suffices to consider Proposition 2177 in the following two
situations.

(1) G =G°, or G = 0y,(F) and det(w) = 1, and wr = 7,
(2) G = Og,(F), det(w) =1 and wer = 7.
Lemma 2.1.8. Suppose that G = Og,(F) and det(w) = —1.
o We have
Jp(w, my) = Jeper(we™t, emy) o L(e)

so that Cp(w,m) = Cepe—1(we™ emy).
o We have rp(w, ¢y) = Tepe—1(we™, dy).
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2.2. The maximal case. Let P = MNp and P’ = M'Np be standard maximal
parabolic subgroups of G such that W(M°, M) # (). From Lemma T8 we may
assume that

o if G = Og(F), M = GL(F), and k > 1 is odd, then P’ = ePe™! and M’ =

eMe ! so that W(M°, M) # (;

e otherwise, G = GLy(FE), or M = M’ so that W(M°, M) # {1}.

In either case, let w be the unique non-trivial element in W (M°, M").
First suppose that G = GLy(F) and M = GLp,(E) x GLn,(E) so that M’ =

GLn,(E)xGLy, (E). We write m = m ®my with irreducible tempered representations
and my of GLy, (E) and GLy, (E), respectively. If we denote the L-parameters of 7 and

Ty by ¢, and ¢, respectively, then we denote by L(s, ¢r, @ ¢r,) and (s, o, @ Gy, VE)
the Artin factors associated to the tensor product of the standard representations.

Lemma 2.2.1. The function Cp(w,wy) - rp(w, ¢y) is holomorphic and equal to

L(1, ¢z, & ¢r,)
L(1, ¢m ® ¢7,)

at A = 0.

Proof. If we write my = m| det |3 K mo| det |3 with s1, 55 € C and put s = s; — sq, then
we have, by definition,

L(s, ¢r, ® ¢5,)
S, (bm ® ¢X27 wE)L(l + s, ¢7r1 ® Qb;/g)

On the other hand, by [Sha7, Theorem 3.5] (see also Section 28 below), we have

rp(w, Pr) = =

eS(s,my X my, p) L1 — s, ) X )
LS (s, X 7)) ’

CP(w7 7T)\) =

where the superscript Sh indicates Shahidi’s local factors. We know that

LSh<Sa7T1 X 7-[';/) = L<Sa¢ﬂ1 ® ¢7¥2)7 €Sh(877T1 X W%/awE) = 6(87¢7r1 @ ¢;/27¢E)

since these local factors agree with those of Jacquet—Piatetski-Shapiro—Shalika by [Shad]
and the desiderata of the local Langlands correspondence. This implies the lemma. [

Next suppose that G is a classical group, and write M = GLi(E) x Go. Note
that M" = M unless G = O (F), M = GLg(F), and k£ > 1 is odd, in which case
M’ = eMe . We write 7 = 7 X 1y with irreducible tempered representations 7 and
7o of GLg(F) and Gy, respectively. If we denote the L-parameters of 7 and my by
¢, and ¢r,, respectively, we denote by L(s, ¢, ® ¢r,) and (s, ¢r ® ¢r,,¥g) the Artin
factors over E associated to the tensor product of the standard representations. We
also denote by L(s, ¢, R) and &(s, ¢,, R, 1) the Artin factors over F associated to the
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representation R of “GLy(FE) given by
Sym?  if G = SOgpy1(F),
NG = Spy(F), Ou(F),
Asait  if G =U,, n=0mod 2,
Asai™ if G=U,, n=1mod 2.
(See [GGP, Section 7] for the definition of the Asai representations Asai™ and Asai™.)
Lemma 2.2.2. The function Cp(w,my) - rp(w, ¢,) is holomorphic and equal to
L(1,6Y © 6n) L(1, 6, )
L(1,¢- ® ¢},) L(1, ¢r, R)

at A = 0.

Proof. 1f we write ) = 7| det |}, K my with s € C, then we have by definition
L(s, ¢y, St @ StY)
(s, by, St @ St¥, ¥p)L(1 + s, ¢y, St @ StV)
" L(2s, ¢, R)
e(2s,¢r, R, ) L(1 + 25,6, R)’
Here L(s, ¢y, St ® St¥) and &(s, ¢x, St ® StY, 1r) is the Artin factors associated to the

L-parameter ¢, of 7 and the tensor product representation St ® St", where St is the
standard representation of “GLy(E) or “Gy. Note that

L(s, ¢x, St @ St”) = L(s, ¢ © ¢Y,),
£(s, r, St @ StY, 9hr) = Ao - £(s, 07 @ by, i),

where A\g = 1 unless [F : | = 2 (so that G = U,, and M = GL,(E) x U,,), in which
case,

rp(w, ) = AMw) X

Xo = AE/F, tpp)*".
See e.g., [, Section 5.6]. On the other hand, by [Sha7, Theorem 3.5] (see also Section
8 below), we have

e (s, 7, St ® StY, ) L (1 — 5,7V, St ® St¥)
LSh(s, 7, St @ StY)
e3h(2s, 7, R, ¢p) L5 (1 — 25,7V R)
LSh(2s, 7, R) ’

where the superscript Sh indicates Shahidi’s local factors. Here, when G' = O,,,(F), we
have det(w) = 1 by the assumption at the beginning of this subsection, and by Lemma
214, the above equality holds if we set

L (s, 7, St ® StY) = L (s, 7°, St @ St"),
e (s,m, St @ StY, ¥p) = (s, 7°, St ® St¥, ),

Cp(w,’/T)\) = )\(U])_l X
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where 7° is an arbitrary irreducible component of 7|y.. Putting
L (s, 7 x ) = L™ (s, 7, St ® St"),
M (s, 7 x ), vE) = Ayt ™ (s, T, St ® St ),
by Proposition A= below, we have
Ls, 7 xmy) = L(s, - ® ¢Y), (5,7 x 1), ¥E) = &(s, ¢, @ &), ¥E).
Also, by [He3|, [CST], [Shan], [Hed], we have
L(s,7,R) = L(s,¢-, R), (s, 7,R,vp) = (s, ¢r, R, Up).
This implies the lemma. O

2.3. Preliminary to the general case. Now we consider the general case. Recall that
U is the unipotent radical of the Borel subgroup B°. Let P = M Np and P’ = M'Np
be standard parabolic subgroups of G such that W (M°, M’°) has an element w whose
representatives lie in G°. Then by [Sha2, Lemma 2.1.2], we may take standard parabolic
subgroups P; = M;N; of G for 1 <i < n + 1 with the following properties:

® P:P1 andP’:PnH;

e for each 1 < i < n, there exists a semi-standard Levi subgroup G; of G' contain-
ing M; such that P, N G; is a maximal parabolic subgroup of GG; and such that
the element w; = wfgwéwio belongs to W (M7, M?_,), where w} is the longest
element in W*;

W= wy- - w;

e for each 1 < i <n, we have

Ty = T, © Ad(@) Ty,
where 7, is the Lie algebra of N, = NpNw Uw for w € W, and w] =
wy, - - - w; (with interpreting w, ., = 1).
This gives rise to a factorization of the intertwining operator
Jp(w,m\) = Jp, (Wp, Wy—1 - -w1my) 0 -+ 0 Jp, (W, wimy) © Jp, (W1, Tr)

(see [Sha2, Theorem 2.1.1]) and hence of the local coefficient

n

CP(U),W,\) = HCPi(wiawi—l e 'w17TA)

i=1
(see [Sha2, Proposition 3.2.1]). This also gives rise to a factorization of the A-factor

n

Moreover, since
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we have
n

_ V
L(Sa T, Pw—lP’\P) — H L(Sa Wi—1 - WTy, pw;1Pi+l‘Pi)’

8(57 DY) pw’lP’|P> wF) = H E(Sa Wi—1 - W1Ty, p;/}zflp,Hﬂpiﬂ ¢F)

Hence we have

p(w, ) Hrp Wi, Wi+ WITH).

Since the local coefficient Cp, (w;, w;_1 - - - wymy) and the normalizing factor rp, (w;, w;—1 - - - w1my)
agree with those for the intertwining operator

Indgj (Wi—1 -+ - wimy) = Indgj+1 (w; -+ wymy),

and G is the product of general linear groups and a (possibly trivial) classical group,
this allows us to use these computations to attack Proposition 2174 in general. We will
see it in the next two subsections.

2.4. The case of general linear groups. Suppose that G = GLy(F) and M =
GL,,(F) x -+ x GL,, (E). Put I = {1,...,m}. Write 7 = m X --- X 7, with
irreducible tempered representations my, ..., m, of GL,, (F),...,GL,, (F), respectively.
We denote by ¢,, the L-parameter of m;. We regard w as an automorphism of I such
that wm = m,-1() &+ - - W 7y-1(). Then by Lemma 27271 and Section 223, the function
Cp(w,my) - rp(w, ¢y) is holomorphic and equal to

H A(’Tfi,ﬂ'j)
(4,4) €inv(w)
at A = 0, where we set
inv(w) = {(i,j) € I x I]i < j, w(i) > w(j)}

and
L(1, ¢y, @ ér;)

L(L, 6, ® 6,)

H A(ﬂ-iﬂrj) = H A(UDO-?)n(ULUQ)?
(4,4)€inv(w) (01,02)

where (07, 09) runs over ordered pairs of irreducible tempered representations of general
linear groups and

A(’/Ti, ’/Tj) =

We may write

n(oy,09) = [(I(01) x I(09)) Ninv(w)|
with I(oy) = {i € I'| m = o1 }. Since A(01,02) = 1if 01 = 09 and A0y, 02)A(02,01) =

1, we have
| | A 0_170_2 n 0'1,0'2) | | A 0_170_2 n (o1,02) n(a’g,al)

(0'1,(72) {0'170'2}
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where {01, 05} runs over unordered pairs.

Proof of Theorem I8 (1) for G = GLy(E). Assume that P = P’ and wr = 7. It
suffices to show that
n(ol, 0'2) = 77,<O'2, O'1>

We consider the set Iy(o1,09) = I1(01,09) U I3(07, 09) with
Io(o1,09) = {(i,7) € I(o1) x I(02) |i < j},
Li(o1,02) = {(i,7) € I(o1) x I(02) |i < j, w(i) <w(j)},
Iy(o1,02) = {(i,j) € I(01) X I(02) [i < j, w(i) > w(j)}.

Since wr = 7, we have m,15 = 7 for 1 < i < m. Hence the map (i,j)
(w™(i),w™1(j)) gives a bijection
Io(o1,02) =5 Ij(01,05) = {(i,§) € I(01) x I{02) | w(i) < w(j)}.
Note that Ij(o1,09) = I1(01,092) U I5(071, 09) with
L(oy,00) = {(i,)) € I(01) X I(02) |7 > 7, w(i) < w(j)}.
Since the map (7, ) — (j,7) gives a bijection I}(oy, 09) LN Iy(09,01), we have
n(oy,09) = |I(01,09)| = |I5(01,02)| = n(os, 01).

This completes the proof of Proposition 7T in this case, and hence Theorem I8 (1)
for G = GLy(E). O

Next, we consider Theorem X (2). For a representation o of GLy(FE), define its
conjugate ‘o by ‘o(x) = o(T). Hence o 0§ = “0" if o is irreducible. Since L(s, ¢p,, ®
‘Ou,) = L(s, 00y ® @), we have A(°cy,‘0)) = A(al,ag) so that

| | A 0,17 ncrl o2) __ | | A 0_17 n (o1,02)/e(o1, 0'2)’

(01,02) [o1,02]

where [o7, 03] runs over orbits under the action (o1, 09) — (‘o3 , o)) and

n'(o1,09) = n(oy,09) + n(°oy, ‘o)),
2
e(o1,09) = —.
7 = oy ]
Moreover, since
o A(oy,09) = 1if [01, 03] = |02, 01];

o A(oy,02)A(02,01) = 1;
o ¢(01,09) = e(09,07),
we have
H A 01’0_2)n '(01,02)/e(01,02) _ H A 0_1’0_2 (n'(o1,02)—n (0'2,0'1))/6(0'1,0'2)’
[o1,02] [[o1,02]]

where [[07, 03]] runs over orbits under the action [oq, 03] > [02, 01].
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Proof of Theorem IZ1 (2). Assume that wm = wo . This is equivalent to saying that
Tw-13) = “my 1 for 1 <@ <m. It suffices to show that

n'(o1,09) = n'(09,01).
Put

{(t,5) € I(o1) x I(02) |7 < j, w(i) < w(j)},
Iy(o1,02) = {(i,7) € I(01) x I(02) |7 < j, w(i) > w(j)},
{(@,5) € I(o1) x I(02) |7 > j, w(i) < w(j)}.

Then the map (i,7) — (,j) = (w™(m+1—j),w(m+1—1)) gives a bijection

{(i,5) € I(o1) x I(o2) |i < j} =5{(¥',§") € I(°0y) x I(“0y) [w(i') < w(j")}.

Note that the left-hand side is I1(01,09) U I5(01,02), whereas the right-hand side is
L(°oy,c0)) U I3(°0y,“0y). Hence

[I1(01, 02)| + |I2(01, 02)| = [I1(Coy , “0y )| + | I5(°0y, “ay)].
This implies that

[I1(01, 02)| + | Io(01, 02)| + |11 (‘o3 , S0y )| + | I2(C05, “ay))
= |L(%0y, “o))| + |I3(°oy, ‘o) )| + |I1(01, 02)| + |I5(01, 02)]

so that

n’(al,ag) - |12(0'170'2)‘ + ‘12(00-5/760’1/”

= |I3(01, 02)| + | I3(°oy , 0y )| = n(02, 1),

where the last equation follows from the map (7, 5) — (j, 7). This completes the proof
of Proposition 2177 in this case, and hence Theorem [T (2). O]

2.5. The case of classical groups. We now consider Theorem I8 (1) for classical
groups. Suppose that G is a classical group and M = GL,,, (E)x---xGL,, (E)xGy. As
explained after Proposition 2177, by Lemma T8, it suffices to consider the following
two situations.

(1) G=G°, or G = 09,(F) and det(w) = 1, and wr = 7;
(2) G = 09, (F), det(w) =1 and wer = 7.

We consider the general situation for a moment. Put I™ = {1,...,m}, I~ =
{-1,...,—m},and I = [T UI". Writem =71 ® -+ ® T;, ® mp with irreducible tem-
pered representations 1y, . .., T, o of GL,, (F), ..., GL,, (E), G, respectively, and put
7_; = °1; for i € I'". We denote by ¢,, (resp. ¢,,) the L-parameter of 7; (resp. my). We
regard w as an automorphism of I such that w(—i) = —w(i) for all ¢ € I and such that
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WT = Ty-1(1) @ *+* @ Ty-1(m) @ M. Then by Lemmas 221, 222 and Section 23, the
function Cp(w, ) - rp(w, ¢y) is holomorphic and equal to the product

H A(Ti,Tj) H B 7—2777-0

(3,7)€invy (w) i€inva (w)
at A = 0, where
invy (w) = {(i,§) € I'* x I |i < |j], w(i) > 0, w(j) > 0, w(i) > w(j)}
U{(i,7) € T+ x I |i < |j], w(i) < 0, w(j) > 0}
U{(i,5) € IT x I]i < |j], w(@) < 0, w(j) <0, [w(@)] < [w(j)[},
inve(w) = {i € I'" |w(i) < 0}
and
L(1,6Y ® ¢.)
L(L, ¢, @ ¢Y)

L(1,¢) ® éx,) L(1,0), R)

Ay, 1) = L(1, ¢, @ ¢Y) L(1, ., R)

B(Ti,ﬂ'o) =

First, we may write

H A, 1) = H A 01,02)"1(‘” 02)

(4,)€invy (w) (01,02)

where (01, 09) runs over pairs of irreducible tempered representations of general linear
groups and

ni(o1,02) = |(I(01) X I(02)) Ninvy(w)]
with I(0) = {i € I|; 2 o}. Since L(s,°ps, @ “¢,) = L(s, 00, @ ¢},), we have
A(¢oy,¢0)) = A(o1,02), so that

H A(Ol,ag)m(al’m) _ H A(O.h02)n/1(01,02)/e(01702)7
(01702) [0‘1,0’2]
where [07, 03] runs over orbits under the action (oy, 03) — (‘o5 ,“0y) and

ny(o1,02) = ni (01, 02) + n1(‘oy, ‘oY),

(1.00) =
e(oy,09) = ——.
P o, 0l
Moreover, since

o A(oy,09) = 1if [01, 03] = |02, 01];
o A(o1,02)A(09,01) = 1;
o c(01,09) = e(09,01),
we have
H A(Ul,02)”’1(01702)/6(01302) - H A(Ul,U2)("/1(01702)*71’1(02:01))/6(01302)’

[o1,02] [[o1,02]]
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where [[01, 03]] runs over orbits under the action [o1, 09| — [02,01]. Similarly, we may

write
H B(r;, m) = HB(O', mo)"2(?),

i€inva(w)
where o runs over irreducible tempered representations of general linear groups and
na(o) = [I(o) Ninve(w)].
Since L(s, “pe @ pny) = L(5, 0, @¢y, ) and L(s, “¢o, R) = L(s, ¢o, R), we have B(o, my) =
1if o VNU and B(o,m)B (‘0" 7r0)—1 so that
(o)

HB o, )" HB o, Wo)"2( 7)—n2 (%o v)
[o]

where [0] runs over orbits under the action o +— ‘g

Proof of Theorem I8 (1) for classical groups G. Assume that wr = 7, or wer = 7
(in which case, G = Oy, (F)). It suffices to show that

n(o1,09) = n(09,01), mna(c) =mno(‘c").

First we consider the set

8
(01, 05) = {(i,§) € I(o1) x I(02) | > 0,85 >0, i < |j|} = | | I2(01,00)
k=1

for 0 = 4, where

[a¥) Y

I(0). Since wr = 7 or wer = m, the map (i,

[ (o1,00) = {(i,5) € I"(00) x I°(02) i < |5, w(i) > 0, w(j) >0, [w(i)| < Jw(5)[},
Ly(o1,00) = {(i,5) € I"(00) x I°(02) |7 < |5, w(i) > 0, w(j) >0, [w(i)| > Jw(5)[},
I5(01,00) = {(i,5) € I"(01) x I°(02) i < |5, w(i) > 0, w(j) <0, [w(i)| < w(7)[},
I§(o1,00) = {(i,5) € I™(00) x I°(02) i < |5, w(i) > 0, w(j) <0, [w(i)| > lw(5)[},
5(o1,02) = {(i,§) € I"(00) x I’(02) | i < |j], w(i) < 0, w(j) >0, [w(@)| < [w(3)]},
I§(o1,02) = {(i,§) € I"(00) x I*(02) | i < |j], w(i) < 0, w(j) > 0, [w(@)| > [w(3)]},
[(o1,00) = {(i,5) € I"(01) x I°(02) i < [, w(i) <0, w(j) <0, [w(i)| < w(5)[},
(o1,00) = {(i,5) € I"(00) x I°(02) |1 <[], w(i) < 0, w(j) <0, [w(i)] > |w(j)[}
n ) =

(.7') =

(w™(i), w™t(j)) gives a bijection I°(0y,09) 1—1> J‘S(ah 02) where
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with
T (o1,09) = {(i,§) € I'*(o0) x I*(o9) | [i| < |j], w(i) >0, dw(j) > 0, w(i) < [w(5)]},
Ja(01,09) = {(i,7) € I'*(00) x I*(o9) | [i| > |j], w(i) > 0, dw(j) > 0, w(i) < [w(5)]},
J3(o1,09) = {(i,7) € I'*(00) x I (09) | 1| < |j], w(i) > 0, dw(j) > 0, w(i) < [w(5)]},
T (o1,02) = {(i,5) € I*(01) x I (02) |]i] > [j], w(i) > 0, dw(j) > 0, w(i) < [w(5)I},
J3(o1,09) = {(i,7) € I" (1) x I*(0a) | 1| < |j], w(i) > 0, dw(j) > 0, w(i) < [w(5)]},
Jo(o1,00) = {(i,7) € I (00) x I (02) [ |i] > [j], w(i) > 0, dw(j) > 0, w(i) < [w(j)[},
T2 (o1,09) = {(i,§) € I"(00) x I~ (09) | [i| < |j], w(i) >0, dw(j) > 0, w(i) < [w(5)]},
J(o1,02) = {(i,5) € I (00) x I (02) [ ]i] > |, w(i) > 0, dw(j) > 0, w(i) < |w(j)[}
Hence, noting that
Jy (01, 02) = If (01, 02), Jy (01, 02) = I3 (01, 02),
Ji (01, 02) = Iy (01, 02), Jy (01,02) = I3 (01, 02),
we have
Y. ko)=Y |Jklon,0)],
ke{2,4,5,6,7,8} kEe{2,4,5,6,7,8}
where Iy(o1,00) = L (01,02) U I, (01,02) and Ji(o1,09) = J; (01,02) U J, (01,09).

Moreover, since the map (7, j) — (—7, —i) gives bijections

Ji (o1, 00) =5 Ig (03, oY), i (o1, 00) =5 I; (03, oY),
Ji (o1, 09) 5 I (o, o)), g (o1,09) =5 If (o, o)),
we have
(1) S (o o) + [0y, o)) = > (klo, o2)| + | Ju(Cay,“0Y)]).
ke{2,5,6,7} ke{2,5,6,7}
Since

n(on,00) = Y |Ik(o1,09)),

ke{2,5,6,7}
the left-hand side of (B) is equal to n(cy,02). On the other hand, noting that the map
(1,7) = (j, 1) gives bijections

J (o1, 09) EiN I (09, 01), Jy (01,09) EEIN I§ (0q,01),
Jg (01, 09) RN I (09, 01), Jg (01,09) ESIN I5 (09,01),
and the map (7, 7) — (—i, —j) gives bijections
J(01,02) = I7 (o} o), I3 (01,02) =5 I5 (o o),
(01, 02) =5 I (‘o a3), I (01, 02) =5 I (o a3),
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the right-hand side of (f) is equal to n) (o9, o1). This proves
ny(o1,02) = ny(o2,01).
Next we consider the set
{iello)]i>0}={ielt(o)|w()>0}uU{ie " (o)|w() <0}
The map i — 7 = w™'(i) gives a bijection from this set to
{i" e l(o)|w(i") >0} ={i' e IT(o) |w(') >0} u{i € I (0)|w(i) >0}
Hence we have
na(0) = [{i € I*(0) |w(i) < O}] = [{i € I(0) | w(i) > O}| = ny(0™),

where the last equation follows by considering the map ¢ — —i. This completes the
proof of Proposition 2171 in this case, and hence Theorem I8 (1) for the classical
group G. 0

2.6. Shahidi’s formula for local coefficients. In a series of influential papers [Shall,
Sha2, Sha3, Shad, Shaf, KeSH, Sha6i, Sha7] stretching over 12 years, Shahidi made a
deep study of local coefficients and developed a theory of y-factors for generic repre-
sentations of connected reductive groups. In particular, as a culmination of this deep
study, he showed that local coefficients can be expressed in terms of these ~-factors.
Now the theory of y-factors is very delicate because it requires a careful normalization
of various quantities (such as Weyl group representatives) and a careful evaluation of
pertinent integrals in the rank 1 case (i.e., for SLy and SU(2,1)). As the theory evolved
over a period of 12 years, and it was not a priori clear what the precise shape of the final
product should be, it is understandable that different normalizations may have been
preferred at different points in time, for different reasons. As a consequence, various
formulas (of the same quantity) which appeared in [Shaf, KeSh, Sha7] are not consis-
tent with each other. In this subsection, we shall explain and resolve these discrepancies
in [Shai, KeSH, ShaT7], so that one has a consistent story.

Let F' be a local field of characteristic zero. Fix a non-trivial unitary character ¢z of
F'. In this subsection, we consider an arbitrary quasi-split connected reductive algebraic
group G over F. Fix an F-splitting spl = (B, T,{X,}) of G. Let to be the Whittaker
datum for G determined by spl and p.

Let P = M N be a standard maximal parabolic subgroup of GG. We denote by a the
simple root of Ay corresponding to M, where A is the split component of T'. Following
[Shafi, p. 552], we define @ as the restriction of (p,a")"'p to Ay, where p is half the
sum of the absolute roots of T'in N, « is an absolute root which restricts to a, and oV
is the coroot associated to «. (Note that a is the corresponding fundamental weight
when G is semisimple and split over F'.) We may regard @ as an element in aj,. Let
r be the adjoint representation of “M on n. As in [Shafi, p. 554], we decompose it as
r =@ ri. Let P = M'N’' be another standard maximal parabolic subgroup of G
and assume that W (M, M’) # {1} (vesp. W(M, M') # 0) if M = M’ (vesp. M # M’).
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Take the unique non-trivial element w in W (M, M’). Let A(w, ¥ r) be the A-factor as
n [KeSh, (4.1)] (see also Section [2).

Let 7 be an irreducible to,/-generic representation of M, where tv,, is the Whittaker
datum for M induced by to. Recall that the local coefficient Cp(w, 75, 1r) for s € C
depends on the choice of the representative of w. We take the Langlands—Shelstad
representative w of w with respect to spl. For example, if G = SL, and spl is the
standard splitting, then we have

(0 1
o= (% 1)

We write Cp(w, 75, Yr) = Cp(w, 7, ¥r) to indicate this dependence. In [Sha7, The-
orem 3.5], Shahidi expressed local coefficients in terms of ~-factors, but the formula
needs to be corrected and its correct formulation should be:

(S1) Cp(w, ms, Yr) = Mw,r)” HWSh i, 7,1, VF),

where the superscript Sh indicates Shahidi’s v—factors. We shall give several remarks
in which we will explain why such a correction is needed in more detail in the rest of
this subsection.

Remark 2.6.1. The first remark is for [Sha7] As explained at the middle of [Sha7,
p. 281], Shahidi took the representative wS" of w as in [ShaH, p. 979] and [KeSH,
p. 74], which is the Langlands—Shelstad representative with respect to the splitting
spl™ = (B,T,{—X,}). For example, if G = SL, and spl is the standard splitting,

then we have
- 0 —1
Sh
T — (1 5 )

We write Op (@™, 74,1 r) for the associated local coefficient. Since spl™ and 1, give
rise to the Whittaker datum to, the equality (51) is equivalent to

OP(w Wsaa¢F) - )\ UJ ,QZ)F H’ySh ZS T, rza,lva)

i=1
However, [Sha7, Theorem 3.5, (3.11)] states that

(S2) Cp(@™, 7, Vr) = Aw, ) HvSh is, 7,1 ).

=1

First we point out that the formula (582) is not consistent with the restriction of
scalars. For simplicity, we assume that G is split over F. Let Fy be a subfield of F
such that F'/Fj has finite degree and assume that ¢p = ¥g, otrp g, for some non-trivial
additive character v, of Fy. Put Gy = Resp/p,G, Py = Resp/p, P, and My = Resp/p M.
Denote by ay the simple root corresponding to M. Let spl, be the Fy-splitting of Gy
induced by spl. Then ™" (regarded as an element in Go(Fyp)) is the representative of w
with respect to spl,, and we can define the local coefficient Cp, (0™, 7ygs, V5, ), where
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7 is regarded as a representation of My(F). Since 7y = 7eg under the identification
My (Fo) = M(F), and spl, and ¥R, give rise to the Whittaker datum 1w, it follows from
the definition that Cp, (0™, 75, ¥r,) = Cp(W™", 7, ¥r). From this and (82), we can
deduce that

Mw, r) " [ (s, 7w, Ind, 30rY g) = [[ 7™ Gs,mr) ),

i=1 =1
noting that A(w,¢r) = 1. By the property of A-factors (see [D, Section 5.6]), we should
have
. L - - imrY . ol

’}/Sh(zsa , IndL%OT;/7 ¢F0) - )‘(F/Foa wFo)d ‘ ’}/Sh(zsa T, 7“;/, 'QDF)

and hence
Aw, ¥p,) IANF/ Fo, thp, )™ N = 1.

However, this is not consistent with the definition of A(w, ¥R, ):

A(wa wFo) = )\(F/F(), 2/}Fo)dimjv'

As such, the formula (§2) cannot be accurate as stated.

In [ShaT7], Shahidi used a global argument to derive the formula for local coefficients
from his previous results for arbitrary generic representations in the archimedean case
in [Shaf] and principal series representations in the non-archimedean case in [KeSh|.
More precisely, he cited [ShaB, KeSH] in the proof of [Sha7, Propositions 3.2 and 3.4],
but the formulas stated in these propositions do not agree with the ones in [Shaf,
KeSH]. (Compare (82) with (83) and (84) below.) Moreover, the formulas stated in
[ShaH, KeSh] must also be appropriately corrected, as we discuss below.

Remark 2.6.2. The second remark is for [Shaf]. Suppose that F' is archimedean. In
[Shaf], Shahidi realized the induced representation Ip(m) on the space of V -valued
smooth functions f on G such that

_1 _
f(gmn) = dp(m)~2m(m)~" f(g)

for g € G, m € M, and n € N, and then defined intertwining operators, Whittaker

functionals, and local coefficients. By the isomorphism f +— [g — f(g~!)] from this

realization to our realization, we see that the local coefficients defined in [Shaf] agree

with the ones defined in [Sha7]. Then [Shaf, Theorem 3.1] states that

<S3> CP({EShﬂrSﬁade) = A(w,¢p)H7(iS,W,Ti,¢F).
=1

(Note that —2spy on the left-hand side of [Sha3, (3.1.1)] is a typo and should be 2spy.)
But this is not consistent with (52) or (81), and must be corrected as follows.

e When G = SLy, the equality (83) does not hold by Proposition 268 below.
Indeed, in the equality stated in [Shad, Lemma 1.4 (a)], one has to use the local
coefficient associated to w. Thus one has to replace Cp(wS", 74, 1r) in (83) by
Cp(w, 7sz,%r). Note that A(w, 1) = 1 in this case.
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e When F' = R and G' = Resc/rSLy, one uses [Shad, (3.10)] in the proof of [Shaj,
Theorem 3.1], but the inverse is missing from A(C/R, ¢g) on the right-hand side
of [Sha5, (3.1.1)]. Thus one has to replace A(w,¥r) in (83) by A(w, ¥r)!.

e When F' = R and G = SU(2,1), the equality (53) (and the one stated in
[Sha3, Lemma 1.4 (b)]) indeed holds. In this case, we have Cp(w™", 7y, r) =
Cp(W, T, Yr) and Mw,¥r) = Mw, r)~! since

0 0 1
oPr=w=10 -1 0
1 0 0

and A(w, ¥r) = A(C/R, ¢r)* = —1.
Consequently, (K1) is the correct formulation of [Shaf, Theorem 3.1].

Remark 2.6.3. The third remark is for [KeSh]. Suppose that F' is non-archimedean
and 7 is a principal series representation. Then [KeSh, Proposition 3.4] states that

m

(S4> CP(iDSh? Tsas 7vDF) = /\(wv 7va)_l H ’7(1.87 , szv 7vDF)

i=1
But this is not consistent with (52) or (81), and must be corrected as follows.

e When G = SL,, the equality (84) does not hold by Proposition EZG8 below.
Again, one has to replace Cp(w", 7sz, ¢r) in (84) by Cp(w, Ts, ¥r) as in the
archimedean case.

e When G = SU(2, 1), the equality stated in [KeSh, Corollary 3.3] indeed holds.
In this case, we have Cp(W™" mg,¢r) = Cp(W, Tsg, ¥r) as in the archimedean
case.

e In addition, one has to replace v(is, 7w, 7/, ¥ r) in (84) by ~(is, 7, r;, 1) for the
following reason. For simplicity, we assume that G is split over F'.

— We denote by Art: £ = WaP the local reciprocity map. Recall that there
are two normalizations of this isomorphism. To define Artin L-factors, we
use a Frobenius element given by the image of a uniformizer of F' under
Art. Then the formula for Cp(w, 74, ¥ r) does not depend on the choice of
Art.

— For a character x of T', let ¢, be the L-parameter of x and regard it as a

homomorphism ¢, : W — T. Recall that ¢y is given by
Oy = py © Art™!,

where p, 1 F* — T=X *(T) ® C* is the homomorphism corresponding to
x: T =X.(T)® F* — C* by the natural isomorphism

Hom(X,(T) ® F*,C¥) = Hom(F*, X*(T) @ C¥).
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Let ¥ be a coroot of T, which is a root of T. Here we regard p € X, (T)
as a character of T" by

u(t) = S )
fort=A@zeT = X*(T)® C*. Since the diagram
Hom (X, (T) ® F*,C*) — Hom(F*, X*(T) @ C*)

(av)*i J{(av)*

Hom(F*,C*) =————— Hom(F*,C*)

is commutative, we have y o ¥ = a" o p,. Hence [KeSH, (2.1)] should be
read:
xoa' =a"og¢, oArt,

(2.13), (2.14)] by ra.

— At the bottom of [KeSh, p. 74|, the authors mention that the equality
[KeSH, (2.2)] justifies the inverse on the left-hand side of [KeSh, (2.1)].
But in fact, this equality does not make sense since the pairing between
X*(T) ® C* and X,(T) ® C* on the right-hand side of [KeSH, (2.2)] does

not exist.

Finally, we reconsider the rank 1 case. In Shahidi’s theory of y-factors, it is important
to fix the choice of Weyl group representatives and compute local coefficients (with
respect to this choice) in the rank 1 case explicitly. In the case of SU(2, 1), our choice
is the same as Shahidi’s one and we refer the reader to [Shai, Lemma 1.4 (b)], [KeShH,
Corollary 3.3] for the explicit formula. On the other hand, in the case of SLy, we
take a different representative and the situation is more subtle. Thus, for the sake of
completeness, we include the computation of the local coefficient in this case, following
[d, Section 1], [Shall, Lemma 4.4].

Suppose that G = SLy. Let S(F') be the space of Schwartz—Bruhat functions on F.
For ¢ € S(F'), we define its Fourier transform $ € S(F) by

3x) = /F o(y)br(xy)dy,

where dy is the self-dual Haar measure on F' with respect to ¥p. For s € C, ¢ € S(F),
and a character y of F'*, put

Z(sx0)= [ oDt

where d*t = |t|'dt. This integral is absolutely convergent for Re(s) > 0 and admits a
meromorphic continuation to C. Moreover, the functional equation

Z(l - SvX_la (Z) = 7(S7X7¢F)Z<87X7 ¢)
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holds, where
L(]' — S X_l)
L(s, x)
We consider the normalized parabolically induced representation I(s,x) = Ind$ (x| -
|5%) of G on the space of smooth functions f on G such that

(5 1)) =@l s

foralla e F*,be F, and g € G. For ¢ € S(F?) (where we regard F? as the space of
row vectors), we define f,, € I(s, x) by (the meromorphic continuation of)

Foanl) = Z(s + 1. 000) = [ ra)o(0 X0l

where ¢, (z) = ¢(0,x) and r(g)p(z1,22) = ©((x1,22)g). For p € S(F?), we define its
Fourier transform Fy € S(F?) by

7(87 X5 wF) = 8(‘97 X5 wF)

Fo(x1,12) = / (Y1, Y2)¥r (T2y1 — 1Y2) dyr dys.
F2
Note that F or(g) = r(g) o F for all g € G. Recall the intertwining operator
J(s,x) = Jo(w, x| - [1) : 1(s,x) = I(=s,x7")

given by (the meromorphic continuation of)

/fw n(y)9)dy,
03 )

Lemma 2.6.4. For ¢ € S(F?), we have

J(Sa X)fgo,s,x(g) = 7(57 X5 wF>71f]-'<p,fs,X—1
Proof. For Re(s) > 0, we have

T(5, ) s (9) //F (@0 (y)g) (0, )X (D)5 At dy

// p(t, ty)x()[t|5 dtdy
FX

/F/ x|t dy d*t = Z(s, x, ¢),

where

where



LOCAL INTERTWINING RELATIONS AND CO-TEMPERED A-PACKETS 53
Hence, by the functional equation, we have

J(s,X)fo(g9) = (s, x,0p) " Z(1L—s,x ", 9).

However, we have
¢(z) = (For(g)e)0,z) = (r(g) o Fp)(0,2) = dr(g)r(x).
Since fry —sy-1 = Z(1 =8, X1, ¢r(g)Fp), this completes the proof. 0

For ¢ € S(F?), we also define its partial Fourier transform F'¢ € S(F?) by

—7'—/<P(9517$C2) = / (21, y2)Vr(—r2y2)dys.

F

Recall the Whittaker functional (s, x) = Q(x|-|5%) on I(s, x) given by (the holomorphic
continuation of)

(s, ) = / @ () or (—y)dy.

Lemma 2.6.5. For p € S(F?), we have

Qs X) fosx = | Frolt,t7h)x(0)[t]5d ™t
FX

(Note that the right-hand side is absolutely convergent for all s.)
Proof. For Re(s) > 0, we have

s\ = [ [ r@ 00,000l ey
= [ [ ettt -y
=/FX/Fw(ty)x(t)ltlspwp(—t‘ly)dydxt

= [ Folt,t Hx(t)|t|pd*t.
FX

This completes the proof. 0

Finally, recall the local coefficient C(s, x,vr) = Cp(w, x| - |5, ¥r) given by
Q(Sa X) = C(Sa X 7w/}F) ) Q(_37 Xﬁl) © J(S> X)
(see [Sha2, p. 333, Theorem 3.1]).
Proposition 2.6.6. We have

C(S, X5 ¢F) - 7(87 X5 wF)
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Proof. By Lemmas 2264 and 2263, we have
7(87 X5 77Z)F) ’ Q(_Sa X_1>‘](87 X)f(p,s,x - Q(_S7 X_1>f.7-'<p,—s,x*1

= [ FFot,t x|t d*t
F><

= [ FFe(t™ t)x(t)t|zd*t

FX
for ¢ € S(F?). Since F'Fo(x1,x9) = F'¢(x2,71), the right-hand side is equal to

Flo(t, t X (O tld™t = Q(s,X) fosx
RS

by Lemma P63. This completes the proof. O

3. THE TWISTED LOCAL INTERTWINING RELATION

The purpose of this section is to prove Theorem [CID. This theorem is stated in [Ar2,
Theorem 2.5.3] and [MokK, Proposition 3.5.1 (b)]. Arthur expected that this theorem (for
non-tempered representations) would be proven by an argument “based on some version
of minimal K-types”. However, this idea might require a huge amount of computation
even if F' is non-archimedean and my is unramified.

To show Theorem U, we shall use a new approach. The difficulty of this theorem
is that the linear isomorphism 64: m;, — 7, is defined through the Langlands quotient
map from the standard module of 7. Our idea is to realize this Langlands quotient
map as a composition of normalized intertwining operators (see Lemma BZ3T below).
Then we can show Theorem I by the multiplicativity of normalized intertwining
operators (Proposition [C77).

3.1. Representations of general linear groups. Through this section, we write
G = GLy(FE). For 7 € Rep(G) and for a character y of E*, we define 7x by (7x)(g) =

7(g)x(det(g)).
Let P = MN be a standard parabolic subgroup of G' with Levi subgroup M =2

GLy, (E) x -+ - x GLg,(E). For 7; € Rep(GLg,(E)), we denote the normalized parabolic
induction by

X xn=Ind4(n K- K7).
It is known by Bernstein [Berl] that if 7y, € Irr(M) is unitary, then Ip(my;) = Ind% ()

is an irreducible unitary representation of G.
Recall that a standard module of G is an induced representation of the form

7—1|. %X"'XTA' %7

where 7; is an irreducible tempered representation of GLy,(F) and e; € R such that
e; > --- > ¢;. It has a unique irreducible quotient, called the Langlands quotient. For
example, if p = pX S, is an A-parameter for G with ¢ an irreducible representation of
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Lp with ¢(Wg) bounded, then 7y is discrete series, and m, is the Langlands quotient
of the standard module

a—1 a—3 a—1

If = mgl |7 xmgl |7 xxmgl | 7
In this situation, we write
Ty = Speh(my, a)
and call it a Speh representation. More generally, if ¢ = ®!_;¢; K S,, is an irreducible
decomposition of an A-parameter for G, then
t
Ty = >< Speh(ﬂ@., a;)
i=1

and its standard module is

i+1
agk —e;
et

t a;
Ig = >< >< T,

i=1e;=1

where the product is taken in decreasing order of the exponents.

Lemma 3.1.1. Let I be a standard module of G. Then

Proof. This is a consequence of the famous fact that the Langlands quotient 7 of II
appears in II as subquotients with multiplicity one (See e.g., [BW, Chapter XI, Lemma
2.13]). This fact induces an injective linear map

Endg(II) — Endg ().
Since dim¢(Endg (7)) = 1 by Schur’s lemma, we obtain the lemma. O

For the rest of this subsection, we assume that E is non-archimedean. We will identify
an irreducible unitary supercuspidal representation p of GL4(E) with the irreducible
d-dimensional bounded representation of Wy by the LLC for GL4(E).

Recall that a segment is a set of the form

[xay]/) = {,0| : |a£c7}’p| ) %+17"‘7p| : %}}7

where p is an irreducible unitary supercuspidal representation of GL4(E) and = < y
are real numbers such that z = y mod Z. One can attach to it two irreducible repre-
sentations A([z,y],) and Z([z,y],) of GLgy—z+1)(£), which are the unique irreducible
subrepresentation and the unique irreducible quotient of the standard module
plo > < pl - |57 x pl - [,

respectively. We call A([z,y],) a (generalized) Steinberg representation. Note that
A([z,y],) is an essentially discrete series representation, and all essentially discrete
series representations are of this form (see [Z, Theorem 9.3]). Similarly, any irreducible
tempered representation is a product of representations of the form A([—z,z],). On
the other hand, by definition, we have Z([—x,z],) = Tyms,x5,,,, if 22 € Z.
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A multi-segment is a formal finite sum of segments. For a multi-segment m, writing
m= [xlayl]pl +-+ [xwyr]pr with r1+ Y1 Z T Z T, + Yr, WE set

I(m) = A([xhyl]pl) X X A([xrayr]pr)'

This is a standard module. For example, let ¢ = p& Sy,41 X Sos41 be an A-parameter
for G = GLy(E). If we set

m= [—Oé‘{‘ﬁ,OZ“—/B]p“—[_O!‘Fﬂ—1,a+6—1]p—|—+[—O!—ﬁ,04—/6]p,
then the standard module Z§ of m, is equal to Z(m).

Lemma 3.1.2. Let ¢ be an A-parameter for G = GLy(FE). Then the standard module
Ig of my contains an irreducible tempered representation m,o as a subrepresentation,
where P : Wi x SLy(C) — GLx/(C) is given by P (w, o) = ¢(w, a, ). Moreover, myp
appears in IG as a subquotient with multiplicity one.

Proof. By [JS], the unique irreducible subrepresentation of IG is generic. By [, Theo-
rem 9.7], it is an irreducible product of generalized Steinberg representatlons As it has
the same cuspidal support as m,, we deduce that the unique irreducible subrepresenta-
tion of Ig is myo. Finally, the multiplicity one statement follows from [, Proposition
8.4]. O

3.2. The tempered case. Let G = GLy(FE) with an involution 6 defined in Section
4. Fix a standard parabolic subgroup P = M N. In this subsection, we will prove
Theorem [T for tempered representations, i.e., for generic (or tempered) ¢. Thus we
consider an irreducible tempered representation m of M, and w € W(0(M), M) such
that w(r o) =27

Since 7 is tempered, it is to,/-generic. Fix a non-trivial t,,-Whittaker functional w
on m. Then Ip(7) is an irreducible to-generic representation of G with the ro-Whittaker
functional () induced by w as in Section 8. By definition (see Section [4), 64 = Oy
is the unique linear isomorphism 4: Ip(7) — Ip(m) such that

Oaolp(m)(h) =Ip(m)(0(h)) 00, h e GLyN(E),
Q(m) o s =Q(m).
In Secti0n~ﬂ3, we already argued that fip(@ ow, ) is a constant multiple of 64, so the
equation Rp(0 o w,7) = 04 would follow from Q(7) o Rp(6 o w,7) = Q7).
Recall from Section 9 that
Rp(fow,7) = Ip(F(wx 6))o Ropy(w, m0 6) 00"
So it suffices to check that the three squares in the diagram

Ro(p)(w,mo0) Ip (7 (wx0))
—_—— —_—

Ip(m) SN Igpy(mo0) Ip(w(m o)) Ip(m)

l Q(ﬂ'oe)l lQ(w(wo@)) lﬂ(w)
C
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are all commutative. Here, we note that all these €2 are induced by the same linear
functional w. The commutativity of the middle square is nothing but Theorem X
(2), whereas the one for the right square follows from w o 7(w x 6) = w, which is the
definition of the normalization of 7(w x 0).

We show the commutativity of the left square.

Lemma 3.2.1. For w € W%, we have

f(w) = O(w).

Proof. We recall the definition of the Tits lifting w € G of w € WY If w = wg, - - Wa,
is a reduced decomposition relative to the simple roots of (G, T'), where w, is a simple
reflection with respect to a simple root a, then w is defined by w = w,, - - - w,,. Hence
we may assume that w = w, for some simple root o. Then w,, is defined by

wa = eXp(Xa) exp(—X,a) eXp(Xa)a

where X, is already given as we fix a splitting spl, and X_, is the root vector for
—a such that H, = [X,, X _,] is the coroot for a. Since spl is f-stable, the claim
follows. 0

Recall that Q(m) is defined by the holomorphic continuation of the Jacquet integral

Qm)f = [ w(f(@g'n)x(n) " dn'.
N
Here N’ = woNw, U with wy = wew where wy and w)! are the longest elements in W¢
and WM respectively, and y is (the restriction of) the non-degenerate character of the
unipotent radical U of the Borel subgroup B given by spl and ¢ r. Note that 0(w,) = wy,
O(w}h) = wz(M) and y o § = y. Hence, Lemma BT implies that Q(7 0 6) o 0* = Q(m).
This completes the proof of Theorem I for tempered representations.

3.3. Construction of the Langlands quotient map. Fix a standard parabolic
subgroup P = MNp of G = GLy(E). Let 1 be an A-parameter for M, and let
my be the associated irreducible unitary representation of M. Assume that there is
w e W(O(M), M) such that w(my o 6) = m,, and we fix such an element w in this and
next subsections.

Note that Ip(my) is irreducible. Let If be a standard module of G whose Langlands

quotient is Ip(my). Recall from Section I that a Whittaker functional 2 on Ig defines
a linear isomorphism @y : ZG = Z§, which induces f4: my, — m,. To show Theorem
91 for 7y, we shall carefully construct Ig )

Set V = EV so that G = GL(V). Decompose V into a direct sum

VevOag...ay®

such that M is the subgroup of G stabilizing V® for i = 1,...,¢t. Hence M = G x
o x GO where GO = GL(V®).
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Recall that 1 is an A-parameter for M. It can be decomposed as

Y= 1/}(1) D @¢(t)7
where 1 is an A-parameter for G®. Consider the decomposition of v
representations:

into irreducible
-l

Corresponding to this decomposition, we can also decompose V@ as

_ My
-V
j=1
such that dime(¢!”) = dimp (V")
Define a representation ¢ o of Ly by
J

i w % 0
By (w) = v} <“” <| ' )) |
0 |wlg
If we write Qb;i) = ¢l
0
j

= gbj) X S;, where gzﬁgz) is an irreducible representation of Lp with
¢:"(Wg) bounded, and d = d(.i) > 1, then we have

by = @¢

Corresponding to this decomposition, we can decompose V.

2

d
; d+1
(&) _
=Pt ( —k)
k=1

such that dlmE (V(l) (&L

, d+1 )

. — k)) = dim(c(¢§7)] . |EJ2r k) dlmc(ﬁﬁg‘z))- Fix a linear isomor-
phism Vj (d;rl — k) & V (dJrl K'Y for 1 < k, k' < d. When a € (1/2)Z satisfies
a# L modZ or |af > dgl, we formally set V7 (a) = 0

Finally, we define
V(i)(a) - @ Vj(i)(a).
j=1
After all, we obtain a decomposition

V= @ b v
=1 aec(1/2)Z
Consider the finite set
V= {Vi(a) |1<i<t o€ (1/2)Z such that VO (a) #£ 0}.
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We can define two total orders <; and <5 on V as follows. Firstly, V¥ (a) <, V(o)
if and only if

e i <i;or

e ;=14 and a > .
Secondly, V@ (a) <, V(o) if and only if

e a>a;or

e ao=0o'and i < 7.
If we write V = {V},...,V;} with V} <y -+ <y V, and V{ <5 -+ <5 V!, we define two
parabolic subgroups P, = M Np, and P| = M N p as the stabilizers of the flags

Vlc‘/l@‘/zcc‘/l@@‘/r

and
‘G/C‘G,EB‘/Q/C ...CVI’@...@VZ’

respectively. Here, M; is the stabilizer of elements V; € V, which is a common Levi
subgroup of P, and P]. Note that P; is contained in P. We may assume that P; is
standard, but P/ is not standard in general. Let wy € W& be such that w, ' Pjw, =
P, = M5Np, is a standard parabolic subgroup, where wyMsw, V= My We regard wo
as an element in W (M, My).

Let Tj(l) be the irreducible discrete series representation corresponding to ¢§Z). We
regard Tj(i)| - |% as a representation of GL(V}(i)(a)) if ‘/;(i)(a) # 0. By induction, we
obtain an essentially tempered representation

O] I = XI5
j=1
of GL(V®(a)). Using <, we obtain an essentially tempered representation
W= @1l
(e

of M;. Set
Ty = U);lTl,
which is an essentially tempered representation of M.
Note that P, € P and M; C M. Recall that my € Irr(M) is the representation

corresponding to ¢y via the LLC for M. It is the Langlands quotient of the standard
module

) = Indp -y, (11)

of M. In particular, Ip(my) is a quotient of Ip(Z)') = Ip,(71). Moreover, there is
wy € W(M,) with w; € M such that the image of the normalized intertwining operator

Rp, (wy,m): Ip (11) = Ip, (wiT)
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is isomorphic to Ip(my). Hereafter, we identify Ip(my) with this subspace, i.e., Ip(my)
is realized as the image of Rp, (wy,71). Hence we obtain a surjection

Rp (wy,m1): Ip (1) = Ip(my) C Ip, (wiT1).

On the other hand, as the unitary induction preserves the irreducibility for general
linear groups, we see that Ip(my) is the irreducible representation of G, which corre-
sponds to ¢y, regarded as an L-parameter of GG, via the LLC for G. It is the Langlands
quotient of the standard module IG = Ip,(m2). Since 11 = waTy, we have a normalized
intertwining operator

Rp,(wa, 1) : Ip,(12) = Ip,(11).
Lemma 3.3.1. The composition

Rp, (wa,T w1 ,T
Ty (1) “222 1y () 22 ()
18 well-defined and nonzero. In particular, this composition realizes the Langlands quo-
tient map. Namely, Ip,(72) is the standard module of Ip(my), and the above composition
1S surjective.

Proof. Recall that the normalized intertwining operators are defined by the meromor-
phic continuation of certain (normalized) integrals. Note that the operators Rp, (wy, 1)
and Rp,(ws, T2) are compositions of normalized intertwining operators of the form

(4)

Tj| ’EXT/ |- ‘E_>T/ |- |E><7' | %

with o > /. These displayed operators are regular and nonzero at the relevant points.
Hence, Rp, (wy, 1) and Rp,(ws, 7o) are well-defined.

We now verify that the composite Rp, (w1, 71) o Rp,(ws, T2) is nonzero. Since Ip(my)
is the unique irreducible quotient of Ip,(72), and since Rp,(ws, T2) is nonzero, Ip(my)
appears in the image of Rp,(ws, 7). If Rp (w1, 1) o Rp, (w2, m2) = 0, then we would
conclude that Ip(m,) appears in Ip (71) as subquotients with multiplicity greater than
one. Since the semisimplification of Ip (71) is the same as the one of the standard
module Ip,(73), this contradicts the fact that the Langlands quotient Ip(m,) appears
in Ip,(72) with multiplicity one. O

3.4. The main diagram. Recall that we have fixed an element w € W (6(M), M)
such that w(my 0 0) = my. As in Section T2, we regard w as an element of W, By
construction, wd(M)w™ = M, and w(w,m 0 ) = wiry. Set

w' = wy wy wl(w)0(wy).
Lemma 3.4.1. (1) The canonical inclusion Np — Np, induces a homeomorphism
Np N @Nypyw "\Np = Np, N wWNppw "\ Np,.
(2) We have w'0(Msy)w'™t = My and w'(1500) = 15. Let To(w' 3 0): w'(1200) =

be the isomorphism normalized by using Whittaker functional on 7.
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(3) The normalized intertwining operator Rp,(6 o w',73): Ip,(7s) — Ip,(72) defined
by the composition

Rg(py) (w',m200) Ip, (T2(w'x0))
2 n b

Ip, (1) L5 Ty(py (720 0) Ip,(w'(75 0 6)) Ip,(12)

15 bijective.

Proof. Assertion (1) follows from the equation wNyp w ' N M = Np, N M.
For (2), the first assertion follows by direct computation

w’Q(MQ)w/—l — w;lwflwe(wl)e(wﬂe(M2)9<w2>—19<w1)—1w—1w1w2
= wy "wi wh(wn)0(Mr)0(wr) ™ wyw,

= wy 'w wl(M)w ™ wiws
= w;lwfllelwg = UJQ_Ileg = MQ.
The second assertion is proven similarly.

For (3), it is obvious that 0*: Ip,(72) — Ig(p,)(T200) is bijective. Note that Iy(p,)(7200)
is a standard module of G whose Langlands quotient is Iopy(my 0 0) = Ip(my). Hence
Ig(py) (1200) and Ip,(73) are standard modules whose Langlands quotients are isomorphic
to each other.

Since 506 and w'(1506) = 15 is essentially tempered representations of My = (M)
such that two inductions Ip,(m 0 #) and Ip,(w' (15 0 #)) are both standard modules, we
see that Ry p,)(w', 72 00) is nonzero. Since Ip,(T2(w' % 0)) o Ry(p,)(w', 72 00) is a nonzero
element in Home (fp(p,) (2 © 6), Ip,(72)) which is one dimensional by Lemma BT, it
must be bijective. 0

Now we will prove a key result:

Theorem 3.4.2. The “main diagram”

Rp, (ow’ 72)
Iy (r) 220 pp ()
Rp2 (w2 Tg)l lR (’w2,7'2
Ip, (1) Ip (11)
RPl (’LU1 T1)l J{RPl (wlﬂ'l
Rp(Bow o)

18 commutative.

Admitting this result, we can complete the proof of Theorem [T as follows. Recall
that Ig = Ip,(72) is the standard module of Ip(m,). Moreover, by Theorem I for
the tempered case together with analytic continuation, we have

EPQ(Q ow',Tp) = bhw.
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By the definition of 04 (see Section [4), Theorem B4 together with Lemma BZ31
implies that

Ep(e ow, %ﬁ,) = QA.

This completes the proof of Theorem U in general.
Now we show Theorem B=22.

Proof of Theorem [3.4.3. Recall that the top and bottom maps of the main diagram are
composites of three maps:

Rp,(ow', %) = Ip,(Fa(w' % 8)) 0 Rygpy (W', 750 6) 0 6
and

Rp(0 0w, 7y) = Ip(Ty(w x 0)) o Ropy(w, 7y 0 0,4) 0 0%,
Hence the main diagram written in its full glory has the form

Rg(p2) ('LU/,TQOG)
-

Ip, (72 (w' x0))

Ip,(12) —— Ippy)(T200) Ip, (W' (15 00)) 2" Iy (7o)
lRPQ(’LUQﬂ?) Rp, (w2,72)J(
Ip, (71> IPl(Tl)
lRPl (w1,71) Rp, (w,n)l

Ip (% (w0))

R W, Ty, 00,
S emed ) (g 0 0)) LT .

9*
Ip(ﬁw) —_— [g(p)(ﬁw o 9)
We shall enhance this diagram by introducing additional stepping stones in the second
row, namely by introducing the representations

Topy(Ti00) and Ip (w”(m 00))

with w” = w; wf(w,), and additional maps connecting them to their neighbors. Hence
the enhanced diagram has the form:

Rg(PZ)(w/,TQOQ) Ip2 Tg(w >46’)
_—

I

2

7—2) —> Iy P2)(T2 © 9) IPQ (w/(TQ © 9))

( I
| I | |
( (
I

7'2)

[Pl 7’1 w’ ><19

Ip, (1) EILANN Iy pl)(Tl o) Ip, (w" (1 00)) —> Ip, (1)

! l l

Rg(p)(w,ﬂ'woe,d)) IP(%'.LL,(’M)NH))
_— _

IP(7T¢) —> Ig(p)(ﬂ'woe) [p(UJ(ﬂ'wOe)) [p(ﬂ'w).

Here, the vertical maps are of the form Rp, (wy,7.), see below for the details. To prove
the commutativity of the main diagram, we shall show that the three vertical rectangles
are commutative.
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The commutativity of the left rectangle
Ip, (1) —— Iypy) (720 6)
R, (w277'2)l lRf;(pz)(e(wz),rzoe)
Ip (1) —2— Iypy(m00)
B, (wlm)l lRwl)(e(wl),noe)

Ip(mys) —"— Iop)(my 0 0)

follows easily from Lemma B=21.
Now let us consider the right rectangle:

Ip,(w' (12 00))

sz wa,w’ (1200)) l
Rp, (

[P2 (?2(’[1/%19
7'2)

Ip,(
lRPQ w2,T2)
Ip(

Ip1 Tg(w >49)

Ip (W"(ry00) ————
wi,w'” (T100)) l J,RPI (w1,71)

Ip(7y (wxh))

7'1)

Ip(w(my 0 0)) Ip(my).
If we realize w'(13 0 @), T, w”(m1 0 0) and 7, on the same vector space, say V, then
To(w' % 0) is a linear isomorphism ®: V — V satisfying that

D o (O(W' tmai’)) = To(my) 0o @, My € M.
By Lemma [, it can be rewrite as
do 7'1(0(517"_177117]7")) = Tl(ml) ©) @7 my € Ml.

Since To(w' x0) and 71 (w” x0) are both normalized using a Whittaker functional, we see
that Ty(w’ % 0) = 71 (w” x 0) as linear isomorphisms on V. It implies the commutativity
of the top square. To see the commutativity of the bottom square, we note that

Ip (1) = Ip(Z})
where quy is the standard module of 7. Likewise,

Ip, (w"(71 0 0)) = Ip(Indpqp (w" (11 0 0))).

Recall that w; € M so that we can regard w; € WM. Hence the commutativity of the
bottom square follows by the functoriality of Ip if we were to prove the diagram

Ind¥ 5y (F1 (W %0))
I (0" (71 0 0)) ——— » Indp, g (71)

RPmM(wl,w”(ﬁOH))l J/RPlﬂlw(wlﬂ'l)

Ty (w0
w(my 0 0) Tulwrd), Ty
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is commutative. But this follows from the definition of 7, (w x 6). Hence (the bottom
square of) the right rectangle in the main diagram is commutative.

To prove Theorem B4, it remains to show the commutativity of the middle rectan-
gle:
Ry (p,)(w',m200)

To(py) (T2 00) Ip,(w' (12 00))

RQ(P2)(0(’UJ2),7'200)J/ J,RPQ (wa,w’ (1200))
Topy) (110 0) Ip (w"(11 0 6))
Rg(pl)(ﬂ(wl),noﬁ)l lRPl (w1,w” (T100))

Ry )(w,ﬂ 00,)
Iogpy(my 0 0) —20 Tp(w(my 0 0)).
The proof of this commutativity will be carried out in four steps below. Roughly
speaking, we will embed this diagram into a meromorphic family of diagrams. Working
in the context of this meromorphic family of diagrams, we will complete the diagram
by extending the last row of the diagram as

RQ(P) (wzﬂ-w Oe,w)

Ig(p)(’irw O 9)

|

1 (pl)(wlﬁ o 9)

Ip(w(my o 0))

|

> Ip (w(wymy 00)).

Ro(p1> (w wl'rloG)

Then the commutativity of the meromorphic family of diagrams is a consequence of the

multiplicativity property in Proposition 2. We will then deduce the commutativity

of the desired diagram by specializing at the point of interest. Note however that the

additional normalized intertwining operator will generally have a singularity at the point

of interest (which is the reason why we use the dotted arrow), so its purpose is only to

help prove the commutativity of the whole meromorphic family, before specialization.
Let us start the proof of the commutativity of the middle diagram.

Step 1: Recall that

- ®T 1%

a€e(1/2)Z =1

where the tensor products are taken with the order <5. For tuples of complex
numbers

A= (D), e éc,
p=w).ic P P

ac(1/2)Z =1
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we set

t
1 et A® 4@ (o
T = Q) Q| FH

ac(1/2)z i=1
We define 7 () ,,) similarly. Hence
T (Ap) = W2T2,(\p)-
Note that

wow' (To, (a0 © 0) = wl_lw@(wl)ﬁ(wg)(q()\’#) 06)
= wl_lw(wlwﬂg’(k,#) 00)

= wi  w(wiTy (A 0 6).
We can consider the following diagram of meromorphic families of operators:

Ro(py) (W' ,72,(x 1) °0)

To(py) (T2, (A © 0) > Ip (W (72,0 ©0))
R9<P2>(9(w2)f2,<x,u>09)J JRPQ (w2,w' (T2, (x, ) 00))
IQ(PI) (Tl,(A,/,L) © 0) IPl (w”<7—1’()\7u) © 6))
RG(Pl)(a(wl)vTL()\,M)OG)J{ JRPl (w1,w" (11,(x,)°0))
Ro(py) (w,wiTy (x,)00)
]g(pl)(w17'17()\7u) 09) ! kil > Ipl(w(w17'17(>\7u) OQ)).

By Proposition [C72, this diagram is commutative when o 4+ A® + 4 (a) €
v —1R for all «, 7. Hence, by analytic continuation, we see that this diagram is
commutative for all (A, u) at which all operators are regular.

Step 2: In the diagram in Step 1, we will specialize at 4 = 0. We claim that all of
six intertwining operators are well-defined as meromorphic families of operators
in \.

In fact, the bottom arrow Ry(p,)(w, w171,y © 0) is a composition of inter-
twining operators of the form
T oA 2] %’H“') ). %’H“') x @] erA®
for some ¢ # ¢’. Hence the subset {(),0)} C {(A\, p)} is not contained in the
subset consisting of (A, ) at which Rg(p,)(w, w171 (n ) 0 6) is singular. Here, we
notice that Rg(p,)(w, w171 ,(x) © 0) can have a singularity at (A, u) = (0,0). On
the other hand, as we have seen in the proofs of Lemmas BZ31 and B2 (3),
the other five operators are indeed regular even at (A, u) = (0,0).
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Hence we can evaluate at ;1 = 0 in the diagram in Step 1, and get the following
commutative diagram:

Ro(py) (w',72,(x,0) 09)\

To(py) (T2,0,0) © 0) Ip, (W' (T9,02,0) 0 0))

RG(PQ)(9(1U2),72,<A,0)09)l lRPQ(wzyw’(Tz,(A,O)OH))
To(py)(T1,00) © 0) Ip (w" (11,00 0 0))
RG(Pl)(e(wl)aTl,(A,D)OG)l lRpl (w1,w" (T4,(x,0)00))

Ro(py)(w,w1Ty (x,0)00)

[G(Pl)(wlTl,(/\,O) < 9) > Ip (w(wlTl,()\,O) o 9))

Step 3: Recall that Speh(Tj(i), dy)) is the unique irreducible quotient of

. d—1 . d—3 : _d—1
g <m0 XX

with d = d{". Note that

Ip(my) = X X Speh(r)”, "), v =Py
i=1j=1 i=1 j=1
Set
L CRFONIR
Ip(mpa) = X X Speh(r;”, d}”)| - |3,
i=1j=1
and

A(0)
E .

=@

i=1 j=1

Note that Ip(my, ) is an irreducible subrepresentation of Ip, (w17 (x0)). More-
over, it is equal to the image of Rp, (w1, 71,(x0)) 0 Rp, (W2, T2,(x,0)) by Lemma B3,
We have now the diagram

Ro(py(w,my,200,1x)

Iyp) (mpr00) Ip(w(my a0 6))

l l

Ro(py)(w,w1Ty (x,0)00)

Tocpy (w1T1,00,0) © 0) > Ip (w(wi T, (x0) ©0))

where the vertical maps are the canonical inclusions. We claim that this diagram
is commutative. Indeed, the defining integrals are the same by Lemma B2 (1),
and the normalizing factors also agree by definition. In conclusion, we obtain
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the following commutative diagram of meromorphic families of operators:

Ro(pyy (w',72,(x,0)00)

To(py) (T2,00,0) © 0) Ip, (W' (T2,(00) 0 0))

RG(PQ)(G(U}Q)»TZ(A,O)OQ)l lRPg(w%w/(TZ(A,O)OQ))
Iy (T1,00,0) © 0) Ip, (W (11,00 0 0))
Re(Pl)(9(w1)»71,(x,0)09)l lRPl (w1,w" (T4, (x,0y00))
R W, Ty 2 00,%
Ty (Tpp 08) T (a0 ).

Step 4: In this last step, we would like to specialize the commutative diagram
above at A = 0. As we have seen in Step 2, the five operators that appear in
the top, left and right of the last diagram are regular at A = 0. Especially, the
composition

Rp, (w1, w"(T1,00,0) 0 0)) 0 Rp, (w2, W' (T2,(x0) ©6)) © Ro(py) (W', 72,20 © 0)
is regular at A = 0, and so is
Ropy(w, myx 0 0,15) 0 Ropyy (0(w1), 71,000y © 0) 0 Ro(py) (0(ws2), T2,(x0) © 0).

Moreover, since the composition Rg(p,)(0(w1), T1,(,0)00) 0 Ro(p,) (0(w2), T2,(x,0)00)
is surjective if A is sufficiently close to 0 by Lemma BZ3l, the operator

Rg(p)(w, Typx 0 0,1)): ]9(13)(7T¢7)\ 06) = Ip(w(myo08))

is also regular at A = 0.
Therefore, we can specialize the last diagram in Step 3 at A = 0, and obtain
the following commutative diagram.

Ro(py) (w',7200)

To(py) (T2 00) Ip,(w'(m9 0 0))

Rg(pg)(e(’wg),‘l'goe)l J/Rp2 (w2,wl(T209))
Loy (11 06) Ip, (w"(m1 0 0))
Re(pl)(e(wl),noe)l J/Rpl (wl,w”(noe))

Ro(py(w,my00,1))
RS Kl

Togpy(my 0 0) Ip(w(my 0 6)).

Hence we obtain the claim.

This completes the proof of Theorem B4 0

The following example may help the reader to understand the argument.

Example 3.4.3. Let us suppose that M = GL3(E) x GL;(F) C P = MNp C G =
GL4(FE), and let us consider

=1, WS30 1., XS € U(M).
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Then

Ty = laryp) M lar,s) € Irr(M)
is the corresponding representation. Note that Ip(my) = laLyk) X lan ) € Irr(G).
We realize it as a subrepresentation of

|5 < x| e x| [
In what follows, for simplicity, we denote the normalized intertwining operator Rp(w, )

by w € W¢. The main diagram becomes:

: Bt
T 119 1% x 115t = [Pl x| 1% x - 1% x |- 5 ————— |- [ x| [ x| 1% x |- |5

1 01 1
1 10 1
01 1 01
10 1 10
*

-1 -1 -1
e x g x g x|y — g x| x|z x| g g x s x| g <1 1%

() () )
9* ()

lonymy X o) = = laonum) X lanym laLym) X oL, (@)
') ')

1
1

1
—1 -1
R i R e >l x| x|l x [ 1%

Notice that we have added a bottom “map”

()

R R e R o =g A < [l < |- 15
that is actually a singularity of a meromorphic operator. Hence this “map” is not
well-defined so that we cannot consider it.

3.5. Remark on the untwisted case. Note that the argument for Theorem I

works when we replace 6 with the identity map on GG. We state the analogue of Theorem
9 as in [Mok, Proposition 3.5.1 (a)].

Theorem 3.5.1. Let P = MN be a standard parabolic subgroup of G = GLy(E), and
let ¢ be an A-parameter for M. Then for any w € W (M) with wry = 7y, we have
Ip(7y(w)) o Rp(w, my, ¥) = id,

where Ty(w): wiry — my is the isomorphism normalized by using a Whittaker functional
on the standard module Ify of my.
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4. CHARACTERS OF COMPONENT GROUPS VS. AUBERT DUALITY

In this and the next two sections, we assume that F' is non-archimedean. Fix a
non-trivial additive character ¥p: FF — C*. Let og be the ring of integers of F.

In this section, assuming Arthur’s theory (Hypothesis B2472), we provide a formula
for the action of Aubert duality on the characters of component groups in certain cases
(Corollaries B23 and B53). These results will be applied to tempered L-parameters
for a given classical group GG, and to certain A-parameters for a proper Levi subgroup M
of G: in both cases, Hypothesis B2 is known in the framework of Arthur’s inductive
argument.

4.1. Twisted Aubert duality for GLy(E). In this and next subsections, we consider
twisted Aubert duality for GLy(FE). For a preview of the general theory of twisted
Aubert duality, see Sections B4 and B3.

Let Rep(GLy(E)) be the category of smooth finite length representations of the non-
connected group @N(E) = GLy(E) % (), and let R(&N(E)) be its Grothendieck
group. For 7 € R(GLy(E)), one can consider its character ©z, which is a linear form
on CSO(C/}VLN(E)) For 7y, m € R(&N(E)), we write

~ 0
™ =

T2
if B B
677’1(f) = @ﬁz(f)
for any f € C°(GLy(E) x ). For example, if 7 € Irr(GLy (E)), then

GLy(E 9
Indgy () () = 0.

Let
Rep(GLx(FE)) — Rep(GLy(E)), 7 — 7
be the functor given by Definition B4@. It satisfies the following properties.

Proposition 4.1.1. (1) The restriction %|GLN(E) is equal to Aubert dual of T|qr (E)-

(2) If 7 is an irreducible representation of GLy(E), then so is 7.
(3) For 7 € R(GLy(E)), set
Dei o = > (=)0 mdS ) (Jacs (7)),
P=0(P)
where P runs over the set of standard parabolic subgroups of GLy(E) which are
stable under 6 and set P = P x (0). Then

~\ 0 im v =
Dty (7) 2 (~1) Ao )

form e Irr((/}\iN(E)), where Py = MyNp, is a minimal standard parabolic sub-
group of GLn(E) such that Jacp,(T|aLy(m)) # 0. Note that such a Py is not
unique but the sign (—1)3mAo/Aciy®) s yell-defined.
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Proof. These properties are proven in Propositions B4 and B7h1l. For the nota-
tions of parabolic inductions and Jacquet modules, see Section BA. Here, note that
dim((Ayr/AcLy(p)’) = dim(A}). O

We call 7 the Aubert dual of 7. We remark that 7 — 7 is expected to be an involution,
but we do not prove it and we will not use this property.

Let ¢: Wg x SLy(C) x SLy(C) — GLy(C) be an A-parameter for GLy(F) and
let my be the corresponding irreducible representation of GLy(E). Suppose that ¢
(or equivalently, m,) is conjugate-self-dual. Then, as in Section I, we have Arthur’s

extension 7y = m, M l4 of Ty to G/EN(E) The Aubert dual of my is equal to 7, where
¥ is defined by J(w, g1,92) = ¥(w, g2, g1). However, %w is not necessarily equal to 7.
Namely, if we write %w = T, X 5,4, then 5,4 is not necessarily equal to 64 as linear

operators on mz. Since 62 = 1, we have 04 = +6,. Hence Dt (m)(T) 2 7. We
define (1)) € {£1} such that

Dgi, i) (7o) £ BW)5.

Lemma 4.1.2. Let ¢ be as above, and let n be a conjugate-self-dual character of E*,
which is regarded as a character of Wg by local class field theory. Then (v ®n) = B(1).

Proof. Since 7 is conjugate-self-dual, we have n(det(6(g))) = n(det(g)) for g € GLy(FE).
This implies that Tyg, = Ty ® 7, i.e., Arthur’s action of 6 on 7yg, is the same as the

one of 7, as a linear operator on the same vector space. By Lemma B2, 7y, =
Ty @M L 6(7,0)7‘(‘@ ® 7. Hence we have 5(¢ @ n) = B(v). O

On the other hand, since 9 is conjugate-self-dual, we can decompose the representa-

tion . )
Wg 2w (w, ('“"E 0_1> : <|w|E 0 )) € GLy(C)
0 ‘w‘E2 0 ‘w‘E

of Wg into irreducible representations as

P @ BPp 1 BP DD, DDy,

D=

where

e p; is an irreducible representation of Wg;
e p_; = p/ is the conjugate-dual of p;;
e p; is an irreducible conjugate-self-dual representation of Wy such that p; 2 pf
for1 <i<j<t.
Note that such a labeling of irreducible components is not unique, but the non-negative
integer r is uniquely determined from . We write r(¢)) = r.

Proposition 4.1.3. Suppose that ¢ = ¢ is tempered and conjugate-self-dual. Then
B(9) = B(9) = (-1)".
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Proof. A more general assertion was stated by Mceglin-Waldspurger ([MW3, Lemma
3.2.2]). However, they gave a proof only when every irreducible component of ¢|sr,c)
is even dimensional. Here, we will give a proof for the general case.

Let Z5 be the standard module whose Langlands quotient is 3. If we denote by
Ow the action of § on Zj fixing a nonzero Whittaker functional, then the action 64
on 7z is induced from 6y, by definition. On the other hand, by Lemma BT2, we see
that qu contains the tempered representation m, as a subrepresentation. Moreover, the
restriction of Oy, on 74 gives Arthur’s action 6,4 on 7, since the restriction of a nonzero
Whittaker functional on Ig) to m, is also nonzero. Thus, as representations of GL ~N(E),
we have

7T¢&€A'—>I$&QW—»7T$&0A.

Applying the duality functor 7 — 7, we see that (megXOa) = W(E&@; and (m;X0,) =

W¢®§A are contained in (Ig&QW)A: /I\a&%/ as irreducible subquotients. By Proposition
AT (3), they satisfy

D (Z; M Ow) £ e T; Kby,

GLy(B)

0 ~
D@N(E)(ﬂ-¢ X QA) =¢£- Wa& 9,4,

0 ~
D@N(E)(ﬂ'a& 9,4) =& Ty X 9,4

for some common sign £ € {£1} since all irreducible subquotients of 1 share the same
cuspidal support. Since I(g is an induction from a cuspidal representation, its Aubert

dual f(g is equal to Z; in R(GLn(E)). Morerver, as dimC(Eng(;LN(AE) (Z;)) = 1 by
Lemma BT, we can find § € {£1} such that 8y = 60y so that ;X by = ) I X Ow
in R(@N(E)) Hence

0
D&N(E)(I$Xl QW) =5 I&;X’ GW

Since 74 and T appear in I(g as subquotients with multiplicity one, by Proposition

AT (1), we see that fq; X 6y contains only one irreducible representation of the form
m; X0 (resp. my X 6) as subquotients. In particular, we get

Dgi (Mo B 04) £ ed-7380,, D

0
GLy (E) Wq;&HA)zgé-m@HA.

ﬁN(E)(

This means that €6 = f(¢) = 5((/5) Therefore, what we have to show is e§ = (—1)"(®),
which we will prove in the next lemma. 0

Lemma 4.1.4. With the above notation, we have

D )L B Ow) = (—1)"OL; K by

GLN(E
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4.2. An example. The proof of Lemma B-14 is complicated. Before giving the proof
generally, let us discuss a simple but non-trivial case. This example showcases the
strategy of the general proof.

Suppose that £ = F. Let x1, x2 be two quadratic characters of F'*, and consider
¢ = X1 ® x2. Then

Ty =75 =15 = x1 X x2 € Ir(GLy(F)).
We denote the upper triangular Borel subgroup of GLy(F') by B = TU, where T is the
diagonal torus. If we set B = B x (#) and T'=T x (6), then by definition

Di, (T W 0a) =7y W04 — IndgL2(F)(JaC§(7T¢ X604))

in the Grothendieck group R(é\ig(F )). Since

(_1)7’(d)) _ {_1 1f X1 = X2,
1 if x1 # X2,

the desired equation D@Q(F)(W¢ X 64) L (=1)"@r, K0, is equivalent to

o 2 -my X0y if x1 = xo,
mdS™®) (Jac(r, K g ¢
nd; (Jacg(my X 04)) 0 if 11 £ Yo

Note that Jacz(my X 4)|7r = Jacp(my). By the Geometric Lemma [BZ, Theorem
5.2], we have an exact sequence
0 — x2Xx1 —— Jacg(my) —— x1 Wy —— 0

and hence IndgLQ(F)(JaCB(%)) = 2 -7y in R(GLy(F)). To understand the induced
action of 6 on Jacp(m,), we recall the details for this exact sequence. The surjection
Jacg(mgs) — x1 X x2 is induced by the evaluation map

Te=X1 X x22 f— f(1) € xa W xa.
The kernel of this map is
F ={f € x1 x x2|Supp(f) C Buw, ' B},

where wy = (% §) € GLy(F). We identify wy with its image in the Weyl group W SL2(5),
Then for f € F, the evaluation of the integral

T (wo. x1 B xa) (1) = / F(wp ) du

converges absolutely. Moreover, the map F o f +— Jg(wg, x1 ¥ x2)f(1) induces an
isomorphism Jacp(mg) D Jacg(F) = x2 X x1.

However, this description of Jacg(ms) does not seem convenient for us. We give
another description. Let ' be the subspace of 7, = x1 X X2 consisting of functions f €
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X1 X X2 such that Jg(wo, x1 X x2)f(1) is well-defined. This means that the meromorphic
continuation of

C* 3 A= (A, M) = J(wo, xa| - [ B xa| - [2) (1)

is holomorphic at A = (0,0), where fy € x1|- |3 B x| - |37 is such that fy|x = f|x with
K = GLy(op). Then F C F', and the map F' 3 f — Jp(wo, x1 W x2) f(1) also induces
a surjection
Jacg(my) D Jacg(F') — x2 B x1.
We set F" = {f € F'| Jg(wo, x1 X x2)f(1) = 0} so that Jacg(F')/Jacg(F") = x2 X x;.
Now we consider two cases separately.

Case 1: Suppose that x; = x2. Then the action 64 on 74 = x1 X x2 is given by
fr—fob.

Since (f 00)(1) = f(1), the induced action on Jacg(ms) preserves the quotient
x1 X x2 and acts on it trivially. Similarly, since 6(wg) = wg and O(U) = U, the
same holds for the subrepresentation x, X x1 of Jacg(m,). Hence by inducing
. . GLy(F

these two pieces, we obtain that Ind; 2( )<JaC§(7T¢ XO4)) =271 Kby

Case 2: Suppose that y; # x2. Then the map f — f o6 is no longer an action
of § on m,. Instead of this map, we use Theorem [CIT. Namely, the action 64
on myg = X1 X X2 can be realized by the normalized intertwining operator

Rp(wo, x2 X x1) 00" = 0" o Rp(wy, x1 X X2).
Since x1 # X2, we see that the normalizing factor
Va8, X1 @ X2, ¥F)
is holomorphic and nonzero at s = 0. Hence this action can be written as
04 =v4(0,x1 @ x2,9F) - 0" 0 Jp(wo, x1 W x2).
In particular, the map
F'2 f=0a4(F)(1) = 7400, x1 @ X2, ¥F) - Jp(wo, x1 K x2) f(1)

factors through f +— Jp(wo, x1 ® x2)f(1), and hence, this map is zero on F”.
Conversely, for f € x1 X xa, since Rp(wp, x1 X x2) o Rg(wp, x2 X x1) = id and
6(1) = 1, we have

Tp(wo, x1 B X2)04(f)(1) = 7a(0,x1 ® X2, ¥p) " - f(1).

Hence 04(f) € F' and the map f — Jg(wo, x1 ¥ x2)04(f)(1) factors through
f— f(1). In particular, if f(1) =0, then Jg(wq, x1 ¥ x2)04(f)(1) = 0. (Here,
it is not true in general that 04(f) € F.) Therefore, the induced action on
Jacg(my) swaps x2 X x1 and x; X x2. By inducing these two pieces, we obtain

that IndgLQ(F)(Jac—Bv(% X164)) 2.
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Note that Theorem U1 can be used even when x; = x2. However, in this case,
v4(0, X1 ® x2,%r) = 0 and so that 64(f)(1) = 0 for f € F'. Hence the argument in
Case 2 does not work for Case 1. In Case 2, it is trivial that the induced action swaps
X2 X x1 and x; X x4y since (x1 X x2) 00 # x1 X x2. However, this idea would not work
in general, e.g., for ¢ = Y7 @ xo with x1 # x2. On the other hand, the analysis using
intertwining operators can be generalized.

4.3. Proof of Lemma A-T4. Now we prove Lemma B-T4 generally.
Proof of Lemma f-1.9. One can write 75 = InngLN(E) (7a1,) With
Tty = p—r B Wp  Kpy W K p, Kpy K- K py,

where
e [ corresponds to a partition (d,,...,dy,d},...,d},dy,...,d.) of N;
e p; is an irreducible cuspidal representation of GLy, (E);
e p_; = p/ is the conjugate-dual of p;
[ ]

s is an irreducible conjugate-self-dual cuspidal representation of GLdQ_ (E) such
that p) 2 p for 1 <i < j <t
Then r(¢) = r.

Set W = WESL~(E) | For a f-stable parabolic subgroup P = M Np, by the geometric
lemma ([BZ, Theorem 5.2]), up to a semisimplification, we can write

Jace(Z;) =
weWM\W/WMo
for some representation J;A)” (possibly zero). We recall the relation between Jacp(Z3)
and J$ more precisely. Fix a total order > on WM\W /WMo such that w' > w =

dim(Pyw' "' P) > dim(Pyw ™' P). For w € WM\W/W™Mo we define F, as the subspace
of Z3 consisting of functions f such that

Supp(f) C U Pyw''P.

w' eWM\W/wMo
w' >w

If f € F,, then the evaluation of the unnormalized intertwining operator

(J(w7 71-Mo)f)(l)
converges absolutely. Here, we write J(w, m,) = Jp,(w, mp,) for simplicity. The map

Fu D fr= (J(w,my,)f)(1) gives a surjection
Jan<I$) D) Jan<.Fw) —» Jg

By varying w, we obtain a filtration of Jacp(Z;). For details, see [BZ, Section 5.

We modify this description for Jacp(Z3). For A € ajy ¢, let a5 be the unramified
twist of 7y, as in Section IZ1. Set K = GLy(0g) to be the standard maximal com-
pact open subgroup of GLy(FE). Then for f € I; = IndSOLN(E)(WMO), one can define
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hHhoe IndgoLN(E)(WMO’)\) by requiring fi|x = flx. For w € WM\W/W™Mo we have the
unnormalized intertwining operator J(w, mp, 1) as a meromorphic family of operators.
Let F7, be the subspace of Z; = Indg;“N(E)(ﬂMo) consisting of functions f such that the
meromorphic function

A= J(w, WMO,A)f)\(]-)
is holomorphic at A = 0. Then F,, C F,, so that we obtain a well-defined surjection

Jacp(Z3) D Jacp(F,) — J3.

Its kernel is of the form Jacp(F), where F! = {f € F., | J(w,mp,) f(1) = 0}.

Using Theorem I, we realize an action fy, on 15 by a twisted intertwining oper-
ator. Set N’ =d| +---+ d;. Consider GLy/(F) and its standard parabolic subgroup
Py = MyNp; corresponding to the partition (dj, ..., d;). Define

Ty = P BB g,

Then Indl(%LN (5 (magy) is an irreducible conjugate-self-dual representation of GLy(E).

Let wo € W(0(Mg), My) be the unique element such that wo (g 06) = 7y, We regard
wy as an element in W(0(My), Mo). By Theorem I for 7y, we have

9W = Ipo(%Mo(wo X 9)) o R(wo,ﬂ'MO o 0) o 0*.

Here, we write R(wo, mar, 0 0) = Ro(p,)(wo, Ta, © 0) for simplicity.

Now the map w + 6(wwy) gives a well-defined involutive action of § on WM\ W /WMo
since wy 'WMow, = WOM) = g(WMo) and web(wy) € WMo, If we let P, be the
standard parabolic subgroup of GLy(E) such that wMyw™" is its Levi subgroup, then
0(P,) contains 0(wwg)Mob(wwo)~" as a Levi subgroup. One can check that

714(07 7TM0,)\7 va—le|P07 ,lpF)

'7A(O’ T Mo, A pg(wwo)—lg(pw”poa 1/)F)

= [ 70,0 @0, ¢r)m

A=0 I=i<gst
for some m; ; € Z. Since p} # p} for 1 <i < j <t, the right-hand side is in C*.
We denote the evaluation map f +— f(1) by evy. For w € WM\W/W™Mo_ we claim
that
(evy o J(w, mas)) © (Lpy (Tary (wo %1 0)) © R(wo, Tas, 0 0) 0 67)

factors through evy o J(0(wwy), mpy,). For simplicity, let V be the space of my, and we
regard T (wp X 0) as a linear isomorphism ®: V — V. Since R(6(w),0(wo)mar,) ©
R(O(wy), mar,) = R(O(wwy), mar,) by Proposition [C72, as linear maps, we have

(evl © ‘](wv 71-Mo)) © (]Po(%Mo(wo X 6)) © R(w07 MM, © 8) © 9*>

= ® o (evy o J(w, wo(m, ©0))) o (6" 0 R(6(wo), mas,))

= ® o (evy 0 J(O(w), B(wo)mas)) o R(O(wo), mas, )

= JI 7400, 0@ p}" og) " - ® o (evy 0 J(B(wwy), Tar,))-

1<i<j<t
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This implies that Ow (Fj,.,)) C Fu, and 0w (Fy,,,)) C F, which is the advantage
of F, over F,,. Hence the induced action Oy on Jacp(Z;) sends Jg(wwO) fo J. Since
w — O(wwy) is an involution on WM\W /WMo we see that Oy swaps J% and Jg(ww‘)).
Hence if (wwy) # w, then we have

(IndgLN@)(Jg) + Inle;,LN(E)(Jg(WO))> X 0y 2 0.

On the other hand, if #(wwy) = w, then Oy, preserves Jg. Moreover, the same argument

as above shows that IndgLN(E)(Jé” X Ow) = I; X by in R(@N(E)) Therefore
dS ) (Jacy(Z; 8 by )) £ P =6
we(WM\W/WwMo)?
JEH0

where (WM\W/WMo)? is the subset of the double coset space fixed by the action
w — O(wwy).

Suppose that P = M Np corresponds to a partition (1, ...,n1,ng, N1, ..., ny) of N.
Here, we assume that n; > 0 for ¢ > 0, but ng is possibly zero. Note that dim(A,) = m.
Asin [Z, Section 1.6], the double coset space WM\ W /W™ is canonically identified with
the set of matrices of the form

/ !/

e A A S R
A= : : : : : : € Mopi1,2r44(Z)
N (S S Ui Om Q.
such that

(1) all entries are non-negative;
(2) Y0 aia; =djfor 1 <j <,
(3) Zi:_m a;"j = d; for 1 St] <t
Since p; and p are cuspidal, we see that Jg # 0 if and only if

(5) a;1j €{0,d;} for —m <i<mand 1 <j <r;and
(6) a;; €{0,d}} for —-m <i<mand1<j <t
In particular, for each £ (resp. j), there exists unique i such that a; +; = d; (resp. a; ; =

d;). Let Xp be the set of matrices A as above satisfying the conditions (1)-(6). For
A € Xp, the corresponding JQESU is given by

m m

7= X opi| x| X[ x| X ry|]| e @ REGL,(E)).

i=—m 1<j<r 1<j<t 1<j<r i=—m
ai7j7é0 ag’j;ﬁo ai,_]'750
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The action w — 0(wwg) on WM\W /WMo gives an action of § on Xp. This is given by

aij—ai—; (—m<i<m,1<j<r),
a;—~a;  (=m<i<m,1<j<t)

Therefore, A is fixed by this action if and only if
(7) a_j—j=a;j for —m <i<mand 1 <j <r; and
(8) a’;;=aj;for —m <i<mand1<j <t
Since for each 1 < j <¢, there is only one ¢ such that a} ; # 0, we must have a} ; = 0
for i # 0 and a; ; = d.
Therefore, for a fixed 0 < m < r, there is a bijection between

{(P,w) ] P = 6(P) = MNp, dim(A}) = m, w e (WY\W/WH) Jw 2 o}
and
(LY 0 £ L C{l, .y LN L =0 #7), e: [U-- UL, — {£1}}.

If (P,w) corresponds to ({I;},€), then the corresponding matrix A € Xp is given
such that

e if 1 <j<randje€ I for some 1 <i < m, then ac;); = d; and ay; = 0 for
i # e(j)i;

o if 1 <j<randj¢l forall 1 <i<m,then ap; =d; and ay; = 0 for i’ # 0;

o if 1 <j <t then ay; = d; and aj ; = 0 for i’ # 0.

Moreover, J;A)” is equal to

(X Pe(j)j) X X (X Pe(j)j) X oy X (X Pe(j)j) X X (X Pe(j)j)
jeli VIS ES VIS ES jeli

for some g € Irr(GL,,,(E)). In particular, P corresponds to the partition
(Zd],, Z dj,no, Z dJ”ZdJ> .
jeh j€Im j€lm jeh
By setting k; = |I;|, we see that
‘{<{Il};il7€) | Q) 7& I@ C {]-7 s >T}7 Iz N Ii’ - Q) (l ?A i/)7 €: Il u--- Im — {:tl}}|

- Z 2k:1+-~+km7"(7“—1)---(r—k1—---—km+1)
Ktyookm>1 flo ko
fey ol <r
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Therefore, we have

D (i) (L5 R Ow) = (Z ( )Tex(ezx—l)m

(n{a;ix) (1= (1 —e¥)*h
(@)

Here, we use the fact that e=*(1 — x)’”“ has a zero at x = 0 with order r + 1. Since
r(¢) = r, we obtain the assertlon .

_O> ;X Ow

>I¢7®0W

=0

) TR 0y = (—1)"Z; K by

4.4. ECR vs. Aubert duality. Next, we consider Aubert duality for classical groups.
We will use the notations in Section 2.
Let G be one of the following quasi-split classical groups

SOQn—I—l(F)a Sp2n(F>7 O2n(F>a Un
For m € Rep(G®), its Aubert dual is defined by

Deo(m) = > (—1)8mAre)Ind (3 (Jacps (7))
o

in the Grothendieck group R(G°), where P° = M°Np runs over the set of standard
parabolic subgroups of G°. Note that Age = {1} unless G° = SO,(F). If 7 € Irr(G°),
then Dgo(m) = f(m)7 for an irreducible representation 7 with a sign f(w) € {£1}
([Ax, Théoreme 1.7 (4)]). As in Theorem B3 (2), this sign is given by f(7) =
(—1)dim(Awe) - where P° = M°Np is a minimal standard parabolic subgroup of G°
such that Jacps(m) # 0. Such a P° may not be unique, but the sign (—1)dm(Aae) jg
well-defined.

When G = Oy, (F'), we also consider the twisted Aubert duality defined in Definition
B48. Fix a Borel subgroup B° = T°U of G° = SOy, (F). If we denote the normalizer
of (T°,B°)in G by T, then TNG° =T° and T'/T° = G/G". Fix a representative ¢ € T'
of the non-trivial coset in 7'/T° as in Section 2. For m € Rep(G), we define

Da(m) =Y (=1 Ind (Jacp (w)),
Po
where

e P° = M°Np now runs over the set of standard parabolic subgroups of G° =
SOq, (F') which are stable under the conjugate action of ¢;
e P=P°-TCG,
o A5, is the subgroup of A), fixed by the action of e.
The Jacquet module Jacp(7) is defined as usual (see Section [23). It is a representation
of M = M?° - T and satisfies

Jacp(m)|pe = Jacpe (m|ge).
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By Propositions B4 (3) and B5), for 7 € Irr(G), one can find 7 € Irr(G) such that
the trace of Dg(m) — B(m)7 is zero on fg € C°(G \ G°). Here

B(m) = B(me)  if m|ge = T © 7o,

pm) =

p(m
Note that when m|ge = m @ mo, if Jacp(m) # 0, then Jacp/(me) # 0 with P’ the
conjugate of P by e.
Example 4.4.1. Let us consider G = Oy(F). Then G° = SO4(F') is a torus so that it
has only one parabolic subgroup P° = G°. For 7 € Irr(G), we have

. -1 if G° = S0O4(F) is split,

mm:«nmwm:{l 2(F) is sp

(_1)dim(A6Go) —1.

Hence Dg(w) = 7. Since 7 is equal to S(7)Dg(m) on Oy(F) \ SO2(F), we see that
7 # m if and only if G° = SO, (F") is split.

Go) if m|go is irreducible.

otherwise,

Now we compare Aubert duality for G with twisted Aubert duality for GL ~(E). To
do this, we consider the following hypothesis.

Hypothesis 4.4.2. Fix an A-parameter ¢ for G. Then there exist multi-sets II, and
IT; over Irr(G) equipped with (-, 7)y and (-, 7'); satistying (ECET) and (ECE2) in
Section IB. Moreover, we assume that for any proper Levi subgroup M of G and
any A-parameter 1, for M, there exists a multi-set 11, over Irr(M) equipped with
(-, 71y, satisfying (ECRT) and (ECRZ2) in Section [A.

Remark 4.4.3. Notice that Hypothesis B-272 does not require members in A-packets to
be unitary. For a proper Levi subgroup M, Hypothesis 42 assumes Arthur’s results
for all A-parameters 1y, whereas, for GG, it assumes only for a fixed A-parameter ¢) and
its dual 12 In particular, if 1) = ¢ is a tempered L-parameters ¢ for GG, after establishing
(ECRT) and (ECR2) for ¢ in the next section, one can use results in this section for

¢ and ¢.
Lemma 4.4.4. Fiz ¢ € V(G). Assume Hypothesis [[-4.3.
(1) The A-packet I; is given by
Iy ={7|m €Iy}
Moreover, for m € 1L, we have B(1)(s5, )5 = (s, m)yB(T).
(2) For m €1l and s € Ay, we have

(8,75 B(1)

.m0 BB

where § € AIZ is the element corresponding to s via the canonical identification

Ay = Ay, e(p,a,b) = e(p, b, a),
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and Yy is given by s as in (ECR3) in Section 4.

Proof. We show (1). Since (twisted) Aubert duality commutes with the twisted endo-
scopic character identity (see [X2, (A.1)]), when f € C*(GLy(F)x0) and fo € C°(G°)
have matching orbital integrals, we have
B() Y (s5:71)50x(fa) = BW)(G : G°)O= (f)
ﬁ'EH&

= (G : GO)@DﬁN(E)(%w)(f)
=) (56, T Opge(m)(fc)

WEH#,

- Z <3¢, 7r>¢ﬁ(7T)@fr(fG>'

welly

By the linear independence of the characters ©, together with the surjectivity of f»—)
fa, we see that Iy = {7 |7 € Il,}. Moreover, comparing the coefficients, we have

B)(s5 ) g = (84, m)uB(m).
Next, we show (2). Similar to (1), by [Hi, Theorem 1.5] or [X2, (A.1)], when fs €
Ce(G) and fo, ® fa. € C2(GL x G2) have matching orbital integrals, we have

ﬁ 3" (s 50, m)uB(m)O: ()

TrGHw

— (G—lGO) Z (554, T)pOpge () (fa)

melly,

1
— H m Z <31/1N®77m7Tn>¢m®77n®DG2(7TN)(fGR>

G
Fie{i} " f WRGH"/’K@”M

“ Ml g X (won mubnon(fa.)

-G
I{e{i} " ® WNEH"DN@’M

Here, we set
5 D¢ if G = 0y,(F) and s & A,
7 \Dg  otherwise,

and we assume that fg € C(G°) if Dge = Dge, whereas fg|lge = 0 if Dge = Dg.
Using (1) and Lemma BT, we have

% Z <577T>1/’<5$’ ﬁ')lz@ﬁ(fG)

ﬂ'EHw

6%@ ) )
H GZ)) D (Shene Ta)iuen, Onlfo)

G{i} K ' WWEHUM@@TM
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BB
GG A e

Comparing the coefficients, we have 5(¢)(s, m)y = B(¢4)B(-)(8, 7Ar>¢, as desired. [

By Proposition B3, we know ((1)) for tempered parameters 1) = ¢. It is useful to
state the following result.

Corollary 4.4.5. Let ¢ be a tempered L-parameter for G. Assume the existence of
A-packets 11, and 15 associated to ¢ and ¢ which satisfy (ECRT) and (ECR2). Then

we have

(5705 _ (—1)7 @7 (6+)=r(6-),

<3> 7T>¢
Remark 4.4.6. Notice that the same proof shows the converse of Lemma B=44 in the
following sense. Namely, if we assume (ECRI) and Lemma B4 (1) (resp. (ECR2)
and Lemma B4 (2)) for an A-parameter ¢, then we obtain (ECRI) (resp. (ECR2))
for the dual A-parameter ¥. In fact, (ECRT) and (ECR2) for A-parameters of the
form ¢ = 9/5, where ¢ is a tempered L-parameter, will be proven in this way. See

Theorem b2 below.

Note that the same statement as Corollary BZ473 was recently given by Liu-Lo—Shahidi
[LLS, Theorem 5.9].

We shall give some example of this corollary for G = O4(F'). In this example, for
A, B € R(Gy), we write A < B if B — A is a non-negative combination of irreducible
representations.

Example 4.4.7. Write G = O4(F). We denote by B° = T°U the standard Borel
subgroup of G° so that its Levi is isomorphic to T° = GL;(F) x SOy(F). This is the
unique proper standard parabolic subgroup which is stable under the conjugate action
of T'= GL;(F) x Oy(F'). Set B =TU. For simplicity, write e, = e(x,1,1) € A, for
some ¢ containing .

(1) Let x and x’ be quadratic characters of F* with x # x’. Consider
p=xex®xX ®X € P(G)
so that G° = SO4(F) is split. Then |Ay| = 4 and |Sy| = 2. We can write
Iy = {m,m®det, 7', 7" ® det} such that
<6X77T>¢> =1, <6X’>7T>¢ =1,
(e, m@det)y = —1, (ey,m®det), = —1,

(
<6X’7T/>¢ = -1, <6 1y T >¢ =1,
(ey, ™ @det)y =1, (e, @det)y, = —1.
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Similarly, write I, = {my, T, ® det} and II,/g, = {7/, T,y ® det} such that
(-, T )xex = 1 and (-, my/)yrey = 1. Then
mdG(xR7my)=nr@n, Ind§(YKm) =7 (7 @ det).
Hence, in the Grothendieck group R(T'), we have
Jacp(m) S 2x @My + X' @ Ty + X' @ (my @ det),
Jacg(m) <2 @ my + X @ Ty + X ® (1, @ det)
so that
Jacg(m) = x @ Ty + X' @ .
Since B(m) = 1, we have
ﬁiD(;(W) =7—(r+7)— (7 + (7' @ det)) 2 1 ®det.
One can check that
(e, T®@det)y  (ey,m®@det)y
<6X7 7T>¢ <€X” 7T>¢
which is the statement of Corollary E475. Similarly, we have 7’ = 7’ ® det, and

one can also check Corollary B=43 for this case.
Let x, ¥' and x” be distinct quadratic characters of F'*. Consider

p=xDx DX DX € P(G)
so that G° = SO4(F') is not split. Then |Ay| = 4 and |S,| = 2. We can write
I, = {m,m®det,n’, 7’ ® det} such that
<6X77T>¢ =1, <6X/,7T>¢ =1, <€X”’7T>¢ =1
(ex; 7T/><75 =—1, (ey, 7T,>¢ =1, (ex, 7T,>¢ =1

Similarly, write Tlye = {m, 7o ® det} with (-, mo)yey = 1. Then Ind%(y X
7o) = m @ 7’ so that Jacg(m) = x ® mp. Since f(7) = —1, we have

_17

7L —Dg(m) = -1+ (n+7')=7".
On the other hand, since
(=17 @) r(6-) — -1 ifs=ey
1 if s = Ex’y Ex's
we get Corollary B2473 for .
Let x and x’ be quadratic characters of F”* with x # x’. Consider

p=xoxoexox €(G)
so that G° = SO4(F) is not split. Then |Ay| = 2 and |Sy| = 1. We can write

I, = {m,7®det} such that (-, 1)y = 1. Then 7 = Ind%(x®m,) with 7wy € TI,qy
such that (-, my)yey = 1. Hence Jacg(m) = 2x ® mp. Since f(m) = —1, we have

e —Dg(m) = —m+21 =m.
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On the other hand, since
(_1)T(¢)—T(¢+)—T(¢—) =1

for s = e, and €/, we obtain Corollary B3 for 7.
(4) Let x be a quadratic character of F*. Consider

Pp=x®XxBXxPXx€EDG)

so that G° = SO4(F) is split. Then |Ay| = 2 and |Sy| = 1. We can write
Ty = {7, 7@det} such that (-, 7)s = 1. Then 7 = IndG(y®,) with 7, € Tl e,
such that (-, m),e, = 1. Note that

Jacg(m) =3y ® Ty + x @ (7, ® det).

Since B(m) = 1, we have

L2

ﬁiDg<7T):7T—(37T+(7T®det)) —r L 7 ®det.

On the other hand, since
(_1)r(¢)—r(¢+)—r(¢7) =1

for s = e,, we get Corollary B4-3 for .

4.5. Computation of 3(¢). To show Theorem [CTOA (2), we need to compare (8, #) 5
with (s, m), in a little more general situation than the tempered case. The results in
this subsection will only be used in the proof of Lemma [ZG2.

In the next proposition, we compute §(1)) when v is irreducible as a representation

of Wg x SLy(C) x SLy(C) assuming Hypothesis B2,

Proposition 4.5.1. Assume Hypothesis [.4.3. If ¥ is irreducible and conjugate-self-
dual, then B(p) = (—1)"®),

Proof. Using Lemma BT, up to replacing ¢ with ¢ ® n for some n if necessary, we
may assume that ) € ¥(G) for some classical group G.

Since ¢ is irreducible, we have A, = Az = {1}. By Lemma B2 (1), we have
B(y) = B(m) for every m € II,. By [ArY, Proposition 7.4.1] and [Mok, Proposition
8.4.1] which we can use because we are assuming Hypothesis B2, we can take m to be
an element in the associated L-packet Il4, . If 7 is the unique element in this L-packet
corresponding to the trivial character of Ay, and if we write ¢» = p S, K S, then by
Theorem CZ33, we have

T pl [T xp] [T o

], For the notion of the parabolically induced representations, see Section C. Since

TE@D) = [2], we have B(¢)) = B(m) = (—1)"®. M

for some supercuspidal representation ¢ and real numbers xq,...,x, € R, where n =
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By Propositions E13 and B51, we know B(¢)) = (—=1)"®) when ¢ is irreducible

or (co-)tempered. We will need a few more cases. In the following proposition, for
Y: Wg x SLy(C) x SLy(C) — GLx(C), we define ¢? and * by

VP (w, g1, 92) = ¥(w, 91, 91), ¥ (w, 01, 02) = U(w, g2, 92).
Recall that S, is the unique a-dimensional irreducible algebraic representation of SLy(C).

Proposition 4.5.2. Fiz an A-parameter i of G of good parity, and assume Hypothesis
F4-3. Suppose that ) = p1 XS BpaX Sy for some representations ¢y, pa of Wgx SLa(C)
(which can be zero). If we decompose 1) = @®L_ 1 into irreducible representations, then

we have
714(& 1?24 ® ¢ JAu wE)
1<ici<t VA(S: i ® Yy vE) |,

Proof. Note that the product of gamma factors is independent of the order of the
irreducible components of i) by Proposition BT

We prove the assertion by induction on dim(¢s). If ¢ = 0, then 1) = ¢; is tempered
and the assertion is Proposition since ¢! = QZZ for any 1 < ¢ <t in this case.

Suppose that ¢, # 0. Choose an irreducible subrepresentation ¢y C ¢o. Set ¥y =
o X Sy and ¢ = ¢ — ¢y X S,. Hence 1y, = myr x my,. We denote the standard modules
of my, and my by Iy, and Zy, respectively. By Lemma BT, we have the following
diagram

Bw) = (=1

Iw/ X ng)c—> IW X Iwo

| |

OHW@/,/XW%%J — Ty XI¢O*>7T¢/X7T¢O*>O.

1 _1
Here, the bottom sequence is exact since Zy, = Ty, | - |5 X Ty, | - | z? 1s of length two. By
the same argument as Lemma BT, we have
dimc(EndGLN(E)(ﬂ'W X Iwo)) =1.
Indeed, the canonical map
EndGLN(E)(ﬂ'w’ X I¢O> — EndGLN(E)(ﬂ'v,Z;’ X 7T¢0) =C

is injective since my X Ty, is the unique irreducible quotient of 7y x Zy;, and appears
in my X Iy, as a subquotient with multiplicity one. By the functoriality of the Aubert

involution (Theorem B3 (1)), we see that Endgr,, g)(Ty X ibo) is also one dimen-
sional.

The action 6y of 6 on the standard module Z,s x Z,,, which fixes a Whittaker func-
tional gives an action 6y on my x Zy,. This is the unique action inducing Arthur’s

actions 04 both on 7y X TyD and on my X my,. If we denote by §W and §A the actions
induced by 7~ 7, then by Proposition BZ7 (2) and Theorem (4), we see that

(w5 X Tyy) ROy = (w5 x 75 ) KO+ (5 X mya) R4
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in the Grothendieck group R(GLy(E)). Since Dt (g (T B 04) 2 B(p)m; W04, if we
take an action 6}, of 6 on Ty x fwo such that

(71‘1;, XI%)&@{/V = (71‘1;, XW&O)@QA%»(TF@ Xﬂwé)&eh
in R(@N(E)) for some ¢4, then we have

. B @)
4= "5y

We realize this action 0y, on 7y X f% using Theorem IUD. Namely, if we let
P = M Np be the standard maximal parabolic subgroup of GLy (£) such that m Wy
is an irreducible representation of M, and if we let w € W(6(M), M) be the unique
non-trivial element, then we have w(ﬂ'@ Xy o 0) = m; Wy, and the normalized
intertwining operator ép(@ow, 75 X7y ) realizes Arthur’s action 04 on mj = w5 X5 .
Recall that

ép(g o w,%& X %1;0) = IP(%{Z;, X %io(w X 6))o6*o RP(Q(w),m;, X 7@0,@/)).

The operator Rp(6(w), 75 K75 1) can be extended to a meromorphic family of nor-

malized intertwining operators on 7 |- % xfwo |- |5 for (s,s") € C. It can be decomposed

into the composition of the normalized intertwining operators
1 1 1 1
A LR 573 w4 sta - 573 o 4 s o~ 5ta
Ty | [ X go| - |p * X Tgy| - [p * = Tl - [ * X |- [ X g - g
!

. -3 A +3 .
= Tl |5 2 X gl [ 2 X Ay |

up to a scalar valued meromorphic function which is holomorphic at (s, s") = (0,0) (see
Lemma IT73). Since these two intertwining operators are holomorphic at (s, s") = (0, 0)
by [MW2, 1.6.3, Lemma (ii)], we see that Rp(6(w), 75 W ,4)) can be considered as

a well-defined operator on mg, x :/i¢0. On the other hand, the linear isomorphism
T Mg (wx0): wiry K o6) = T Rms
can be extended to a linear isomorphism
w(mg, &fwo o) = T @f%.
Therefore, the action 6, on T X fd,o can be realized by Ep(@ ow,wy K %@0).

By Propositions B13 and EZ51 together with (1) = r(1y), if we apply the functor
T +— 7 to the equation

IwOIXQW:W¢(?IX0A+7T¢OIX0A
in R(GLy(E)), then we obtain
wa@§W=W¢§&9A+W$O@9A
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for some 6y, Hence the above isomorphism w (g X fwo o) = w5 & fwo induces
T W Tya(w x 0): w(my K mya o) — mg Wy,
Therefore the normalized intertwining operator Rp(@ow, T W7 ) on s, X fwo induces

Ep(eow,%& ®%¢A> % ’YA(SAE ® “o, Up)
U (s, 0 @ g, vp)

s=0

on m~, X m,4. This means that
P ¥

B @) _ ’YA(Sa@@CTZOﬂ/JE)
B() Ya(s, V' @ U, vg)

Now, we write ¢’ = @&!_;1); for the irreducible decomposition. Then by induction, we

see that B(¢' @ ¥f) is equal to
s:0> |
Yals ¥ ® Uy ) ) (m(s,wf‘@w,w)
s=0

s=0

) (n(s,wj‘ ® 3! ¥r)
s=0 /YA(Sa @Z}/ ® c¢647 77015')

Since 7(¢' & ¥P) = r(¢), we have

A c,/ A
(—1)@evd) ( V(s U7 ® Y} vp)
1<idj<t va(8:%i @ Yy, ¢p)
o<icj<t VA(S, Vi ® U, ¥p) Ya(8, ¢ @ o, Vg) s:0> '
This completes the proof. O

Blip) = (1)) (

Corollary 4.5.3. Fiz an A-parameter 1 of G of good parity, and assume Hypothesis
-2-3. Suppose that v = $1KS1DPKSy for some representations ¢y, po of W xSLy(C).
Fors =73 .., e(pi,a;b;) € Ay, define . by

w—:eBPiX'Sai@Sbm Yy =Y =1

el

as in Section CA. Then

<§’7%>1Z _ (_1)r(1/1)—r(1/)+)—r(¢—) 714(571{)\—? ® qu[if’ VE) ‘
<S77T>¢ ’YA(Saw-l— ®cw—a¢E) s=0
Proof. This follows from Lemma B2 (2) and Proposition BZ52. O

5. ENDOSCOPIC CHARACTER RELATIONS FOR CO-TEMPERED PARAMETERS

The purpose of this section is to prove Theorem TIUH (1). In this section, we do not
impose Hypothesis BZ472.
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5.1. Equation (=). Let ¢ = <$ be a co-tempered A-parameter for G. We will construct
the A-packet II, together with the pairing (-, ), for 7 € II,. According to Lemma
A2 and Corollary B-473, the correct definitions should be as follows:

o Il = (7|7 € 1L}

o (5,7);= (1)@= (s, ), for s € Ay corresponding to 5 € Aj.

As explained in Remark B8, to show (ECRT) for this packet I, we need Lemma
E24 (1), ie., the equation B(¢)(sz, T); = (s¢, m)eB(m). It is not trivial that this
equation is compatible with the definition of (s, 7) 5 above.

If s = 55 € Ay corresponds to § = s; € Ag, we see that r(¢) = r(o4) + r(¢-).
Hence our definition shows that (sz, )5 = (55, 7)¢. Using this together with s5 = 1,
the equation 3(¢)(sg, )5 = (s¢, 7)eB(7) can be rewritten as

B()B(m) = (53, ™).

In this section, we only assume Hypothesis B4 for tempered L-parameters. To
clarify our situation, we state this hypothesis explicitly.

Hypothesis 5.1.1. For any quasi-split classical group G’ with rank(G’) < rank(G),
and for any tempered L-parameter ¢’ for G', there exists a subset Iy of Irriem,(G”)
equipped with (-, 7’)4 satistying (ECRT) and (ECR2) of Section [8.

This hypothesis is the same as Hypothesis T and hence, we can use the results in
Appendix 0. We also notice that the proof of Proposition did not use Hypothesis
B2 Therefore we know that 3(¢) = (—1)"®) even now.

Now we can state what we have to show in this section.

Proposition 5.1.2. Assume Hypothesis 11 (but not [[-4.3). Let ¢ be a tempered
L-parameter for G. Then for m € Ily, we have

(%) B(9)B(m) = (55 m)s-

Remark 5.1.3. This statement was recently proven by Liu-Lo-Shahidi [LLS]. How-
ever, it is not obvious to us whether they use any results that are unavailable in the
setting we need, i.e. at the point of Arthur’s argument in [Ar2, Section 7.1]. For safety,
we will give a proof of Proposition BT2.

Let us explain our strategy for the proof of Proposition B-T4. One can check that both
B(¢) and B(m) depend only on the cuspidal support of 7. However, it is complicated to
list the cuspidal support of 7 for all m € II,;. Instead of this, we give several reductions
by using Theorem CZ373. The final case is where 7 is supercuspidal, which we can treat
by a direct computation.

Let P = M Np be a standard parabolic subgroup of G with Levi subgroup M =2
GLy, (E) x -+ x GLg, (E) x Go. For 7; € Rep(GLy, (E)) and 7y € Rep(Gy), we denote
the normalized parabolic induction by

T1X"'XTtNWOZIHdIG)(Tllg"'IETt®7TO)'
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5.2. Reductions. As the first reduction, we assume that we can decompose ¢ as
¢ =d1® gD Py

Then we have a canonical inclusion Ay, < Ay, which satisfies 53— s3. If we denote

by 7 the irreducible tempered representation of GL,,(F) corresponding to ¢; with
m = dim(¢y), then we have

e 7 X Ty is semisimple and multiplicity-free for my € 1l,,;
o 7w c 1l if and only if 7 — 7 X 7y for some 7y € Ily;
o if T — 7 X 7y, then

<'7 7T>¢>’A¢0 = <'7 7T0>¢0'

For these statements, see the proofs of [Ar2, Proposition 2.4.3] and [Mok, Proposition
3.4.4]. For such m < 7 x mp, by definition of 5(¢) and 5(7), we have

86) .. B
B0~ Y T By

Wg 3w ¢ <w, (|w|2 0_ ))
0 |wl

as a representation of Wx. Hence if we knew (=) for my, we would have
B(QZ))B(TF) = ﬁ(gbo)ﬁ(ﬂo) = <§(.$\07 7T0>¢0 = <SA$7 7T>¢,

which is (=) for 7. Therefore we may assume that:

where r is the length of

D=

(1) ¢ is a discrete parameter, i.e., ¢ is of good parity and multiplicity-free.

When ¢ is a discrete parameter for GG, we write

t
¢ = @ @p X SQap,z‘+1>
p =1

where a,; € (1/2)Z and 0 < a,; < --- < a,; with t = ¢, > 0. Then p is conjugate-
self-dual, and the parity of 2a,; + 1 depends only on the sign of p. Recall that A, is a
quotient of

¢
Ay, = EB @Z/QZe(p, 2a,; +1).
p =1

Here, as we abbreviated pX S;X S; to pX .Sy, we write e(p, d) = e(p, d, 1) for simplicity.
5> € Ay is the image of

Moreover, 53
t
Z Z e(p,2a,; +1).
=1

P 1=
ap1¢€Z
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Let m € II,. As the second reduction, we assume that one can find p and 1 < ¢ <t
such that

(e(p,2a,; +1),m)s = (e(p,2a,i—1+ 1), 7).
In this case, by applying Theorem =33 repeatedly together with [Ar2, Proposition
2.4.3] and [MoK, Proposition 3.4.4], we have

T pl [P0 p| - 0T e x pl [Tt g,

where 7y € 11, with
¢O = (b - p IE (SZap7i+1 EB S2ap7i,1+1)7

and
<'7 7T>¢|A¢0 = <'7 7T0>¢0'
Hence
B(¢) _ (_1)ap,i+ap,i—1+1 _ 5(7T> ]
B(¢o) B(m)
Note that via the canonical inclusion Ay, — A,
= S/:g if Qp.i S Z,
o 55— (elp2ap; + 1) +e(p, 2ap;-1 + 1)) ifa,; €2

Hence if we knew (&) for m, using (e(p, 2a,;+1),m)s = (e(p, 2a,;—1+1),7) 4, we would
have

B(@)B(m) = B(¢0)B(m0) = (55, T0)go = (55, T)s,
which is (=) for 7. Therefore, we may assume that:
(2) (e(p,2a,; +1),m)y # (e(p,2a,;—1 +1),m), for any p and 1 <i < ¢.

As the third reduction, we assume that one can find p with ¢ > 1 and a,; & Z such
that

(e(p,2a,1 +1),m)y = 1.
In this case, by applying Theorem =33 repeatedly, we have
m o pl [ pl [ - [2 e,

where m € Iy, with
¢0 - ¢ —pP X SQapJ—i—la
and

(- )olas, = (5 70) g

B6) ey B)
Blon) ~ Y B(mo)

Note that via the canonical inclusion Ay, — Ay,

Hence

85, 55 —e(p,2a,1 +1).

Hence the equation (&) for my implies (®) for 7. Therefore we may assume that:
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(3) (e(p,2a,1 +1),m)y =—1if a,1 & Z.
Note that an irreducible tempered representation 7 satisfying (1), (2) and (3) is called
strongly positive discrete series in Moeglin—Tadi¢’s terminology.
Let m € Il be a strongly positive discrete series representation, i.e., it satisfies the
conditions (1)—(3). Write again

t
Cb = @ @p D SQap,r‘rla
p =1

where a,; € (1/2)Z and 0 < a,; <--- <a,; witht =t, > 0.

As the fourth reduction, we assume that one can find p with ¢ > 1 such that a,; —
a,;—1 > 1for some 1 < i <¢. Here, formally we set a,o = —%. In this case, by applying
Theorem C-33, we have

T = p| - [ X T,
where 7y € 11, with
Po=0¢—pXWSsq, 11D pK S, 1,
and (-, )y = (-, T0) ¢, Via the canonical identification Ay = Ay, (see Proposition CZ3T).
Hence
89 _ | _ B
B(o) B(mo)

Note that 55 = 53 via Ay, = Ay. Hence if we knew (e) for mo, we would have

B(QS)B(T() = 6(¢0)6<7T0) = <§$\07 7T0>¢0 - <SA$7 7T>¢,
which is (=) for 7.
Therefore, we may finally assume that

(1) ¢ is a discrete parameter;
(2) (e(p,2a,; +1),m)y # (e(p,2a,;—1 + 1), ), for any p and 1 <i < t;
(3) (e(p,2a,1 +1),m)y=—1ifa,1 € Z;
(4) ap1 =0o0r a,; = 5;
(5) QApi = Qpi—1 + 1 for 7 > 1.
Such a representation 7 is supercuspidal by Corollary CZ3H.

5.3. The case of supercuspidal representations. Now we assume that 7 € Il is
supercuspidal, i.e., it satisfies the conditions (1)—(5) in the last subsection. We check
(=) for 7 directly.

Write

t
0= DD rE S, i1
p =1

where a,; € (1/2)Z and 0 < a,; < --- < a,; with t =t, > 0. Then

1 t
wi?2 0 ~ api api— —Qp,i
o (" ) ) 2 DBrel- el o] ),
p =1
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Note that if a,; € Z, then p appears with multiplicity ¢ = ¢,. Hence,

r(¢) = zp: é(ap+%) + zp: ([2] +§am) ,

ap1¢Z ap,1€Z

where [z] denotes the largest integer not greater than z. By the conditions (4) and (5)
in the last subsection, we note that when a,; € Z, we have a,; =i — 1 so that

(oS [ - 252 o

Similarly, when a, & Z, we have a,; + 3 = i so that

S (b)) = 3ni= 20

=1

Hence
B(e) = (~1y@ = [ (-1
ap’fQZ

On the other hand, since 7 is supercuspidal, we have §(mw) = 1. Finally, by the condi-
tions (2) and (3), we have

(me= ] [ 200+ 1.7 = ] TI-D'= ]I (1),

P =1 P =1 P
ap1¢7Z ap,1 ¢Z ap,1 ¢ZL

~
~

Therefore, we conclude that
B(@)B(m) = (55 m)e,
as desired. We obtain (=) for 7, and hence we complete the proof of Proposition b2

5.4. ECR for co-tempered A-parameters. Now we can prove Theorem ITTUA (1).
More precisely, we have the following:

Theorem 5.4.1. Assume Hypothesis 11 (but not [7.3). Let ¢ be a tempered L-
parameter for G. Define 115 and <§,7Ar)$ for s € Ag by
IT; = {m|mells}
and
<§77}>$ - (_1)r(¢)—r(¢+)—r(¢7)<877T>¢_

Then (-,fr)(i; factors through Az — Ag. Moreover, (ECRT) and (ECR2) hold for $
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Proof. Since r(¢) = r(¢+) +1(¢-) if s = 53, we have (s3, )5 = (55, m)p = B(¢)B(7) by
Proposition 512, Hence, when f € C°(GLy(E) % 6) and fg € C°°(G°) have matching
orbital integrals, by [X9, (A.1)], we have

> 55, 7)30x(fa) = B(¢) > B(m)O(fc)

WEHQ@ WEH(;

= B(¢) > Opge(m(fa)
melly
= (G: GO)B@)@DﬁN(E)(a,)(J?)
= (G: G*)0x, (/).
This shows (ECRT).
Similarly, since 3(¢) = (—1)"® and B(¢+) = B(¢+ ® n+) by Proposition EI-3 and

Lemma BT, when fg € C°(G) and fo, ® fa_ € CF(GS. x G°) have matching orbital
integrals, by [Hi, Theorem 1.5] or [X2, (A.1)], we have

g 2 (85 R10s(fo)

1

= —ﬂ(¢+)ﬁ<¢7) Z <3>7T>¢@DG'(7T)(fG)

erHa

= H mﬁ(%@m) Z @ch(ﬂn)(fGn)

Re{i} ﬂ-“en¢m®’f?n

o | R e D DR O TALCACMTY
kefk} TR

1l g X Goon ool

G
Re{i} " a ﬁ'KGH$N®'fm

FNEH(?&@WN

Here, the definition of Dge and the assumption on fg are the same as in the proof of
Lemma @237 (2). This shows (ECRZ). O

6. LOCAL INTERTWINING RELATIONS FOR CLASSICAL GROUPS

The purpose of this and next sections is to prove Theorem IIOH (2). This is a
key result that is essential in the global method for establishing Arthur’s theory of
endoscopic classification. Arthur’s initial approach was to prove some special cases of
Theorem [I0H (2), which would suffice for the global method, by an argument based on
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Hecke algebras. However, our attempts to realize this approach led to very complicated
computations.

To show Theorem T3 (2), we will instead adapt the method for Theorem I to
the case of classical groups. However, unlike the GLy(E) case, the unitary parabolic
inductions of classical groups are not necessarily irreducible. Because of this fact, we
can apply our method only to “half” of the cases. The final key ingredient is Corollary
B33, which was obtained in an arXiv version of [KMSW]. This result tells us that
“half” of the cases is enough.

6.1. Hypothesis. Let F' be a non-archimedean local field of characteristic zero. Fix
a non-trivial character ¢¥p: ' — C*. Recall that G is one of the following quasi-split
classical groups
SOQn+1(F), Sp2n(F>, Ogn(F), Un
In this section, we assume Hypothesis T4, which we restate here for the reader’s
convenience.

Hypothesis 6.1.1. We assume (ECRT), (ECR2) and (A=LIR)) for

e all tempered L-parameters ¢ for G;
e all A-parameters ¢ for G’ with G’ any classical group such that rank(G’") <
rank(G).
In particular, we have the A-packet 11, for ¢y, € W(AM) for any proper Levi subgroup
M of G, since M is a product of such a G’ and general linear groups.

Remark 6.1.2. (1) By Theorem b4, one has an A-packet IT; associated to co-

tempered A-parameters gg for G, satisfying (ECRT) and (ECRZ2).

(2) For any proper Levi subgroup M of G, Hypothesis GBI is stronger than Hy-
potheses 22 and B3, Hence we can use Corollaries 53 and B33 for
Yy € \IJ(M )

(3) As explained in Remark [I03, we may identify Arthur’s LIR (A=LIRI) with
our ([CIR)) stated in Section I, except for Section [CA.

(4) Note that we assume (ECRT) and (ECRZ) not only for proper Levi subgroups
M of G, but also for any classical group G’ with rank(G’) < rank(G). Hence
Hypothesis B contains Hypothesis C1 so that we can use Theorems CZ373,
34 and Corollary C=3I3.

(5) On the other hand, Maeglin’s explicit construction of A-packets uses endoscopic
character relations for higher rank cases. Hence one should not use several
results in [X2] even for proper Levi subgroups of G. In particular, we cannot
use the fact that I, is multiplicity-free for ¢5; € U(M) in general.

6.2. Reduction to the maximal parabolic case. Let P = M Np be a standard
parabolic subgroup of G. Write M = GLg, (F) x --- x GLg, (E) x Go. Let ¢y =
(EM =Y D DYy DYy be a co-tempered A-parameter for M such that ; is an
A-parameter for GLy, (E) for 1 <14 <t, and ¢y € ¥(Gp). Suppose that ¢; is irreducible
and conjugate-self-dual for any 1 < i < t¢.
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In this subsection, we reduce Theorem [CIOH (2) to the case where ¢t = 1. Namely,
we prove the following.

Lemma 6.2.1. Assume Hypothesis G11. We further assume that (LIR)) holds for any
irreducible components m C Ip/(mpy), where
e P' = M'Np: is a mazimal parabolic subgroup of G so that M’ = GL,(E) x Gj;
o Yy = $M/ = PaLB Y is a co-tempered A-parameter for M’ with vqy, irreducible
and conjugate-self-dual;
® T € H‘/’M/ .
Then (EIR)) holds for any irreducible components m C Ip(mwyr) for my € 11y,

Proof. By Proposition [C72 and [KMSW,, Lemma 2.5.3], the map
Ny > u— (U, Tar) Rp(wy, Tar, Yar)
is multiplicative. (See also the paragraph in [Ar2] containing (2.4.2).) Hence we may
assume that u = u; for 1 <i <t or u =0 € &, such that ¥,;) = 1; for 1 <i <t since
My = {ui' ... ug' |6 € Z)27L} x {0 € & | o) =i (1 < i < 1)}

See Section [I0.

First, we assume that v = o € &; such that ¥, = ; for 1 <i <t. Let P’ = M'Np/
be a maximal parabolic subgroup of G such that M’ = GLy, 1.4k, (F) X Go, and let
U = (Ve @ -+ - B Y1) B 1o be the A-parameter for M’ given by y;. Then

Moy, = { I} (mar) [ mar €Ty,

By [KMSW, Lemma 2.7.2], (u, 7a) Rp(wy, Tar, ¥ar) descends to the normalized inter-
twining operator for GLg, 4.1k, (E). (See also the proof of Lemma 2.4.2 in [Ax2].) Hence
by Theorem Bh, this operator must be the identity map. Since s, = 1 in this case,
we obtain (ILIRI).

Next, we assume that u = u; for 1 < i <t¢. We will prove the assertion by induction
on t. We can assume that ¢ > 1. Let P' = M'Np: be a maximal parabolic subgroup of
G such that M' = GLg, (E) x Gj, and let

Vi =P ® (Y1 @ DY Do ® Yy D+ DY)

be the A-parameter for M’ given by v5,. Then for any my, € I, and any irreducible

component m C Ip(myy), there is a unique myy € Il , such that my, C Ind? ()
and 7 C Ip/(my). Moreover, there is a canonical injection Ay, , < Ay and we have

<'7 7T>1/}‘Aw1w, = <'7 7TM’>¢A4/ .

These facts follow from the tempered case by taking Aubert duality and using Corollary

g3,
Suppose that u = u; with ¢ # ¢ so that s,, € Ay, ,. Then by [KMSWI, Lemma 2.7.2],
(w, Tpr) Rp(wy, Tar, ¥ar) descends to the normalized intertwining operator for G, i.e.,

(s, Tar) Rp (W, Tar, Yar) = Indg, (idmt ® (ug, %M(g)RPmGé (wum%M{]? wMé)) )



LOCAL INTERTWINING RELATIONS AND CO-TEMPERED A-PACKETS 95

where My = M N Gy, ¥y = by — ¢y € W(Mg) and we write 7y = my, K 7y, with
may € 1y . By the induction hypothesis, (LIH) is known for G in place of G, so
0
this operator acts on Ip/(my) by the scalar (s,,, )y, = (Su;» 7). Hence we obtain
(CIRJ) for this case.
Suppose finally that u = w;. Then by [KMSW|, Lemma 2.7.2],
<7L7%M>RP(wut7%M7¢M>’IP/(WM/) = <@,%M'>RP'(wu”%MU¢M')~

Since we are assuming (ILTR) for the maximal parabolic case, we know that

(g, Tar) Rpr (Way, Tag, Vo )|l = (Supy T) -

Hence we obtain (ICIRI) for this case. This completes the proof. O

6.3. Halving the problem. In the rest of this section, we will focus on the maximal
parabolic case.

Fix a standard maximal parabolic subgroup P = M Np of G with M = GLi(FE) X Gy.
Let ¥y = Yar @ Yo be an A-parameter for M, and ¢ = gL @ 1o @ 1, be the A-
parameter for G given by ;. Suppose that ¢qr, is irreducible and conjugate-self-dual.
The A-packet I, is given by the (multi-)set of irreducible components of Ip(my) for
v € Iy,,. Let w = uy € 9. Recall that the normalized self-intertwining operator

@, %M>Rp(wu,’7?M7¢M)l ]P(WM> — ]p(?TM)

is defined by
(@, Tar) Rp(w, Tar, Uar) f(9) = (@, Tar) T (o) (Rp(wa, mar, ) £(g))

with a linear isomorphism

~

<?7, %MWM(wu) T — M
satisfying that the diagram

(W, )T s (W)
M M

iﬂM(m)

WM(QI)T,leﬂ)Z)\L
(W, )T s (wu)
M T M

is commutative for any m € M. The definition of this isomorphism will be recalled in
the proof of the next lemma.

We can write my; = mqr, X, where 7y, is an irreducible conjugate-self-dual represen-
tation of GL(FE). Similar to the definition of 6,4 in Section 4, by using a Whittaker
functional on the standard module of 7gr,, one can normalize a linear isomorphism
Aw,: TaL — 7ar such that the diagram

Awu ®idﬂ'0
M M

iﬂM(m)

WM(z’uTlez’uZ)J/
Auwy, Qidrg
M M
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is commutative for any m € M.
Lemma 6.3.1. We have (u, T ) Ty (wy) = Ay, ® idy,.

Proof. Note that © = u; € 9, normalizes Me. If we regard u as an element of W(M\O)
we have its Tits hftmg u. Conjugatlon by @ normalizes M and nd preserves the pinning
inherited from G°. Write @ for the resultmg automorphism on Mo , and @ for its dual, an
automorphism of M°. Write u = su. Then s lies in the f-twisted centrahzer of Yps. The
pair (s,1y) determines a twisted endoscopic datum (M, s,€{) and a parameter 1
such that ¢y, = £ o 1hpy. The isomorphism (@, 7y )7y (w,) is normalized by requiring
the identity

Z <S¢M/77TM'>¢M/@7"M/(JCM/) = Z <8¢M,7TM>¢MJCY(<a, %M>%M(wu) ° WM(fM))

Tag! EH#,]M, WMEH’/’A{

holds whenever fy, € C°(M) and fyr € C°(M') have matching orbital integrals. We

will check that this equation also holds after replacing (u, Tar)7as(w,,) with A, ® id,.
Since the conjugation action of u on M° preserves the standard pinning, and it acts

on GLg(C) by the pinned outer automorphism and on G{ by the identity, we see that

5 € Z(M\O) and M = G x G with G, a twisted endoscopic datum for GLy(E).
We may assume that fyy = foL ® fo and far = f1 ® fo. Then

Z <5¢M77TM>¢)Mtr('Awu ® idq, © 71-M(fM))

T €y, ,

= tI‘(.Awu © WGL(fGL)) Z <STZJ0> 7r0>¢0@7r0 (fO)ﬂ

™0 EHTZ)()

whereas

Z <8¢M”7TM,>"/’M’@7TM/(fM’)

sy anjw/

- Z <8¢1’7r1>¢1@7r1(f1) Z <S¢o’7r0>¢o@7ro<f0) )

T ele ™0 eHwO

where we write ¥y = Uy @ ¢y € V(G x Gy). Since g, = £ o ¢y, by (ECKT) for 1)y,
we have
tr(Awu © 7TGL(fGL)) - § : <5¢177T1>¢1@7r1 (fl)

T Ele

Therefore, we obtain the desired identity. 0

Now by Lemma G20, we may assume that ¥, = $M where ¢y = dgr, D ¢p is a
tempered L-parameter for M such that ¢qr, = par, M Saa41 is irreducible and conjugate-
self-dual. Then II,,, is given by Aubert duality from Il,,,. In particular, for my; € Ily,,,
the parabolically induced representation Ip(my;) = Ind%(my) is a direct sum of at most
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two irreducible unitary representations. Indeed, by taking Aubert duality, this fact is
reduced to the tempered case, which follows from [Ar2, Theorem 1.5.1], [MoK, Theorem
2.5.1] and [A, : Ag,] < 2.

Lemma 6.3.2. Assume Hypothesis GI11. Let 1y, = QZM be a co-tempered A-parameter,
and mpyr € 1Ly,,. Assume that Ip(mar) is reducible, hence Ip(my) = m @ mo. Write

<au :ﬁM)RP(wuu Aﬂ:M: 77Z)Z\/[) m — Ei 1d7rl

for e; € C*. Then we have 9 = —¢&1.

Proof. Let P be the parabolic subgroup of G opposite to P. If we set oy = T and
0; = T, then Ip(oy) = 01 @ 09 is a direct sum of irreducible tempered representations.
Moreover, we have a normalized intertwining operator

(ﬂ, 5M>Rﬁ(wu, 5]\/[, ¢M) : Iﬁ(O‘M) — Iﬁ(O’M).

s, = €, +1d,,, then by (ILIRI) for the tempered case,

If we write <ﬁ, 5M>Rp(wu, 5M7 (ZSM)
we know that ¢, = —¢l.
Recall that Aubert duality is a functor. We claim that the two intertwining operators

(u, Tar) Rp(wu, Tar, Yar)  and  (u, oar) Rp(wa, 0, $ar)

are dual to each other up to a nonzero constant ¢ € C*. This means that ¢; = ce} for
i = 1,2. Therefore, we have ey = ¢}, = —ce| = —¢;.

This claim is Corollary (1) in almost all cases. The exceptional case is where
G = Og,(F) and Ip(my;) = Ind%.(nS,) for some irreducible representation 73, of M°.
Then we can write Ip(myr) = [ (75,) ® L5 (75,), where I5.(75,) (vesp. Ip.(m$,)) is the
subspace of Ind%. (73,) consisting of functions f on G whose supports are contained in
G° (resp. G\ G°). Corollary BZ333 (2) says that

(@, Tar) B (o, Tar, Yur) |12, (o) A0 (U 000) Rp (W, Oars dan)| (1, (00

are dual to each other up to a nonzero constant ¢4 € C*.
We notice that the image of 7; under the canonical projection Ip(my) — I35, (75,) is
nonzero. For this, if m; C I} (73,), then for any f € m;, we have

Ip(ma)(e)f € m N Ipo(myy) = {0}
so that we would have m; = {0}. This is a contradiction.
Now fix f € m; with f # 0, and write f = f 4+ f_ with fi € I£.(7%,). Then
(U, Tar) Bp (Wa, Tar, ur) f
= 4 (U, Gar) Rp(wa, Gar, dar)) [+ e (W Gar) Rp(wa, Gars dar)) -

= i ((U, G0) Rp(Wa, 001, d01)) f + (c= — ) (@, Gar) Rp(wu, Gar, dar)) [-.

Since Aubert duality is a functor, we have

(W, Tar) Rp(wu, Tar, Yum) o e ({0, o) Rp(w, oar, our)) f € T
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so that
(- — ) (@, Fn) R, Bar. op1)] - € 7 Io(mare) = {0},
where 6 = — det(w,,). Since f_ # 0, we obtain that ¢, = ¢_, which shows the claim. O

Lemma B3 is a key step to prove Theorem I3 (2). It “halves” the problem, i.e.,
by this lemma, it is enough to prove (I[LIRI) for only one direct summand 7 C Ip(mar)
for each my € Iy, .

6.4. Highly non-tempered summands. In the previous subsection, we showed that
it is enough to prove (ILIRI) for one irreducible summand of Ip(my,). Here, we introduce
a notion that will isolate a suitable summand.

Let P = M Np be a standard maximal parabolic subgroup of G with M = GLg(F) x
Gy, and let 1y = Yar, B 1y be an A-parameter for M. In this and next subsections, we
only assume that gy, is irreducible and conjugate-self-dual. Namely, 1, is not neces-
sarily co-tempered here. Note that then Ip(mys) could have more than two irreducible
summands for m, € 11, .

Recall from Section B that for a multi-segment m, we denote by Z(m) the standard
module associated to m. For a segment s = [z,y], with p unitary supercuspidal, we
call the value "’“"—;ry the midpoint of s. The Langlands classification for Gy says that for
7o € Irr(Gy), one has a multi-segment my and an irreducible tempered representation
7o such that every segment s € my has a positive midpoint, and Z(mg) X 7y is the
standard module of my. Thus, 7 is the unique irreducible quotient of Z(mg) X 7o.
When Gy = Og,, (F), it follows from the Langlands classification for SOq,, (F'). Note
that if my € Irr(Ogp, (F7)) is the Langlands quotient of Z(mg) x 7o with 79 € Irr(Os,y (F)),
then 70‘802"6 (p) is reducible if and only if ng > 0 and mo|so,,, (r) is reducible.

Recall that ¢y, is assumed to be irreducible. We write ¥qr, = par, M Saq41 B Sas41,
and set

maL = [—a+ B,a+ Bl Fl—a+B8—1a+8—1e + -+ [—a—B,a— Bl
Then the Langlands quotient mwgr, of Z(mgy,) is the representation corresponding to ¥qr,.

Definition 6.4.1. Define r € {1, %} such that B — k € Z. For my = mar, WM my € 1y, ,
write Z(mg) X 7o for the standard module of my. We say that an irreducible summand
7 of Ip(myy) is highly non-tempered if there is a tempered representation T with

) 1
T="T Zflizi,

T = A([—a, al,e,) X 7o ifk=1
such that Z(m) x T is the standard module of m, where
m:m0+2[_a+ﬁva+ﬁ]PGL+2[_O‘+B_170‘_'_5_1]pGL+"'+2[_O‘+H7a+/€]pGL'

Lemma 6.4.2. For any 7y = 7L W my € 1y, there exists a highly non-tempered
summand 7 of Ip(myr). Moreover, it is unique if kK = %, and there are at most two such
summands if Kk = 1.
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Proof. The lemma is a special case of [Tad2, Proposition 1.3]. But for completeness,
we give a proof.

We use the notations as above. Write Z(m) = 7| - [** X --- X 7| - |’ with 7; being
tempered and s; > --- > s, > 0. By Tadié¢’s formula ([Tadl, Theorems 5.4, 6.5], [Bax,
Theorem 7.3]), with a suitable parabolic subgroup P’ = M'Np/ and an irreducible
tempered representation 7, we have

Jan/(]p(ﬂ'M)) > C7'1\/| . |_51 R ® 07—7>/| . |_57- RXT

in the Grothendieck group R(M’). Here, for A,B € R(M'), we write A < B if
B — A is a non-negative combination of irreducible representations. Conversely, if
Jacp (Ip(mp)) > 7|75 ®- - - @7/ || *r @7 for some irreducible tempered representations
71,...,7. and T, then we must have 7] 7/ fori=1,....r,and 7 = 19 if K = %,
whereas 7 — A([—a, a],,, ) ¥ 7o if K = 1. Moreover, such an irreducible representation
appears in Jacp (Ip(my)) with multiplicity one.

Suppose that an irreducible subquotient 7 of Ip(mys) satisfies that Jacp/ () > 7| -
|71 ® - ®°7Y|- |75 ® 7. Then by looking at the central character, (after replacing 7
if necessary) we see that the right hand-side is a quotient of Jacp/(7) in the category
Rep(M’), which is equivalent by the Frobenius reciprocity to saying that

!/ ~ ¢

e N IR I R P IR I I
By [AG2, Lemma 2.2], one can see that the standard module of 7 is Z(m) x 7. In
particular, since Ip(m)s) is semisimple, we conclude that 7 is a highly non-tempered
summand.

On the other hand, Jacp/(Ip(mys)) contains “r’| - |75 @ -+ @ °7Y| - |7*" ® 7 with
multiplicity at most one for each 7. The number of highly non-tempered summands
are at most the number of the choices of 7. By definition of 7, this number is 1 or 2

according to Kk = % or k = 1. 0

For the rest of this subsection, we fix a highly non-tempered summand 7 C Ip(my;).
Let Z(mgr), Z(m) x 7 and Z(mg) x 79 be as above. Write

I(mar) = A([—a, e )| 17 X A=, @lpe )| - 177 % oo x A=, ol o) - 177,
Z(mg) =7 |- | x - x 1| -],

where 7; is an irreducible tempered representation of GLg, (E) and e, > --- > e; > 0.

To define several objects, we realize G as an isometry group G(W) (or its identity
component) of a vector space W over E equipped with a non-degenerate sesquilinear
form. We write

W = V+ S¥ W() S¥ V_,

where V. is a totally isotropic subspace with V. & V_ non-degenerate, and where Wj is
the orthogonal complement of V. & V_. Suppose that the standard parabolic subgroup
P = M Np is the stabilizer of V, and the Levi subgroup M of P is the stabilizer of V
and V_. Hence M = GL(V,) x G(W;). We decompose

Ve=VP eVl Ve - ovi?,
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Wy = <@ Wéei)> oW e <@ Wé‘”) :
=1 =1

such that
o dim(VL") = do with dy = dim(par, 5 Spai1) and b€ {8,8—1,..., —B};
° Vf’) ® V_(fb) is non-degenerate for b € {5,6 —1,...,—fF};

) Wo(iei) is a totally isotropic subspace of dimension k; for 1 <i < r;
o Wo(ei) ® Wé_ei) is non-degenerate for 1 <7 <r.
For j = 0,1,2, we define a total order <; on the set

v={vP v o {w Wi o)

}—5§bSB <i<
as follows.
(0) When j =0,
o VI <o W <o VI,
o if b> ¥, then V*) <, V¥
o if e > ¢, then W) <, W9,
(1) When j =1,
. Vib) < W <, v
e if b> ¥, then V¥ <, V¥
o if ¢ > ¢, then W <, Wo(e/).
(2) When j = 2,
e For X|Y € {VL, Wy}, if b >V, then X0 <, y®).
o if b=e, then V") <o W39 <, V¥,
For j =0,1,2, if we write

Vev v, w9 ={n. v

with V} < --- <, Vi < WO(O), then we define a parabolic subgroup P} = Mle]/_ as the
stabilizer of the flag
icvieWhCc---CVid---aV,

where M, is the common Levi subgroup of G stabilizing all V' € V. We may assume
that P, = Pj is a standard parabolic subgroup. Note that P| C P. Let w;,w; € W€ be
such that w, Piw; ' = P} and such that w, ' Py, = Py = M, Np, is a standard parabolic
subgroup. We may regard w; and ws as

wy € W(MY), wy € W(M;,M).
If we consider that
o GL(V") acts on A([~a, al,e, )| - |
o GL(W{*)) acts on 7| - [ if e; > 0 (resp. °7’| -
. G(Wéo)) acts on 7,

@ if e < O),
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then we obtain irreducible representations myy,, ma, of My and 7z, of My such that
]PO(WMO) = CI(mGL)V X CI(mO)v X To,
[pl (7TM1> = I(mGL) X I(mo) X To,
Z(m) x A([—o,alpy) 10 if 284+ 1=1mod 2,
[Pz (T‘-Mz) = : _
Z(m) X 79 if 28 +1=0mod 2,
respectively, where Py = P, is the standard parabolic subgroup with Levi w, Mw; .
Here, we note that pgy, is conjugate-self-dual. Then we have
WoT vy, = My, W1T My = T M-

See Section 4 for these notations.
Recall that

= (A(l=a, alye)] 17 x - X A=, alpe, )| - [7F)
X (7| - |7 X oo x| | ) T)
For A = (Mg, \g_1...,A_5) € C¥ L and pu = (uy,..., ) € C", we set
Tt o = (A=, e - M X X A[=a, alyg,)] - [17)
X (7| < [Fm X oo x| | ) T)

We define sy (x) and oz, (a,) similarly. Let ¢pr; (x ) be the L-parameter of may, (x -
Recall that the intertwining operators

Rp (w1, Ty, ooy @y, 0m) © e (T, ) = Ly (Tt ()

Rp, (Wa, Tty (0)s O, 0)) - LPo (T (0)) = L0 (Tary, ()

are defined by the meromorphic continuation of

RPj (wja TM;,(\p) ¢Mj,()\,ﬂ)>fj,()\,#) (g) = 714(07 ¢Mj,()\,,u)7 pi;1Pj71|Pj7 7wDF)
x A(w;)~! / fj,(A,#)(ﬁ]j_lng)dn
Np; _,N@;Np;@; '\Np;_,

for j = 1,2. As in [BW, Chapter XI, Proposition 2.6 (1)], this integral converges
when we specialize it at A = (5,5 —1,...,—f) and u = (e1,...,¢,). Hence R(w;) =
Rp, (w1, mar,, Oar, ) and R(wq) = Rp, (wa, mar,, ¢ar,) are well-defined and nonzero. More-
over, the image of R(wy) is exactly equal to Ip(myy).

Set w!, = wy'w; w,wiw,. Using the order <,, we see that a representative of
w), preserves Wée) for any e, and exchanges Vib) with V¥ for any b. Since w, and w/,
preserve the Levi subgroups My and Ms, respectively, we obtain normalized intertwining
operators

RPO(wu,WMO,(A,u), ¢M0,(,\,u))i IPO(T(MO,()\,M)) — Ip, (quMO,(,\,u)%

Rp, (e, Tty (i) Do, () © L (Tt (0ge)) = Ly (W Tty (4 p0)) -



102 H. ATOBE, W. T. GAN, A. ICHINO, T. KALETHA, A. MINGUEZ, S. W. SHIN

We will show in Lemma EZ33 (2) and (3) below that Rp,(w;,, Tas,, (s Pas,(rp)) 18
holomorphic at A = (f3,...,—f) and p = (ey,...,e,). Moreover, since w,my, = Tag,
and w!, my, = T, one can normalize isomorphisms

. ~ . / ~
Ay, @id: wymrg, = Tagy,  Aw, @ id: wy T, — Tag

by Whittaker functionals on standard modules of general linear groups. By composing
Ip,(Ay, ®1id), we have a self-intertwining operator

RPz(wf/u?%M2>¢M2): IP2(7TM2> — ]PQ(WM2)'

On the other hand, Rp,(wy, T, dar,) might be a singularity of the meromorphic family
Rpy (Wa, Tatg, (0pr)s Pato () a6 A = (B, ..., —B) and o = (ey, ..., e,). Hence we just write

Rpy (wu,Tary P 01)
i) T L (),

Lemma 6.4.3. (1) The image of the map R(wy) o R(wy): Z(m) x 7 — Ip(mpy) is
exactly equal to .
(2) If 28 + 1 is even, then Rp,(w., T, ¢ar,) is the identity map.
(3) If 28 + 1 is odd, then

Rp, (W, Tasys da1,) = (e(peL, 2a + 1, 1), 7). - id,
on Z(m) x 7, where ¢, is the L-parameter of T.

Proof. For (1), we claim that m appears in Ip, (7, ) as a subquotient with multiplicity
one. Since the Jordan—Holder series of Ip, (7, ) and Ip,(myy, ) are the same, it is enough
to consider Ip,(myg, ). If Ip,(ma,) is a standard module, then the claim follows from the
famous fact that the Langlands quotient appears in its standard module with multi-
plicity one (See e.g., [BW, Chapter XI, Lemma 2.13]). Otherwise, 25 4 1 is odd and
hence Ip,(mar,) is a direct sum of two standard modules. Since the general linear parts
of these two standard modules are the same, by computing Jacquet modules, one sees
that 7 appears only in one of them. Hence m must appear in Ip, (7, ) with multiplicity
one.

Now, since Ip(mys) is a unitary induction, and hence semisimple, the image of R(w;)o
R(ws) is isomorphic to a subrepresentation of the maximal semisimple quotient of
Z(m) x 7. Since this maximal semisimple quotient is equal to 7, we see that the image
is equal to 7, or R(wy) o R(we) = 0. Since R(wq) is nonzero, m appears in its image.
Hence if R(w;) o R(ws) were to be zero, then m would appear in the kernel of R(w).
On the other hand, since the image of R(w;) is equal to Ip(mys), which contains 7, it
would imply that 7 must appear in Ip (7)) with multiplicity greater than one. This
contradicts the claim. Therefore we obtain (1).

Next, we prove (2) and (3). We can decompose R(w!) = Rp,(w., Ty, drr,) as
R(w!)) = R(wgr) o R(w,,), where R(wgy,) is obtained from normalized intertwining op-
erators for several general linear groups. Since 7y, and w7y, are essentially tempered
and since Ip,(my,) and Ip, (w] mp,) are standard modules, we can apply Theorem B5H
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to R(wgr), and obtain that R(wgr,) = id. This proves (2). On the other hand, if 20 +1
is odd, by (LIRI) for the tempered representation 7, we see that

R(qu) = <€(pGL7 2a + ]_, 1>, T>¢7- -id
on Z(m) x 7. This proves (3). O
6.5. The main diagram. Using the notations in the previous subsection, with a con-
stant ¢ € C*, we now consider the following main diagram. When xk = 1, it is:

I(m) T Rp, (W, Ty d M)

m

I(H‘QNT

Rp, (wy,, Ty $015)

I(m) X A([_aa a]ﬂGL) X 7o I(m) X A([_ava]pGL) X To

R(ws) R(ws)
Z(mgr) X Z(mg) X 79 Z(mgr) X Z(mg) X 79
R(w1) R(w1)
Ip ngM) ™ H@, T ) Rp (wo, s tar) I QTM>

Rpy (wu, Ty $ )

I(mar)" x T(mg)¥ X 79 = Tmgr)Y % “Z(mg)Y X To.

When x = %, we replace A([—a, @, ) X 7o with 7y in the second line, or equivalently,
we remove the second line. The following is the main result in this section.

Theorem 6.5.1. The main diagram is commutative with
_ Ya(s, “YaL @ Yo, ¥r)
’YA(Sa C77/}GL ® ¢ﬂ'0a ¢E) s=0 7

where we write my = waL X mo, and ¢, is the L-parameter of .

Proof. As in the proof of Theorem B4, we will prove the assertion in five steps.

Step 1: With complex parameters A € C?**! and p € C", we can consider the
following diagram of meromorphic families of operators:

Rp, (W), sy, (1))

/
]P2 (ﬂ-Mz,(/\,u)) IP2 (wuﬂ-M%(/\yH))
RP2(U)2,7TA{27()\7H))\L iRPQ(/LUQ’w;,Lﬂ'Z\/IQ,(A,[L))
—1
I (T () Ip (Wi w1 Tag ()

Rp, (w1,7er,(/\,p,)) l lRP1 (wl,wl_lwuwMoﬂ(A’H))

Rpy (Wu,mary, (0, 0))
]Po (ﬂ-Mo,(/\,,u)) IPO (wuﬂ-Moy(A,M))'
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Here, we omit the L-parameters in the notations of the normalized intertwining
operators. If A € (v/—1R)?**! and u € (v/—1R)", then by Proposition [CZ2, all
maps in this diagram are regular and the diagram is commutative. By analytic
continuation, we see that this diagram is commutative whenever all maps are
regular.

Step 2: Let s € C be a new complex parameter. We will specialize the diagram
inSteplat A= (s+0,s+8—1,...,s—fF) and u = (e1,...,e.). We write my, 5
for the corresponding myy, (x,)- We claim that all operators in the diagram are
well-defined as meromorphic families of operators in s.

In fact, the bottom operator Rp, (wy, Taz,s) is not always a pole of the family
of the operators Rp, (wy, Tazy,(r)) (but might be a pole at s = 0). On the other
hand, as we have seen in Lemma G473, the other five operators are still regular
at s = 0.

Hence we can specialize the diagram in Step 1 at A = (s+,s+6—1,...,5—0)
and p = (ey,...,e.), and obtain the following commutative diagram:

Rp, (W), Ty, s)
IPz (ﬂ-MmS) - — IPz (w;ﬂ-Mz,S)

Rp, (w2,mary s) i lRPQ (w2,wy, Ty, s)

IP1 <7TM1,S) IP1 (wl_lwuwlﬂ'Ml,S)

RPI (wlﬂer,s)i lRPl (wl,wflwuﬂMO,s)

Rpy (Wu,mng,s)

IPO <7TM07S) IPO (wuﬂ-Mo,S)'

Step 3: Note that the image of Rp, (w1, mar,s): Ip (7o ,s) = I (Tay,s) 1S equal
to Ip(’/TM73) = IP(”GL‘ . |S X 7T0). If we set

’YA<O7 ¢M,s» pi;l_pu;n 77Z)F)
VA(()’ ¢MQ,S7 p:;;lpup’ ¢F> ’

c(s) =

then using a canonical homeomorphism
~ ~_1 ~ ~_1
Np ﬂwupru \Np = Npo ﬂwuNpOwu \NP07
we obtain a commutative diagram of meromorphic families of operators

C(S)ilR (wu77r ,sv'¢' 7s)
IP(ﬂ—M,s) - - Y IP(wuﬂ-M,s)

l 1

‘[PO (7TM075) ‘[PO (wuﬂ-Mo,S)

Rpy (W, ,s)
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where the vertical maps are the canonical inclusions. Combining this diagram
with the one in Step 2, we obtain the following commutative diagram:

Rpy (w7 0y,s)

IPQ <7TM275) IPQ (w;’/TMz,S)
Rp, (w2,ﬂ'MQ,s)i lRPQ (w2,wy, Ty )
IPl <7TM17S) IPl (wflwuwlﬂMl,s)

Rp, (w1,7er,s)i lRpl (wl,wflwuwMo,s)

c(s) T Rp (wu,mas,s M, s)
Ip(mass) e Ip(wams).

We note that
C(S) _ VA(S7 1/}GL X ¢(\)/7 ¢E)
Yya(s, oL ® Y, VE)

so that ¢(0) = ¢ by Proposition BZT2. We will see that ¢(s) is regular at s = 0.

Step 4: We would like to specialize the commutative diagram above at s = 0. As
we have noted in Step 2, the five operators appearing in the top, left and right
of the last diagram are regular at s = 0. In particular, the composition

Rp, (w1, wflquMO,s) o Rp,(wa, W), mar, s) © Rp, (W, Tar,.s),
and hence
c(8) ' Rp (W, Tars, Vars) © Rpy (w1, Tar,.s) © Rp, (W2, Tas,.s)

are regular and nonzero at s = 0. We can specialize the last diagram at s = 0,
and obtain the commutative diagram

RP2 (w;. T Mo )

IPQ (ﬂ-Mz) IP2 (wa/ﬂrf\/b)
Rp, ('LU2,7TM2)i lsz(wg,w;me)
IPl (ﬂ-Ml) [Pl (wflwuwlﬂMl)

Rp, (w1,7rM1)i \LRpl (wl,wflwuwMO)

¢ Rp(wu,ma,¥ar)

[p(ﬂ'M) [P<wu7TM)'

Note that Rp(wy, Tars, ¥us) is well-defined by [Ar2, Proposition 2.3.1] and
[MoK, Proposition 3.3.1]. Since ¢ 'Rp(w,, Tar,%as) is nonzero, we conclude
that c(s) is regular at s = 0.

Step 5: If we realize w) ms,, ma,, wflwuwlel and y, on the same vector space,
say V, then A,, ®1id is a linear isomorphism ®: V — V satisfying that

o T M, ({D:L_lmQ{Dv/J) = TM, (m2) o®, my € M.
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If we write w” = w; 'w,w; so that w!, = wy 'w!ws,, then by Lemma [ZZ1, this
condition can be rewritten as

Qo T, (@Z_lmlﬂjg) = T, (ml) o CD, my € M.

Therefore, ® is also equal to the normalized isomorphism A, ® id: wymyy, =
Ty, and hence the diagram

Ip2 (Aw& ®id)

]Pz (w:Lﬂ-M2> IP2 (WM2)
Rp, (w2,w;,mhry) i \LRPQ (w2,ma1y)
' Ip, (A, ®id)
IPl (wuﬂ-Ml) [Pl (WM1)

is commutative. On the other hand, by the definition of A,,,, we see that the
diagram

Ip A (A, 1 ®id)
M " 1 wu M
IndPlﬁM (wuﬂ-M1 ) IPlﬂM(Ter )

l Rpyam (wi,may)

Rp; v (wiw]  wamag,) l

A, ®id
Wy T Ny M

is also commutative. By the functoriality of Ip, combining these two diagrams,
and by Lemma B=371, we obtain the commutative diagram

Ipy (A, ®id)

[PQ (w;ﬂ'MQ) IP2 (WMQ)
RP2 (w27w{uﬂ-1\42)i J/RPQ (w217r1\/12)
[Pl(wl_lwuwlﬂ_Ml) IP1(7TM1)

Rp, (wl,wflwuwMO)l J{Rpl (w1,ma1y)

Ip((u,7pr) 7 s (wa))

Ip(w,mr) Ip(mar).

Combining this with the diagram obtained in Step 4, we conclude that the main
diagram is commutative.

This completes the proof of Theorem G5 0

By the commutativity of the main diagram together with Lemma 6223, we have
c =R _ c-idy if 28 4+ 1 =0 mod 2,

Therefore, we obtain the following summary.

Corollary 6.5.2. Assume Hypothesis GI1. Let vy = gL @ Yo be an A-parameter
for M such that Vg1, = par, W Saqy1 B Sapiq s irreducible and conjugate-self-dual. For
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iy € Iy, let 1 C Ip(mp) be a highly non-tempered summand, with the standard
module Z(m) x 7. Then (LIR) holds for m C Ip(myy) if and only if the equation

(Su, T if 28+ 1 = 0 mod 2,

<Suv7r>1lf
<6(pGL7 20 + 1a 1>’ T>¢T

holds, where ¢, (resp. ¢,) is the L-parameter of my (resp. T).

YA (s, “Yar ® Yo, VE) _
YA(S, “YaL @ Prg, VE) |4—g

(*)

if 26 +1=1mod 2

7. COMPUTATIONS OF LOCAL FACTORS

This section continues the work of Section B. Our goal is to show (ILIRI) for each
irreducible summand 7 C Ip(mys) and each my € Iy, where P = M Np is a parabolic
subgroup of a classical group G, and ), is an arbitrary co-tempered A-parameter for
M (Theorem IIIAE (2)). Lemma B2 reduces the problem to the case where P is
maximal so that M = GL,(E) x Gy. By the key lemma (Lemma B3), we may then
assume that m C Ip(my) is a highly non-tempered summand, which exists by Lemma
6Z22. For such a representation, (ILIRI) is equivalent to the scalar equation (=) in
Corollary B52. In this section, we check by hand the validity of the equation (=) for
our case.

7.1. Preliminaries. Let P = MN be a maximal parabolic subgroup of GG, and let
Yy = ng = YqL D Yy be a co-tempered A-parameter for M. Write ¢ = ¢ar, B ¢g SO
that QEGL = 9L and ggo = 1)p. By Lemma BEZ271, we may assume that ¢q, is irreducible
and conjugate-self-dual. Let ¢ (resp. 1) be the L-parameter (resp. A-parameter) for G
given by ¢y (resp. ¥p).

First, we reduce the problem to the case of good parity.

Lemma 7.1.1. Write
¢0 = ¢0,bad % ¢O,good Y Cgb(\ibada

where Po gooa 15 the sum of irreducible conjugate-self-dual representations of the same
type as ¢o, and Ponaa S a sum of irreducible representations of other types. Set 1y =

G0 and Yo good = Pogood- For mo € Iy, let mogooa € Ly, .4 be the representation
determined by (-, 7o)y, = (*, T0,good) i gooa Vi@ the canonical identification Ay, = Ay, ,oo4-
Then we have

¢¢0 - qzs"#O,good = ¢7T0 - ¢7r0,good'

On the other hand, if we take Ygooa and Tgooa similarly, then (su,T)y = (Su; Tgood)vgo0a-
In particular, the equation (&) holds for mqLXm if and only if (&) holds for maLXmo good-

Proof. By applying Aubert duality to the tempered case, we see that

To = To,bad X 710,good
where Ty paq is the representation of a general linear group corresponding to ¥ paa =
Gopad- Since it is an irreducible parabolic induction, by [Tad2, Proposition 1.3], one can
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describe the Langlands data of my using the ones of 7y go0q similar to Definition G4
It shows that (¢r, — @r 400q) (W, @) is equal to

(Qb%bo - ¢¢o,good)<w7 a) - <¢0,bad S Qb(\]/,bad) <w’ (|ué)|2 ’w(’) >)

for (w, o) € Wg x SLy(C).

On the other hand, note that (-, )y = (-, Tgood)ye.q Via the canonical identification
Ay = Ay,.q- Since s, € Ay is the same as s, € Ay, , via this identification, we
conclude that (sy,T)y = (Su, Tgood) g0~ LNis implies the last assertion. O

N|=

Hereafter, we always assume that ¢ is of good parity, i.e., ¢g = ¢ good-

To show the equation (), we need to know the pairing (s, ), for 7 € II,. Since
V= $ is co-tempered, this pairing is defined such that the statement of Corollary B=4°3
holds. We write down this corollary explicitly.

Lemma 7.1.2. Let ¢ = @;lej XSy, be a tempered L-parameter for G of good parity,

where p; 1s an irreducible representation of Wp. Set ¢ = gg Then for m € Il and
o= € lly, we have

<€(p,1,d),ﬂ'>w . 1 ZdeOIIlOd 2,
(e(p.d,1),0)6 (— 1)l les=eH if d =1 mod 2.

In particular, if d = d mod 2, then we have

(e(p,1,d),m)y _ (e(p,d,1),0)

<€(p,1,d/),7l'>w <€(p7 d,71>70>¢>‘

Proof. If s = e(p,d,1) € A,, then ¢_ = pX S; and ¢, = ¢ — ¢_. By considering the
cases where

e ( is even;
e disodd and |{j|p; = p}| is odd;
e disodd and |{j|p; = p}| is even

separately, we can see that
1 if d =0 mod 2,

(_1)r(¢)—r(¢+)—r(¢—) — L
—(=1)lles=r i d = 1 mod 2.

See Section B3 for the computation of r(¢). Hence the claim follows from Corollary
3. O

We write ¢gr, = par, X Saat1. Then s, = e(par, 1,2+ 1) € Ay if ¢y, is of the same
type as ¢g. We compute (s, m)y for a highly non-tempered summand 7 C Ip(ma).

Lemma 7.1.3. Suppose that g, = paL®Soq11 1S of the same type as ¢g. Set 1y = (EM
with ¢pr = Par ® ¢o. For my = war Wy € 1y, let m1 C Ip(mar) be a highly non-
tempered summand, and let Z(m) X T be its standard module.
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(1) If ¢¢ contains pgr X Sy with d > 2ac + 1, then

<3u: 7T>¢ = <€(PGL, L, d+), Wo)wo,

where dy = min{d > 2a + 1| pa, ® Sy C ¢o}-
(2) Otherwise, if ¢g contains pgr, X Sq with d < 2+ 1, then

<3u7 7T>¢ = <6(pGL7 1a d—)v 7T0>1/J07
where d_ = max{d < 2a+ 1| pgr, ®Sq C ¢o}. Here, when 2 + 1 = 0 mod 2,
we formally understand that per, W Sy C ¢o and (e(par, 1,0), m0)y, = 1.
(3) Otherwise, i.e., if 2a +1 = 1 mod 2 and if ¢pg does not contain pgr, W Sy for
any d > 1, then there are precisely two choices of w, and (s,, ™), can take any
values in {£1} depending on this choice.

Proof. By Aubert duality, it is enough to show certain statements in the tempered case
as follows.

Write Ty = oy = ogr, @ 0¢ € Ily,, and 7 = 0. Recall that if Z(mg) x 75 is the
standard module of 7y, then the standard module of 7 is Z(m) x 7, where

m = mg + 2[a, &]PGL +2[a—1,a— 1]PGL + 0+ 2k, K]PGL
with x € {1, 3} such that & — k € Z. By [AG?, Lemma 2.2], we have
T °Lm)Y x7, m — “L(mg)" X 7,

where L(m) (resp. L(mg)) is the Langlands quotient of Z(m) (resp. Z(my)). Set d =
dim(pgr). For k > 0, we denote by Py (resp. Pao) the standard maximal parabolic
subgroup of G (resp. Gy) with Levi subgroup of the form GLg(F) X G’ (resp. GLgx (F) X
GY).

Suppose that we are in the case (1). If d; = 2a + 1, then 0 = Ip(oyy) is irreducible
and (e(pgL,20+ 1,1),0)s = (e(par,d+,1),00)4,- If dy > 2a+ 1, then by Theorem
C33, we have

Y a+lyk
Sy (70) 2 (parl - 1“5 ) x -+ x (pan - [*H)* @ (nonzero) = 0
in the appropriate Grothendieck group with & being the multiplicity of pgr, X Sy, in ¢,
and [ = % — a. By a property of Aubert duality ([Au, Théoreme 1.7 (2)]), Tadié’s
formula ([Tadl, Theorems 5.4, 6.5], [Ban, Theorem 7.3]) and Casselman’s criterion
([Kon2, Lemma 2.4]), we see that

c v St —(a+1)\k
Jacdez,o( L(mo) ) > (pGL‘ ’ | 2 ) X X (PGL| ' | ) ® (DOHZGI“O) > 07
where Rgyo is a suitable standard maximal parabolic subgroup of a general linear
group. Then by the definition of m together with [[LMi, Theorem 5.11], we have

dy—1
Jacr, (‘LM)Y) = (par| - |77 )F -+ x (par| - [7*)*F © (nomzero) > 0

with analogous notations. This implies that

dp—1

JaCPdkl(J) > (pGL’ ’ ‘ 2

*x o x (par] - |*TH* @ (nonzero) > 0
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in the appropriate Grothendieck group. By Theorem (CZ373, this happens exactly when

(e(par, 20+ 1,1),0)4 = (e(par, dy, 1), 00) -
By a similar argument, if we are in the cases (2) or (3), we have

d_+1
Jacp,, (o) > (paL] - |*)? x -+ x (par| - |2 )* ® (nonzero) > 0

in the appropriate Grothendieck group with [ = o — d*T Here, in the case (3), we set

d_ = 1. By Theorem CZ33, this occurs exactly when we are in the case (3), or

{e(par, 200+ 1,1),0)¢ = {e(par; d—, 1), 00)g,-
Hence we obtain (1)-(3) by Lemma T2 O

7.2. Strategy of the proof. We will prove (&) in Corollary 652 for my; = mqr, Kmy €
IT,,, with ¥y = $M a co-tempered A-parameter. Notice that the left-hand side of
(m) involves the L-parameter ¢, of mp. In general, it is very difficult to list ¢, for
7o € Ily,. Instead of computing ¢, explicitly, we will give an inductive argument as
follows.

The initial case is where 7y is almost supercuspidal, which is defined as follows.

Definition 7.2.1. We say that an irreducible representation my of G is almost super-
cuspidal if the following condition holds for every maximal parabolic subgroup Py of Gy.
If Jacp, (mo) contains an irreducible subquotient of the form p®o with p a supercuspidal
representation of GLgx(FE), then p is unitary.

The assumption that 7 is almost supercuspidal implies the following strong proper-
ties.

Lemma 7.2.2. Let ¢y = 50 be a co-tempered A-parameter of good parity for a classical
group Gy. Suppose that my € 11, is almost supercuspidal.

(1) The following conditions hold:
o [f we denote the multiplicity of p® Sy in ¢g by my,(p, d), then my,(p,d) <1
for any d > 2;
o if pIXI Sy C ¢g with d > 2, then pX Sy o C ¢g and

<6(p, 17 d)v 7T0>1110 = —<€(p, 17 d— 2)? 7T0>1/)0;
o if pK Sy C ¢y, then
<€(P, 1,2),7T0>¢0 =—1

(2) Let{p},...,p.} be the set of irreducible bounded representations of Wg appearing
n Qg with even multiplicity, and set

2y; + 1 =max{d > 1| p; X S; C ¢}
Then the L-parameter ¢, of my is given by

¢o—@ﬂz (51 @ Say41) @@Pz |%@|'|_%)@Syi+1.
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Suppose that ¢ar, = par X Sans1 1S of the same type as ¢g, and that 2a + 1 =
1 mod 2. Set myy = wgL Wy and let @1 C Ip(my) be a highly non-tempered
summand. We denote by Z(m) x 7 the standard module of w. Then

<€(PGL, 1, 1)77>¢T = <6(PGL7 1,d0)=7T>w=

where 1) = $ is the A-parameter for G given by the dual of ¢ = parL ® o ® Py,
and dy = max{d > 1| peL, ¥ Sy C ¢}.

(1) Recall that 7y is tempered since it is in II,,. Since mp is almost su-
percuspidal, so is mg. Hence by Corollary CZ33, we obtain several properties
of mg,(p,d) and (-, 7p)p,. Then Lemma [CTA implies the desired properties of

<'7 7TO>1/10'
As in [AM, Proposition 5.4], Aubert duality together with Theorem CZ33 and
Remark C=34@ shows that if we write y; > --- >y, > 0=y;41 = --- = ¥,, then

the standard module of 7 is

Z([0, y1] gy + -+ + [0, 91] ) X 70
where 79 € I, with

=¢o — EB p; B (51D Szy,41)

and

(e(pod. 1), 7). — —(e(p.d; 1), 70)g, it p€{p1,.... 0}
Pr 20 T0)6n {e(p,d, 1), 70) s, otherwise.

Here, we notice that [AM, Proposition 5.4] does not use Moeglin’s construction
of A-packets. From this, we obtain the description for ¢, in (2).
If # C Ip(myr) is a highly non-tempered summand, by Theorems CZ33 and
34, we see that

T (parl - [*)? x - x (par| - 1) % 7,
where 7' € Iy with ¢ = ¢y @ p&z, and (-, 7') is determined by

<'7 m >¢’|A¢O - <'7 7T0>¢07
(e(par, 1,1), %) = (e(par, dy, 1), 7)o

with df, = min{d > 1| pgr K Sq C ¢}. Hence 7’ is almost supercuspidal, and if
we denote by Z(m') x 7 its standard module, then m = w' + 2([a, & o, + -+ +
[1,1],.) and 7" = 7. In particular, by assertion (2), we have

< (pGLa 17 1) > / if m¢/(pGL) = 0 mod 2,
e(par, 1, 1), ")y if my (per) = 1 mod 2,

PGL

(e(paL, 1,1),7)g, = {<

where my (per) is the multiplicity of pgr, of ¢'.



112 H. ATOBE, W. T. GAN, A. ICHINO, T. KALETHA, A. MINGUEZ, S. W. SHIN

If par, Sy & ¢ for any d > 1, then by Lemma T2 together with df, = do,
we have

<€(PGL; 1, 1)7 T>¢T - _<e(pGL7 17 1)7 ﬁj>¢>’ - _<e<pGL7 di)? 1)7 fr)(ﬁ - <€(pGL7 L, dO)? 7T>¢'
From now we assume that pgr, XSy C ¢ for some d > 1. Then by assertion (1),
we have pgr, X (S1 4+ S5+ -+ -+ S4,) C ¢o, and me, (peL X Sy) = 1 for 3 < d < d,
with d odd. If we write m = mg,(par), then my (par,) = m + 2, and by Lemma
[T together with d, =1,
<€(pGL7 L, 1)7 T>¢>T = <_1)m71<€(pGLa L 1)> 7ATI>¢/
= (=)™ He(par, 1,1), )y

dp—1
- <_1)m_1 ’ (_1)07+m_1<6(PGL7 17 1)7 7T>1ZJ
= <e(pGL> L d0)> 7T>¢'
This completes the proof of Lemma 22 0

By this lemma, we can compute all terms of (=) when 7 is almost supercuspidal.
The details are given in Section [3.

For the general case, suppose that 7 is not almost supercuspidal. Then we will find a
classical group Gy with rank(Gf) < rank(Gy), an A-parameter vy for Gy, and 7, € Iy,
such that the difference

¢7r0 - ¢7r6
is explicitly known (although we might not know ¢, nor ¢, themselves). By the
induction hypothesis, we can assume (ILIRI), equivalently equation (=), for 7, = mgp, X
7. Therefore, what we have to check is the equation

(**) ( ’}/A(Sa CwGL ® wme) ) (fyA(SachL & wé)azbE) )1
P)/A<57 CwGL ® d)Tro? wE) ’YA(Sa chL ® ¢7r67 wE)

where m C Ip(my) and 7’ C Ip/(7),,) are highly non-tempered summands.
To give 7, we consider Jacquet modules of the tempered representation 7.

_ <Su,7T>¢,
<Su, 7T/>1/)”

Lemma 7.2.3. Let ¢y = 50 be a co-tempered A-parameter of good parity for a classical
group Gy. Suppose that my € 1Ly, is not almost supercuspidal. Then one can find an
irreducible conjugate-self-dual representation py of Wg and positive half-integers x <y
with * = y mod Z such that

(].) £1 X (SQQH_l D 523;4_3 ®---P SQy+1) C ¢0;

(2) if we denote the multiplicity of p ™ Sy in ¢o by me,(p,d), then

1 if x <1 <y,
1) —

fori e (1/2)Z with i = x mod Z;
(3) (e(p1,1,2i4+1),m0)y, = —(e(p1,1,2i —1),m0)y, forx <i <y withi=x mod Z;
(4) one of the following holds:
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(a) p1X¥Sa,—1 & @0, or p1XSs,_1 C ¢g and (e(p1, 1, 22+1),m0)y, = (e(p1,1,22—
1)777-0)1/}0;'

(b) p1 ® Sop1 C o, (ep1,1,22 + 1), m0)y, = —(e(p1,1,22 — 1),mp)y, and
m = meg,(p1,2x + 1) > 1 is odd;

(¢) pr ® Sop1 C o, (ep1, 1,20 + 1), m0)y, = —(e(p1,1,2x — 1),m)y, and

m = me,(p1,2x + 1) > 1 is even.

Proof. Since my is not almost supercuspidal, in the appropriate Grothendieck group,
Jacp(my) contains a representation of the form p;|- |~ @7, for some parabolic subgroup
P, some irreducible bounded representation p; of Wg and x > 0. Since ¢, is of good
parity, p; must be conjugate-self-dual. Fix such a p;, and take the maximal x with this
condition. Then by Theorems CZ33 and C=34, we have p; K So,.1 C ¢9. Moreover, if
we set

2y—|— 1= max{d]pl X Sd C ¢0},
the same theorems together with Lemma T2 imply the desired conditions (1)—(4). O

We will treat the cases (a), (b) and (c¢) in Sections [4, [(3 and [[8, respectively. In
the cases (a) and (b), the new A-parameter ¢y is also co-tempered. However, in the
case (c), 1 is no longer co-tempered, and it is more difficult to compute (s,,7")y .
This is where Corollary B573 will be used, and where we have to separate (A=LIRI) and

7.3. The initial case. Let v, = (ZM be a co-tempered A-parameter for M, where
dm = ¢ar, @ ¢o. Fix mp € Ily,. In this subsection, we assume that 7y € II,, is almost
supercuspidal (see Definition ["ZT). Write

t
oL = paL ® Sai1, b0 = @D pi R Sap, 11,
i=1
where p; is an irreducible conjugate-self-dual representation of Wg. As in Lemma [,
write {p),...,p.} for the subset of {p1,...,p:} consisting of p;’s which appear in ¢
with even multiplicities, and set 2y; + 1 = max{d > 1| p X S; C ¢o}.
Let us check the equation (=) for 7. By Lemma 22 (2), the left-hand side of (®) is

Ya(s, CQEGL ® o, ¥r) T (s, ber ® ( X (S1 @ Sayi+1)), V)
V4(8, “bar ® ¢o,VE) i3 VA(S, beL ® (|- |F @] |7 %) B Sy),v0) | _,

In the rest of this section, we write [[__.,., for the product with respect to a =
—a,—a+1,...,a (even if a € (1/2)Z\ Z). First, we compute the quotient involving
pi. To simplify the notation, we drop the subscript ¢. Then by the formulas for local
factors in Section AT, we have

va(5,par ® (o B (S @ Sayi1)), )
ya(s,%bar @ (/|- 1F @ |- |7%) B Sy), vp)
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_ H Ya(s, (“parL @ p')| - |* B (S1 @ Sayt1), VE) _
—a<a<a Yals, (paL @ p)(| - "2 @ |- o7 K Sy+1,VE)

On the other hand, using the notations and the formulas for local factors in Section
AT, we have

va(s, CQZGL & (750, YE)
Ya($, L ® o, Vi)

_H H Ya(s, PGL| “@ (pi] - [P dpi| - |75),¢p)
s, (¢ PGL’ |a ® Pz) X S2ﬁz+1>¢E)

=1 —a<a<la

—(A—s—p—a)\ s, Ce(s+p+a+b+1)
H 11 1T e 11 Co(s+pu+a+tb)

i=1 —a<a<a peX(¢pgL®pi) —Bi<b<B;—1

H H H (—q;(%*s*“*@)m Ce(s+p+a+B)

a<a<a peX (¢prL®pi) Ce(s +p+a—f)
— H H H (_q;(%—S—#—a))zﬁi EE(S +u—a 1L ﬁz:).
=1 —a<a<a peX (cparop:) p(s+u+a—05)
Lemma 7.3.1. For u € C/2n\/—1(logqr)™'Z and a, 3 € (1/2)Z, set

_(_ —(3=s—p—a) 25CE(S +p—a+ )
f#vaﬂ(s)_( 4E ) CE<S+M_'_CL_B)'

(1) If Re() =0 and p # —p, then
Fina(5)fnap ()l = a7

(2) Let po € C/2nv/—1(log qr)~'Z be the unique nonzero element such that py =
—o- Then

fu0,,8(8) 4o = q%(26_1)~
(3) If u =0, then
Foap(9)],—o = {<—1>2ﬂq%25‘” fa=5
0,0, = (26— .
(1) gy > ifa £ B.
Proof. If Re(p) =0 and p # —p, then

2(1— 2a)51 —qE“ “q - Hﬁ
fra,8(8) f=1a,8(8)] =g = a2 1_ qua s ,LL+CL B

—2(1—2a)8

—a —a 2a(28—-1

—4g E
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Similarly, if © = po, then ¢z"° = —1 so that

Fe )] = et LT s
" - 1+ gy "

Finally, suppose that = 0. If a # 3, then
28 —(1— 2a)8 1 — q_a+ﬂ 28+1 a(28-1)
Joap(8)l oo = (=1)"qg — 5 =D g
1-— qE
On the other hand, if a = 5, then

1— =8

—(1-25—2a)a q

ool = (gL
1—qp

This completes the proof. O

= (=1,

s=0

We have proven that

'YA(SacC/b\GL ® ¢A507¢E)
7A(87C¢GL & ¢07¢E) 5=

Note that for p € X (°par, ® p;), if p 7£ — i, then —p appears in X (°pgr, ® p;) with the
same multiplicity as p. Since []_ a<a<a qE(zﬁ - 1, by Lemma =31, only p = 0 can
contribute. Note that 0 € X (‘pgr ® p;) if and only if p; = pd; = per. In this case, 0

appears in X (‘pgL ® p;) with multiplicity one. Hence

Ya($, “paL ® oo, VE) l l I I Foas ()]
=~ - , 4, P4 s=0"
Ya(8, ¢PpaL @ ¢o, Vi) =0  1<i<t —a<a<a
Pi=pGL

t

1T II II feas®)lo-

1=1 —a<a<a peX (¢pgL®p;)

and by Lemma =371, we have

I foes()lm= (—1)FFVEEHD=L i 5 < @, f = amod Z,
0,a,8; s=0 (_1)(2O¢+1)(2Bi+1) otherwise.

—a<a<a

Suppose first that ¢, = par X Saq41 is not of the same type as ¢g. Then if p; = par,
then f; # a mod Z so that (2o + 1)(25; + 1) € 2Z. Hence

VA(&CQEGL & 507%5)
7A(57C¢GL X ¢07¢E>

— H (_1)(2a+1)(261+1) —1.

s=0 1<i<t
Pi=PGL

Since (s, )y = 1 in this case, we obtain the equation (®). In the rest of this subsection,
we assume that ¢ar, = par W Saar1 is of the same type as ¢g so that 8; = o mod Z if

Pi = PGL-
Suppose that 2a + 1 is even. Then we conclude that

Y4, “Par, ® do. Vp)
Ya(s, “daL ® o, ¥E) | _,

— (_1)\{i|pi%pGL,Bi§a}|_
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If par, & .S2a11 C @, then

® OGL X (SQ @D S4 D---D 82a+1) C (bOa and
o My, (paL B Ss,) =1 and (e(par, 1,22), mo)y, = (—1)" for 1 <z < ar+ 3.

In particular,
(5 m)y = (e(par, 1,20+ 1), 7o) g, = (—1)°F7 = (= 1)l wpan iz,
On the other hand, if pgr, M Sont1 € o, then setting d_ = max{d > 0| par. ®.Sy C ¢o},
we have
(s0:7m)e = (el 1), by, = (~1)F = (~1)1even sl

Therefore, we obtain the equation (=) when 2« + 1 is even.
Next, we suppose that 2a+ 1 is odd. If pa, ¥ Sy & ¢¢ for any d > 1, then both sides
of (=) are equal to 1. Hence we assume that pgr, XSy C ¢¢ for some d > 1. Set

do = max{d > 1| pc, ¥ Sy C ¢},

and write dy = 206y + 1. If @ > fo, then since (s,,m)y = (e(pcr,1,do), m0)y, =
(e(pcr,1,1),7)4., we have

’YA(S>C¢A5GL ® $07¢E)
Ya($, “Pcr @ ¢o, Vi)

(Su, T)y

p— 1 p— .
<€(pGL7 17 1)’ 7—>¢‘r

s=0

If o < 3y, then
va(s,*bar ® o, ¥r)
va(5,cPar ® ¢o, ¥r)
On the other hand, we note that

® OGL X (Sl 7] 53 DD SQB(H—I) C ¢07 and
o (e(paL, L2z +1),m)y, = —(e(p, 1,20 — 1), mg)y, for 1 <z < .

Hence

— (-1
s=0

<€(p7]‘7]‘)77—>¢7 <e(pGL71>2/60+ 1)>7T0>¢0
Therefore, we obtain the equation (&) when 2 + 1 is odd. This completes the proof of
(m) when 7y € II, is almost supercuspidal.

<Su,7T>w - <€(pGL71>2a+ 1)>7T0>1110 _ (_1)50—06.

7.4. The inductive case (a). Let ¢ be a tempered L-parameter for G of good parity,

and set 1)y = ¢o. Fix mp € II,,. In this subsection, we assume the conditions (1)—(3)
and (4a) in Lemma [C273.
In this case, by applying Theorem CZ373 repeatedly, we see that

A([z,ylp,) x (pa] - )™ > g = mo,
where m = mg,(p1,22 + 1) > 0, and m; € Il is characterized such that

® Y = 9/56 is a co-tempered A-parameter with
¢y = o — p1 B (ST ® Sayi1) © pr W ST 5
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e the character (-, )y, is given by

<€(p1,1,2i+1)77r0>¢0 if p=p,z<i <y,

1,20 — 1), m) gy =
(e(p,1,2i — 1), 7))y {<€(p,1,2i—1)77T0>wo otherwise.

Moreover, the L-parameters ¢, and ¢, are related by
zt+y _zty x —z m—
Oro = bm @ p1(|- |7 @172 )RSy w1 @ (|- [" @[ R ST

Set ¢, = paL W Sony1 and Ygr, = aGL. We denote the irreducible representation
of GLg(FE) corresponding to ¥qr, by mgr. Taking a suitable classical group G’ (with
rank(G’) < rank(G)) and its maximal parabolic subgroup P’ = M’'N’, write ¢, =
Yo @ ). By the induction hypothesis, we assume that the equation (=) holds for
a highly non-tempered representation 7' C Ip/(7),) with 7, = mqL W mj. Take a
highly non-tempered representation m C Ip(m) such that the tempered part 7 of the
Langlands data of 7 coincides with the one for 7’.

By Lemma [CT73, we see that

(Su,W>¢ {—1 if pa,. = p1, v < a<y,a=x modZ,

(su, )y |1 otherwise.

We will check the left-hand side of (=) is equal to the right-hand side of this equation.
Since ya(s, ¢, ¥ g) is multiplicative, we have

( Ya(s, “YaL @ o, YE) > < Ya(s, “Yar, @ Y, VE) >_1
Ya(S; “Yar @ Prg, ¥E) ) \Va(S, VoL @ ¢rs, VE)

~yals, oL ® (p1 BS1 B Sae41), ¥VE)"™ va(s, “ar ® (p1 BS1 B Soy41), ¥p)
B Ya(s, “har, ® (p1 B ST W Sop_1), )™

oty - c ¢ —(m—
x H Ya(s, “Par ® pr| - |77 B Sy a1, ¥m)  vals, “Yar ® p| - [, 90g) Y
ec{£1}

= H H va(s, “par| - |* @ p1] - |ba¢E)m_l

—a<a<la —r<b<lz

x 11 II ~atsparl-1*@pl - 4m)

—a<a<a —y<b<ly

< T TI atscal-I"@pnl-Pows)™

—a<ala —x+1<b<z—1

c a 6i —
x H H Ya(s, “parl - [* ® pi - | 2 X Sy—wt1,¥m) "

—a<aloec{£1}

< T 11 vals:perl - 1" @ pil - 1, 00) "V

—a<alaec{£1}
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_ H H —(1 2s—2u—2a)(y—=x) H <E<S+M+a+b+ ].)

peX (paL®p1) —a<ala —y<b< r—1 CE(S + 1% +a+ b)
:L‘<b<y 1
- I 1 « —(1-2s-2p-20)(y- x)CE(8+u+a—x)CEs+,u+a+y

s+pu+a—y)lp(s+p+a+zx

pEX (cpaL®p1) —alala

( )
Ce( y) Ca( )
_ H H —(1 25—2p— 2(1yx)CEES‘I‘M"‘a_CU;CEES‘i‘M_a‘i‘y%

(e(s+pu+a—y) (g(s+pu—a+z

peX (cpaL®p1) —alala
- I 11 “”S
(s)
pEX (¢paL®p1) —a<a<a © DT

As in the previous subsection, Lemma [Z31 implies that only 4 = 0 can contribute to
this product after evaluating at s = 0. Hence it is 1 unless pgr, = p;. Moreover, since

2a(y—x .
foay(s)|  [—ax¥™  ifa=z#yora=y#a,
Joaa(5)li=o qza(y g otherwise

by Lemma =3, we conclude that

( Ya(s, “Yar, ® Yo, VE) ) (’7A<SachL ® ¥, ¥E) )_1
7A(57 chL & ¢7T07 wE) 714(87 CwGL & ¢7r(’)7 wE>
_{—1 if pao = p1, < a<y,a=xmodZ,

1 otherwise,
as desired.
7.5. The inductive case (b). We use the same notation as in the previous subsection.

In this subsection, we assume (1)—(3) and (4b) in Lemma 3.
In this case, by Theorems C=333 and T34 (1), we see that

(pa| - 7)™ mh — o,
where m; € 11y, is characterized such that
° Y = ggg is a co-tempered A-parameter with
$o = do — p1 ST ® pr W ST
® (-, 7))y, = (s T0)y, Via the canonical identification Ay = Ay, .
Moreover, the L-parameters ¢, and ¢, are related by
Sro = by ® (pr(| - [T @[+ ]77) BS1) ™

We take highly non-tempered summands © C Ip(my) and 7' C Ipi(7),,) as in the
previous subsection. By Lemma [ 173, we have (s, 7)y = (sy, 7). On the other hand,
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by the multiplicativity of v-factors, we have

( Ya(s, “Yar ® o, VE) ) ( Ya(s, “YaL ® v, VE) >_1
Ya (8, YL @ Gry, YE) ) \Va(S, VoL @ ¢rs, VE)

m—1

Ya(s, “YarL @ (pr {51 W Sopt1), Vi) . 3 »
, ® p1 - |7,
Ya(s,“Yar, @ (p1 ¥ S X Sap 1), 9p) II vt Yer@ml | vp)

ec{£1}
=1.
Therefore, we conclude that
( Ya(8, “YaL @ o, YE) ) ( Ya(8, “YaL @ vy, YE) >_1 _ (5w my
Ya(8; YL ® Prg, YE) ) \Ya(S, VoL ® ¢rs s YE) (8o, T )y

7.6. The inductive case (c). We continue to consider the inductive case. Let ¢y be

a tempered L-parameter for G of good parity, and set ¢y = 50. Fix m € Ily,. In this
subsection, we assume the conditions (1)—(3) and (4c¢) in Lemma 3.
In this case, by Theorems C2323 and 234 (2), we see that

fto = Z([2,ylp) X (pa] - 1) 7% » g
for some irreducible representation 7. This is no longer tempered, and
A([=(z = 1), 2],,) x 05 — 7,
where oy, is tempered, and its L-parameter is given by

Gop = b0 — pr B (SSIT @ Sayi1) & pr B ST

and
e(p1,2e+1,1), 7 if p=p,x<i<y,
(0.2 — 11).00), {e(p . )A 00 pE P y
0 (e(p,2i — 1,1), T0) g, otherwise.
In particular, 71, belongs to the L-packet associated to the A-parameter

{p\(,) = ¢06 SPNO X 82.7} X 827
and the character (-, 7() 7, Is given by

{(e(pl,%%—l,l),ﬁo)% if par, &2 p1, v <i <y,

2i—1,1),70) 5 =
(e(p, 2 ) ),7To>¢ <e(p1721_1’1)7ﬁ0>% otherwise,

0
~/ _
(e(pl,Qa:,Z),ﬂO)% =1
Now m € I, where ¢ is defined such that v (w, g1, g2) = z%(w, 92, 91). Hence
7% = w[) — P & Sl IX (Sg?[:l_Il Q) 52y+1) @D P1 IE Sl X’ S%nz;2 () P1 IE SQ X’ ng.

We take m C Ip(my) and 7" C Ip/(7,,) as in the previous subsections. By Hypothesis
BT, we know the local intertwining relation for ¢y, = g @ . However, it is
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(A=LIRI). As explained in Lemma ITO2, we need the following to deduce our (ILIRI)
for 7" C Ip/(mhyy).

Lemma 7.6.1. Let 1y be as above. For my, € Il ,, the induced representation
Ipi(myp) is multiplicity-free. Moreover, for why,, i, € Iy, ,, if Ip/(7y) and Ip(my,)
have a common irreducible summand, then 7\, = 77,.

Proof. This is a special case of Moeglin’s multiplicity one theorem (see [X2, Theorem
8.12]). However, her proof relies on (ECERI) and (ETCR2) for all classical groups, and
hence we cannot use this result.

We shall give another proof. By taking Aubert duality, it is enough to show that
Ip/(7h;) is multiplicity-free, where 7, = g XK@ is the Aubert dual of 7, = w7,
Recall that 7qy, is tempered and

A(l=(z = 1), 2]p,) x 05 = 7

with of, tempered. By Casselman’s criterion ([Kon2, Lemma 2.4]), we see that all
irreducible constituents of A([—(z — 1),z],,) % o; other than 7, are tempered. Since
el X A([—(x —1),2],,) =2 A([—(z — 1), z],) X 7eL by [4, Theorem 9.7], we have
A([=(z = 1), 2lp)) X ftaL X 05 = Lpr(Typ).
Since Tgr, X0y, is a multiplicity-free sum of irreducible tempered representations, A([—(z—
1),x],) X Tar % 0y is a sum of standard modules of the form A([—(z —1),x],,) x =
for tempered representations m; which are not isomorphic to each other. Therefore,
Ip(7),) is a semisimple quotient of a sum of distinct standard modules, and hence
Ip(7),) is multiplicity-free.

Similarly, write 7}, = 7qr, ¥ 7 and A([—(x — 1),x],,) X o — 7. Suppose that
e 2 7. Then o) 2 of. Since tempered L-packets are multiplicity-free ([Ar2,
Theorem 1.5.1], [Mok, Theorem 2.5.1]), we see that gL % of, and gy, x of have no
common irreducible summand. Hence Ip/(7),,) and Ip/(7),) are semisimple quotients
of sums of standard modules which have no common standard module. Therefore,
Ipi(7),) and Ip (7)) have no common irreducible summand. O

Set
V= taL &Y @ g, € V(E),
where G’ is a classical group such that rank(G’) < rank(G). Using Corollary B53, we
compare (s, m), with (s, 7).

Lemma 7.6.2. Write ¢, = par, X Saar1 and gy, = (ZGL. If Yqr, 1s of the same type
as gy, then we have

(SusT)y Ya(s, “Yar @ (p1 W So X So, ), ¥p)

(Sus™)yr— va(8,“UarL @ (p1 B St K (Sopm1 @ Saz11))s VE) | 4o
{—1 if paL = p1, v < a<y,a=xmodZ,
X

1 otherwise.

Otherwise, (Su,T)yp = (Su, ™)y = 1.
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Proof. Since ¢ = 12 is tempered, we can apply Corollary BZ473 and get

<3Aw7f>w = (—1)r@=7(6)=r(o-),
<SU7 7T>¢>

Note that ¢ satisfies the assumption of Corollary E533. Since dim(qZ’ ) < dim(¢), we

can use (ECRI) and (ECR2) for ¢/, and hence we can apply Corollary BZ53 to 1.

Since ¥gr, = ng5GL = ¢4, we have
<3m 7T/>zz;' _ (_1)7”(1;')*7“(%)*’“@1) VA(S, “Par, ® (Pl XS X (5235—1 @ 521+1))a ¢E>
<‘§;L7 7AT/>12;\’ 714(57 CszL & (Pl X S2 X SQ:v)7 wE) s=0
By similar arguments to the proofs of Lemmas [T and [Z1-3, we have

(—=1)r@=r(@0)=r(¢=) = (_1)r@)—r@)-r(@L)

and .
(SusT)o {_1 if par E p1, v < a<y,a=xmodZ,
(50,7 />1Z’ 1 otherwise.
Putting together, we obtain the assertion. 0
Since

A([‘T’y]pl) X (,01| ’ |$)m_2 X 7T6 — 7o,
the L-parameters ¢r, and ¢, are related by
zt+y _zty x —z m—
Ong = by (|- 177 @72 )RSy o1 @ (a7 @ |- [77) RS2
Now, what we have to show is that

(Sus Ty ( Ya(s, “Yar, @ o, VE) > < Y4 (S, “YarL @ Y, Vi) >_1
<SU7 7T/>¢/ ’714(87 Cl/)GL ® ¢7r07 ¢E> '714(57 C77DGL X ¢7r67 ¢E)

5=0
Since
( Ya(s, “YaL @ Yo, ¥) ) ( Ya(s, “YaL ® v, YE) >_1
Va(s, “Yar ® bny, Vi) ) \7a(S, Va1 @ ¢y, VE)
_ Ya(s, “Yar @ (p1 B .S B Sopi1), ¥E)™ tya(s, “Yar, @ (p1 K S1 B Sayi1), )
Ya(s, “Yar @ (p1 BS1 B Sop1), ¥E)™274(S, “Yar @ (p1 XS5 K Sa,), ¢E)

c s - c €T —(m—
X H Ya(s, “YorL ® p1| - | = X Sy—at1,U8) " a(S, YL @ pr| - |, Pi) (m=2),
ec{£1}

it is equivalent to checking that

Ya(s, “Yar, @ (p1 B ST B Sopi1), ¥E)™ 2y4(s, “Yar, @ (p1 K Sy B Soyi1), k)
va(s, gL @ (p1 W ST X Soy— 1), g)™!

zty - C €T —(m—
X H Yals, oL ® pr] - |2 By 0i1,9m) yals, Yo @ prl - [, ¢hg) 0"

ec{£1} s=0
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{—1 it paL. =2 p1, v < a<y,a =z modZ,

1 otherwise.
Let us check this equation. We have

Ya(s, “YarL @ (p1 B ST B Sapi1), YE)™ 27a(s, “Yar, @ (p1 B S1 K Soyi1), VE)
Ya(s, “YaL @ (p1 Sy B Sopq), )™t

4y — c €x —(m—=
X H va(s, Yo @ pr| - |7 X Sy—ar1,VE) " yals, Yar @ p - |, E) ")
ec{£1}

H H va(s, “par| - |* @ p1| - |bﬂ/}E)m_2

—a<ala —z<b<lz

H H Ya(s, parl - 1* @ p1| - [, ¥p)

—a<a<a —y<b<y

H H va(s, ‘par| - |* @ p1] - |a¢ )~ (m=1)

—a<ala —x+1<b<z—1

C a i
< T TI valsparl-1*@pil- 172" B Sy pir,v0e) ™"

—a<a<aec{xl}

T T vatspcil- " @ pil - 1=, )02

—a<aloec{£1}

= H H va(s, ‘par] - |* @ p1] - !b,%;)

—asala —y<b<y

H H va(s: parl - |* @ pul - [*,00m) ™!

—a<ala —z+1<b<z—1

ety _
X H H 'YA(SycPGL| : |a ®p1| : | e X Sy—x+1,¢E) !

—asa<aec{£l}

_ H H 125 2u—2a)(y—) H (e(s+p+a+b+1)

peX (¢paLMp1) —asa<a —y<b<—z—1
m<bo<ry 1
_ H H 1 25—2p—2a)(y— xCE(5+H+a_$)CE(3+M—CL+y>

peX (cpaLipr) —a<a<a QE(S‘{‘PJ‘FG—ZJ) CE(3+M—CL+ZL‘)

- 01 I el

S
peX (¢paL®pr) —a<a<a 7 HDT

By the same argument as in previous subsections, this is equal to

—1 if paL = p1, v < a<y,a=xmodZ,
1 otherwise
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after evaluating at s = 0. This completes the case (c), and the proof of Theorem [T0H

(2).
APPENDIX A. LOCAL FACTORS

In this appendix, we recall some facts about local factors. In particular, we shall show
that the local Langlands correspondence for classical groups Gq identifies the standard
Shahidi local factors for irreducible generic representations of GLg(E) x Gy with the
tensor product Artin local factors of the corresponding L-parameters. This result was
used in Lemma 2272, which is for the first main theorem (Theorem [C&T). We also give
a proof of Proposition [Z72.

A.1. Formulas for Artin local factors. We use the notation in Section [l Assume
that F is non-archimedean, and write qg for the cardinality of the residue field of F.
Let Ig be the inertia subgroup of the Weil group Wg. For a representation (¢, V') of
Wg, we write
¢ ={v e V|p(w)h =v, Yw € I}
This is a subrepresentation of ¢. Moreover, any irreducible component of ¢’# is unram-
ified so that there is a finite multi-set

X(¢) c C/2nv/—1(logqp) ' Z

e . B

HEX(¢)

such that

Note that

o X(¢|-[g) ={n+so|peX(@}

e if (W) is bounded, then Re(u) = 0 for any p € X (¢);

e if ¢ is conjugate-self-dual, then X (¢) is invariant under p — —p.
We denote by o € C/27v/—1(log qg) 'Z the unique nonzero element such that py =
—po. It satisfies that ¢ = —1.

We recall the formulas for the local factors. Let ¢ be a representation of Wg x SLy(C),
and decompose it as
6= P daX S,
d>1

with ¢ a representation of Wg. Let (r(s) = (1 — ¢z°)~' be the local zeta function
associated to E. Then there are constants e(¢4) € C* and ¢(¢q) = ¢(¢a, ¥r) € Z such

that
Lis,o) =] 1] ¢» <8+M+u)
b 2 )
d>1 peX(¢a)

c(s.0,0) = [T (0w )" T (af )

d>1 neX (¢a)
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In particular, we have

Va(8, 0, ¢E) = (s, ¢, wm%
- gy Lo Co(s £+ 441)
}:Il ( ) pelx_(lqsd)( e ) CE(8+M+d%1)'

Moreover, L(s, ¢|-|*°) = L(s+ so, ¢) and £(s, ¢| - |*°, ¥ r) = (s + so, ¢, ?¥g) hold. Hence

we have c(6y] - [*) = e(6u) and (0] - ) = £(@a)ap "
When [E : F] = 2, we denote by “p the conjugate of ¢. We note that X (“¢) = X(¢)
and ¢(°¢) = ¢(¢) for any representation ¢ of Wrg.

Lemma A.1.1. Suppose that [E : F| = 2. Let ¢, be a non-trivial additive character of
E which is trivial on F. If ¢ be a conjugate-orthogonal representation of Wg x SLy(C),
then we have

V(8,6 ¥p) = 7a(s, ), V).
Proof. Since X (“¢) = X(¢), we have L(s,°¢) = L(s, ). On the other hand, since
e(s, 0", ¥p)e(l — 5,6, ¥p) = det ¢*(—1) = det (1),
by using ‘¢ = ¢", we see that
(5,50, 0h) _ (5,0, 0p)e(l — 5,0, 0) _ deto(—1)
e(s,0,0p)  e(s.0,Up)e(l—s5,0,4%)  e(5.0,¢%)*

Since ¢ is conjugate-orthogonal, its determinant det ¢ is a character of E*/F*. Hence
det ¢(—1) = 1. In addition, by [GGP, Proposition 5.1 (2)], we know that e(3, ¢, ¥j;)? =
1. Therefore, we have v4(s, ¢, V%) = va(s, P, V). O

Proposition A.1.2. Suppose that [E : F] = 2. Let ¢1 and ¢o be two conjugate-
orthogonal representations of Wg x SLy(C). If det ¢ = det ¢, then we have

IYA(Sv le, 77ZJE) _ IYA(S> Cgbh 77/}15)
IVA(Sv ¢27 ¢E> ’YA(S7 C¢27 ¢E) '

Proof. For a € E*, define an additive character ayp of F by (apg)(x) = Yg(ax). Then

dim(¢;)(s—3

6(‘97 ¢i7 G¢E> = det<¢l)< )| ’E ( ¢17 beE)
holds. Hence we may replace ¢¥g by any non-trivial additive character ¢ of E. If we
use 1% such that ¢/;|r = 1, then the assertion follows from the previous lemma. O

A.2. Comparison of y-factors. Now we drop the assumption that E is non-archimedean.
Let G° be a connected quasi-split classical group. Fix a Whittaker datum to for G°.
Let P° = M°Np be a maximal parabolic subgroup of G° so that M° = GLi(E) x G§.
Consider irreducible to-generic representations 7 and o of GLi(E) and G§, respectively.
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(By abuse of language, we say that 7 or ¢ is tw-generic if it is generic with respect to
the Whittaker datum induced by tv.) We denote by
L1 — 5,7V x a)
L3 (s, 7 X o)

the associated v-factor of Shahidi [ShaZ]. On the other hand, let ¢, and ¢, be the
L-parameters associated to 7 and o, respectively, and define the Artin y-factor over F
associated to ¢, ® ¢, by

L(1—s,¢/ ®¢,)

18,67 ® o) = (5,6, @ b V)~

Here, we assume the local classification theorem for G by the induction hypothesis, so
that there is a commutative diagram

Irr(GY) — O(GY)

l l

Irr(GLy, (E)) —— ®(GLy,(E))

where the horizontal arrows are the local Langlands correspondence, the left vertical
arrow is the twisted endoscopic transfer (for tempered representations), and the right
vertical arrow is the natural map. In other words, if 7 is the functorial lift of o to
GLp, (F) (in terms of the twisted endoscopic character relations), then ¢, (regarded as
a representation of Lg) is defined as the L-parameter ¢, of 7. In particular, we have

7(37 ¢Or @ ¢07¢E) = 7(57 Or @ Or, 7vDE>

Proposition A.2.1. For any irreducible vo-generic representation 7 X o of M°, we
have

V(8,7 x 0,0E) = (s, 7 X 0,9p)

(s, X 0,08) = Y(s, br @ ¢g, V).
In particular, if T and o are tempered, then the equalities
Ls, 7 x 0) = L(5,0. ® ¢5), (5,7 X 0,¢p) = (8, 67 ® ¢, Ur)
also hold.
The desired equality of 7-factors in Proposition A2 seems to be well-known to

experts, but we briefly review the argument in Section A4 below. Before it, we give
realizations of our quasi-split groups and splittings.

A.3. Groups and splittings. We denote by E; ; the square matrix (of a certain size)
with 1 at the (4, 7)-th entry and 0 elsewhere. Define an n x n anti-diagonal matrix .J,

by
1
J, = ( ) .
1
For reductive algebraic groups G,T,... over F, we use the corresponding Gothic
letters g,t,... for the associated Lie algebras. We consider the following quasi-split

reductive algebraic group G over F' and the F-splitting spl = (B°,T°,{X,}) of G°.
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Symplectic groups: Suppose that £ = F. Let G = Sp,,(F') be the symplectic
group defined by

/ ! / J”
Span(F) = {9 € GLan(F) |"9J0,9 = J3.},  J3, = (_Jn ) ‘

Take the Borel subgroup B of G consisting of upper triangular matrices and the
maximal torus 7" of G consisting of diagonal matrices. Then the corresponding
positive simple roots are given by o; = e; —e; 1 for 1 <i <n-—1and «,, = 2e,,
where {eq,...,e,} is the standard basis of X*(T'). Take the root vectors given
by Xo, = Eiit1 — Eopiong1—i for 1 <i <n—1and X,, = F, 1.

Odd special orthogonal groups: Suppose that ¥ = F'. For an extension K of
F, let On(K) be the orthogonal group defined by

ON(K) = {g S GLN(K) |thNg = JN}

Take the Borel subgroup B° of SOy (F') consisting of upper triangular matrices
and the maximal torus 7° of SOx(F) consisting of diagonal matrices.

Suppose that N = 2n + 1 and consider G = SOsg,.1(F). Then the corre-
sponding positive simple roots are given by o; = ¢; —e;11 for 1 < ¢ <n—1
and «,, = e,, where {ej,...,e,} is the standard basis of X*(7T"). Take the root
vectors given by X,, = Eiit1 — Eopt1-ionta—; for 1 <i <n.

Even special orthogonal groups: Suppose that £ = F. Let Oy(F) be the
orthogonal group as above. Suppose that N = 2n and consider SO, (F). Then
the corresponding positive simple roots are given by a; = e; —e;11 for 1 < i <
n—1and o, = e, 1 + e,, where {e1,...,e,} is the standard basis of X*(T).

Take the root vectors given by X, = F; j11 — Fay—jont1—i for 1 <i <n—1and

Xo, = Enint1 — Ep yo. For example, if n = 2, then
01 0 1

0 0 1
onn,1 = 0l =1 ) onn - 0

0 0

Now for a (possibly trivial) quadratic character n of F*, we define a form
G = 03 ,(F) as follows. When 7 is trivial, we put O3 (F) = O,,(F) as above.
When 7 is non-trivial, we denote by K the quadratic extension of F' associated
to n by local class field theory. Then we define O3, (F) as the subgroup Oy, (K)
consisting of matrices g such that

1 177,71

_ P— — 01

g=¢€ge , €= 10 )
1,1

where p is the non-trivial element in Gal(K/F'). Note that B° and T° are defined
over F', and Ad(e)(X,,) = X,, for 1 <i<n—2and Ad(e)(X,,_,) = Xa,. In
particular, € fixes the F-splitting spl = (B°,T°,{X,}).
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We remark that any F-splitting of G° is conjugate to the splitting spl’ =
(B°,T°,{X,}), where X = X,, for 1 <i<n—2and
X, 1,0Xa, iftn=1,
x| S
nollnoon (bX., ,,0°X.,) ifn#£1
for some a € F* and b € K*. Then spl’ is fixed by € = ety with
diag(1,-1,a *,a,1,_;) ifn=1,
| diag(Lu_y, b(0?) 107 W, 1,1)  ifnp £ 1
Finally, we notice that g = Lie(G) = Lie(G?).
Unitary groups: Suppose that [F : F] = 2. Let G = U, be the unitary group
defined by
U, ={g9 € GL.(E)|'gJ g =J.}, J)=diag(l,—1,...,(=1)" ") J,.

Take the Borel subgroup B of G consisting of upper triangular matrices and the
maximal torus 7" of G consisting of diagonal matrices. Then the corresponding

positive simple roots are given «o; = e;—e;;1 for 1 <i <n—1, where {ey,...,e,}
is the standard basis of X*(7"). Take the root vectors given by X,, = E; ;1 for
1< <n—1.

A.4. Proof of Proposition BA-21. Now we shall prove Proposition B—21.

Proof of Proposition A—Z1. If 7 and o are tempered, then the L-factors and the e-
factors are uniquely determined by the corresponding ~-factors. Hence the equations
for the L-factors and the e-factors are derived by the one for the v-factors. Moreover,
since ¢, = ¢, as representations of Lg, where 7 is the functorial lift of o, it suffices to
show that
’}/Sh(‘g? T X0, ¢E> = ’7(5: ¢‘r ® ¢7r7 wE>

The equation for the ~-factors easily follows from the characterizing properties of
(s, 7 X 0,1E), proved in [Sha?, Theorem 3.5], which are some of the “Ten Com-
mandments” given in [LR]. For the convenience of the readers, we recall the properties
we need.

(1) (unramified twisting) For sy € C, we have
’ySh(S’ T| det |§J X o, @Z)E) = VSh(S + 80,7 X 0, ¢E)
(2) (dependence on ©r) Let 9% be another non-trivial additive character of F, so

that ¢y (x) = ¢p(azx) for some a € F*, and put ¢y = ¢ otrg/p. Then we have

s 1
(5,7 x 0, 00p) = (@) wr(@)laly s 7 x 0, 0),

where 7 is the trivial character of F'* unless G° is an even special orthogo-
nal group, in which case 71 is the (possibly trivial) quadratic character of F*

associated to the splitting field of G°, w, is the central character of 7, and
Ny = dim(¢,). See Section A7F.

Sh(
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(3) (multiplicativity) Assume that 7 is a subrepresentation of Ip (73 W 7), where Py
is a standard parabolic subgroup of GLg(F) with Levi component GLg, (E) X
GLg,(F), and 7 and 75 are irreducible to-generic representations of GLy, (E)
and GLy, (F), respectively. Then we have

Sh( Sh

Y $,T X0, Z/}E) = 78h<87T1 X 0, wE'> -y <S7T2 X 0, wE)

Similarly, assume that o is a subrepresentation of Ip (79 X 0¢), where Py is
a standard parabolic subgroup of G§ with Levi component GLg, (E) x G§,
and 79 and o( are irreducible to-generic representations of GLg,(F) and G,
respectively. Then we have

Sh( Sh

vy S, T X O-v,éZ)E) = ’7(8’7— X TO)¢E) ' 7(877 X CTS/7¢E) =Y (577— X UO7¢E)~

Here, v(s,T X 19, %) is the Rankin—Selberg y-factor which is equal to the Artin

7—factor ’7(37 ¢7‘ ® ¢TO? 77ZJE)
(4) (unramified factors) Assume that F' is non-archimedean, and 7 and o are spheri-

cal (in the sense that they have nonzero fixed vectors under good special maximal
compact subgroups). Then we have

WSh(Sﬂ— X o, wE) = 7(57 ¢7— ® ¢07 wE>

(5) (archimedean property) Assume that F' is archimedean. Then we have

(6) (global property) Let F' be a number field with ring of adeles A = A, and let
E be either F' or a quadratic field extension of F. Fix a non-trivial additive
character v, of A/F and put ¢, = o try . Let G° be a classical group
defined over F, and let M° = Resy, /pGLE % G be a maximal semi-standard
Levi subgroup of G°. We denote by o the Whittaker datum induced by the F-
splitting of G° and Y. Let 7 and & be irreducible globally to-generic cuspidal
automorphic representations of GLy (A ;) and GS(A), respectively. Then we have

L¥(s, 7 x &) = [[v™"(s. 70 X 60,005,) - L5 (1 = 5,77 x 6"),
veS

where S is a sufficiently large finite set of places of F and L%(s,7 x ¢) =
[To¢s L(s, &7, ® ¢5,) is the partial L-function (for Re(s) sufficiently large).

By (H), we may assume that F' is non-archimedean. By the Langlands classification,
we may write 7 and ¢ as unique irreducible subrepresentations of the duals of standard
modules. Since 7 and o are tv-generic, the inducing data of these standard modules are
also w-generic. (See cf., [AG2, Lemma 2.2].) Hence, by (0), (8), and the definition of
L-parameters, we may assume that 7 and o are tempered. In this case, we may write 7
and o as subrepresentations of parabolic inductions of square-integrable representations.
By the same argument, we may assume that 7 and o are square-integrable.
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First we treat the case when 7 and ¢ are supercuspidal. Choose F,E,G° M°, Yy as
in (B) such that F,, = F, E,, = E, Ggo = G°, M;’O = M° for some finite place vy of F.
Note that it is not always possible to find ¢y such that ¢, = ¢r. By the Poincaré
series argument [Hel, Appendice 1], [ShaZ, Proposition 5.1], we can find 7 and ¢ as
in (B) such that 7,, = 7 and ¢,, = o, and such that 7, and &, are spherical for all
finite places v # vy. Moreover, by [CKPSST, CKPSS?|, [KK1, KK?] and [CPSS], the
functorial lift © of & is cuspidal. In other words, by the global classification theorem
for G8 (which we assume by the induction hypothesis), the global A-parameter of ¢ is
generic and 7, is the functorial lift of &, for all places v. Then the global functional
equation says that

L3(s, 7 x i) = [ [ (s, 70 x 700, 00p,) - LS(1 = 5,77 x #Y),
veS
where S is a sufficiently large finite set of places of ', L% (s, 7 x ) = [Togs L(s, 2, ®@¢x,)
is the partial L-function (for Re(s) sufficiently large), and (s, 7, x 7,,%5,) is the
Rankin-Selberg y-factor. Since L°(s,7 x ) = L%(s, 7 x ¢) and (s, 7, X Ty, 0y ,) =
v(s, b2, ® b,V 5,,) (which is a desideratum of the local Langlands correspondence for
general linear groups), we may write this equality as

LS(877‘- X U) = HV(Sv gb'f'v ® ¢ﬁu7wE,v) ) LS<1 - 877.-\/ X Uv)

veS

On the other hand, by (@), (8), we have
Y3 (s, 7y X Gus Vi) = V(8 01, ® b6, Vi) = V(8 02, @ i, V)

for all places v # vy. From this and (B), we can deduce that

’ySh(su T X0, 77Z}E,vo) = 7(57 ¢7’ & ¢7r7 ¢E,Uo)~
If we write ¢y, (v) = ¥r(ax) for some a € F*, then the left-hand side is equal to

kNo(s—1)
n(a)rwr (@)™ lafy TS (s, 7 x 0, 5)

by (2), whereas the right-hand side is equal to

det(¢, ® dr)(a@)]aly™ T2 (s, 6, @ 6, )

(see [Tatd, Section 3.6]). This implies the desired equation for the y-factors.

Now suppose that 7 and o are square- 1ntegrab1e Choose F, E,G°, M°, Yy as above
and fix an auxiliary finite place v; # vy of F' such that v; does not split in £ when
[E : F] = 2. By the Poincaré series argument [Hel, Appendice 1] for a central division
algebra over E of degree k ramified precisely at vy, v; (where we regard v; for i = 0, 1 as
the unique place of E lying over v; when [E : F'] = 2), and the global Jacquet-Langlands
correspondence [Bad], we can find 7 as in (B) such that 7,, ~ 7, 7,, is supercuspidal,
and 7, is spherical for all finite places v # vg, v;. Also, by [ILM, Appendix A], [GI3,
Appendix A}, we can find ¢ as in (B) such that &,, ~ o, d,, is supercuspidal, and &,
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is spherical for all finite places v # vg,v;. (Note that [GI3] only treats the case of
metaplectic groups, but the same argument goes through for other classical groups.)
Since we already know that

Sh(

Y 877.—111 X 0'-111’ ¢E",v1) = ’7(87 gbi'vl ® ¢7’rv17¢E7U1>7

where 7, is the functorial lift of ¢, , the above argument proves the analogous equation
for vy and hence the desired equation for the ~-factors. OJ

Remark A.4.1. Recently, Cai-Friedberg-Ginzburg—Kaplan [CEFGK]|, [Cai], [CFKT]
introduced a new family of zeta integrals, which generalizes the doubling zeta integrals
of Piatetski-Shapiro—Rallis [PSR], [LR], and established an analytic theory of ~-factors

CFGK(

Y S7TXU7wE)

for all irreducible representations 7 and o of GLg(E) and G¢, respectively. In par-
ticular, when G is a split special orthogonal group or a symplectic group, the “Ten
Commandments” were proved in [CFKI, Theorem 4.2]. In this case, we can modify the
above argument and show that

VOO (5,7 % 0,98) = (s, ¢r ® ¢0, Up)

as follows: To globalize an irreducible square-integrable representation o of G, we can
use [Ar2, Lemma 6.2.2] to find an irreducible cuspidal automorphic representation ¢ of

GS(A) with generic global A-parameter such that ¢,, = o and &, is spherical for all
finite places v # vy.

Remark A.4.2. The second and third authors would like to take this opportunity
to remark that the various desiderata of the local Langlands correspondence used in
[GIT, GIZ] are now supplied by the results of this paper in the case of quasi-split classical
groups. Namely, in the proofs of [GIT, Theorem C.5] and [GIZ, Proposition B.1], they
assumed the following hypothesis:

(1) the equality between the local y-factors of Shahidi and the corresponding Artin
~-factors;

(2) the equality between the local ~-factors of Piatetski-Shapiro—Rallis and the cor-
responding Artin y-factors;

(3) the formula for the Plancherel measures in terms of Artin 7-factors.

(See [GIT, Section C.2] and [GI2, Section B.2] for details.) Now (1) follows from Propo-
sition A2 and [He3], [CST], [Shan], [Hed|, (2) can be verified as in Remark AT
(where the “Ten Commandments” in this case were proved in [LR, Theorem 4]), and
(3) is a consequence of the multiplicative property of the normalized intertwining op-
erators (see Proposition IZ72). They would also like to point out that the reason they
gave for the correct formulation of Shahidi’s formula at the end of the proof of [GIZ,
Lemma B.2] is not accurate: the proper justifications for the reformulation of Shahidi’s
results are given in Section 28 of this paper.
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A.5. Dependence on r for Shahidi’s gamma factor. The property (2) in the
proof of Proposition BA=27 is not stated in this form in [Sha7] but can be derived as
follows. Suppose first that we are not in the case where G = OJ, (F) with n = 1,
M = GLg(F), and k > 1 is odd. Put # = 7 Koy (regarded as a representation of M)
and write 7\, = 7| det |3, X oy with s € C. We also write

CP(w77T)\) - CP(waﬂ-)wa)) Jp(w,ﬂ')\) = JP(w7WAa¢F)7 Q(ﬂ-)\) = QX<7T>\)
to indicate the dependence on ¥ or x. They are related by

Q(my) = Cp(w, mx, ¥r) - Qy (wmy) o Jp(w, mx, Yp)

as in Section P71 Similarly, we denote by du (resp. d'u) the Haar measure on Np given
by spl and ¥ (resp. ¥%). If we set [ = dim(Np), then

1
d'u = |a|% du.

Let x’ be the non-degenerate character of U determined by spl and ¢%. Then we
have
X' (u) = x(Ad(to)u)
for all u € U, where t, € Ar(F) is given by

3 1 1 3
— 2 = —_= _+7 _+7 .
"2 a2a7 2,00 M2 aT M 2) if G = Sp,,(F),

diag(a”_%, a

. diag(a™,a" ', ... a,1,a7 ... ,a” " a™™) if G = SOg,11(F),
0 diag(a™ ', a"%,... ,a,1,1,a” ", ... a” "2 a ") it G =01 (F),
diag(anT_l,anT_:;,...,a_nT_S,a_nT_l) if G =U,,.

Note that Ad(tp) is an automorphism of G defined over F. Set zo = Ad(to)(w™!) - w.
Recall that w is a representative of wy € N(M° M°)/T°. It is easy to see that a
representative of wy is given by
1
1

0

+1,

for some sign. Hence zy = diag(a™**91,, 1¢,,a=Mo+r+91,) with
1 if G = SO (F),
6=+ —1 it G = Sp,,(F), O (F),
0 if G =U,.
Recall that Ny = dim(¢,) with ¢, € ®(Gp). In particular, zg belongs to the center of
M

Put 7} = m\ o Ad(ty). For f € Ip(my), we define f' € Ip(my) by f' = f o Ad(ty).
Then we claim that

Tp(w, 7, W) ' = wey (20) - lal (o (w, 75, 0r) ),
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1
(M) = wny (20) - lal 582 (m) /-
Indeed, if we set v’ = Ad(ty)(u) and ¢' = Ad(to)(g), then we have

(Jp(w, 7\, ¥p) f)(g) = [ f(@  ug)du

= 5p(ty) ™ / Sp(20)2my(20) f (@0 g )d'ud
Np
1 i ’ 2
= 0p(to) ™" - 0p(20)2wny (20) - lal 7 f(w_lug)
Since dp(to) = dp(20)2, we obtain that

(o (w, W, 0 f)(9) = wey (20) - lal b - (o, m, ) F)(g)-

Similarly, we have

Hence
Qu(m\) " = Cp(w, 7\, ¥) - Qu(wr)) o Jp(w, 75, i)
= wr, (0)lal} - Cp(w, mh, ) - Qo (wrh) (o (w, T, ) )
so that
(1) f = wumy (0)alf - Op(uw, 7y, ¥) - Qy(wms) © Jp(w, ma, ) .
Since 7 = my, it implies that
Cp(w, T2, W) = W (20) aln? - Cp(w, 0, ).
Recall that
Cp(w, ma, ¥r) = Aw, vp) 'A(E/F, p) oy (s, 7 x 0,9p)7" (25, 7, R, ¥F)
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with
Sym2 if G = SOgn+1(F),
© ) Asait if G =U,, n=0mod 2,
Asai™ it G=U,, n=1mod 2.
Note that
(K )t it G = O}, (F),
NE/F, )Nt 5 4 G = U,, n=0mod 2,
)\(w7¢F) - E(k+1)
MNE/F,pp)ot 3 if G=U,, n=1mod 2,
1 otherwise

\

where K/F is the abelian extension corresponding to 7. Since

e(s, Indpy” (1w, ), ¥r)

e(s, Lwy, Yr o tr r)

MNE/F,r) =

which does not depend on s, we have

—————< =det(Indy” (1 = .
N o) = detndi (L) @) = (o)
Hence
(n(a)" if G = O3, (F),
Muw, ) | (@ " i@ =U,, n=0mod 2,
AMw,¥r) | @ 5™ G = U, n=1mod 2,
1 otherwise,

where, if G = U, we set 1/ to be the quadratic character of F'* associated to E/F by
the class field theory. If G # O3 (F') (resp. G # U,,), we simply set n = 1 (resp. ' = 1).

1 _ wT(aN0+k+6)|a|SENo+k+5)k5

Since wiyr, (20)~ , we obtain

k(k£1) No+k+8)ks -1
(s, 7 x 0, i)Y (28, 7, Ry ) = m(a) (@) 2 - wp (aNoTRES) g otk g 2

X PySh(S/r X 0, ¢E)78h(2377—7 Rv wF)a

where the exponent of /() is **=1 (resp. **) for G = U, with n even (resp. n

odd). i i

If G = O1.(F) withn =1, M = GL,(F), and k£ > 1 is odd, then we take w €
W(M°, eM°e!) such that det(w) = 1. Since ty is commutative with ¢, the above
computation works after replacing wiyr, (20) With wyr, (€206 !). Hence we obtain the
same formula for v5%(s, 7 x o, 9%)y (25, 7, R, ¥%).
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In particular, if we take (G, M) = (SOo+1(F), GLy(F)), (O3,.(F), GLk(F)) with
n =1, and (Ug, GLi(E)), then we obtain

k(k—1)

2s— VYd(R
V28,7, Ry i) = 0/ (a)" 7 wr (@) Pal DM 9 7 R ),

where
k(k+1 .
1 if R = Sym?, —LE—)- if R = Sym?,
_ _ : _ A2 _ _
§(R)={ -1 ifR=A2% d(R) = { k(k—1) R AL
0 if R = Asait, 2
k2 if R = Asai™.

Moreover, in the last case, it follows from the definition (see [Sha?, p. 304]) that
(25,7, Asai~, Yp) = 77" (25,7 @ (o det), Asait, ¢bp),
where p is a character of E* such that u|zx = 7’. Since k* = k mod 2, we obtain that

k(k+1)

(28,7, Asai™, W) = 11/(a) 5w, (@) a] &P 450 (28, 7, Asai™, ).
This implies that

kNo(s—3)
V(5,7 X 0,0) = n(a)ws (@)™l (s, 7 x 0, p),

as desired.

A.6. Proof of Proposition I72. Here, we give a proof of Proposition IZ2 for
classical groups in general. Recall the setting. Let G be a quasi-split classical group.
For ¢ = 1,2,3, consider a standard parabolic subgroup P, = M;N; of G. Assume
that W(My, Ms) # 0 and W (Mg, M35) # 0. Then for wy € W(M7, Ms) and wy €
W (Ms, Ms), and for an irreducible tempered representation = of M;, Proposition [C72
asserts that
Rp, (w2w1>7h) = RPQ(UJ2>1U17T,\) o Rp, (wl, 7TA)-
Set wy ' P, = w; ' Pyw;. Following [AT2, Section 2.3], we decompose Rp, (w1, 7y): Ip, (7)) —
]p2 (wlﬂ')\) as
RPI (wh ﬂ-)\) = €<w17 7T>\> ° wa1P2|P1 (T‘-A)?

where R —1p p (m2): Ip (mx) = 1,,-1p,(mx) is given by (the meromorphic continuation
of) the integral

7a(0, WA,PV—1P2|P17¢F)
e(1/2:70 Py py py o VF) /Nmallzvﬂl)\mllmal
and l(wy, my): 1 ,-1p,(m2) = Ip,(wimy) is defined by

bfuwn, m) = Awn) (/2,00 s )LL)
with L(w,)fs(9) = fi(w;g). The key property of £(wy, ) is as follows.

(Rw;1132|131 (ma)fa)(g) =

Fr(ug)du
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Lemma A.6.1. The operator {(wy, ) satisfies the condition
K(wgwl, 7T)\) = é(’u)g, w17r,\) @) f(wl, 7T)\).
Before showing this lemma, we prove Proposition [ZZ2.

Proof of Proposition [[-7.3. By [Ar2, Proposition 2.3.1], [Mok, Proposition 3.3.1] and
Lemma BA=6, we have

RPQ <w27 ’LU17T,\) © RP1 (w17 7D\)

— (f wa, w1Ty) © R 71P3‘P2(w17r)\)> o (f(wl,ﬂ,\) o walpﬂpl (77,\))

(wg,wlm) © g(wl, 7T/\) © Rw Lyt PslwT 1P2( ) © Rw;1132|P1 (WA)
(w2w17 7T,\) oR (waw1)~1 P3| Py (7T,\) = Rpl (w2w1, 7T)\)-
This completes the proof of Proposition 2. 0

Therefore, Lemma [A"6T is the missing part for Proposition 7. For the proof of
Lemma BTG, we need the following elementary fact.

Lemma A.6.2. Let V be a finite dimensional real vector space. For i = 1,2,3, let
P, C V be a finite subset such that the union R; = P; U —P; is disjoint. For 5; € R;,
write B; > 0 (resp. B; < 0) if B; € P; (resp. —p; € P;). Fix two automorphisms wy and
wy on V' such that wi(Ry) = Ry and we(Rs) = Rs. Then for a function f: Ry — C*,

we have

IT o I1 f6o- I o= 1] FB)f(=5)

£1>0 w1 81>0 B1>0 £1>0
w1 B1<0 wawi B1<0 wawi B1<0 w1 B1 <0, wawi 81 >0

Proof. We write Ry = LS_, I}, where

I ={B1 € Ry| 1 >0, w51 > 0, wowy 31 > 0},
Ly ={p1 € Ri|B1 >0, wp >0, wow p <0},
Iy ={B1 € Ry |1 >0, w11 <0, wow B > 0},
Iy ={p1€ Ri|p1 >0, wp <0, wow p <0},
Is ={p1 € Ry | B1 <0, w B >0, wow, B > 0},
I ={B1€ R |B1 <0, w1 >0, wowi p1 <0},
Iy ={p1 € Ry |1 <0, w1 <0, waw B > 0},
Is ={B1€ R |p1 <0, w1 B <0, wow1 1 < 0}.

Then

IT reo= 11 r®o. I reo= 11 6

B1>0 B1EI3UIy w1 B1>0 B1€lUIg
w1 /1<0 wawi B1<0
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T reo= I r6. I  reor=so= ] 6.

p1>0 prelally B1>0 B1EI3UIG
waw1B1<0 w181 <0, wawi B1>0
This implies the lemma. 0

Now we prove Lemma BTG 1.

Proof of Lemma [A61. When G = G° and M, = My = Mjs, the lemma is [Ar2, Lemma
2.3.4] and [MoK, Lemma 3.3.4]. The proof of the general case is essentially the same as
these lemmas.

Since wow; and wow, are two representatives of wow; € W (M7, M), we can write

Wally = m : Z(w2, wl)

for some z(wy, wy) € M7. By Lemma IC7, we see that z(ws,w;) is in the center of M
so that

L(ww01) = wr, (2(wa, w1)) L(wW2) o L(wy),
where w,, is the central character of my. Our goal is to show that wq, (2(wq, wy)) is
equal to the product of

5(1/27 DY plluflp2|p17 wF) (1/2 W1TN, :0 wy ' P3| Py’ ¢F> (1/27 DY pz/wgwl)*ng\Pl ) wF)il
and
A(wy) T A (wa) T A (wawy ).
First, we consider the central character. Let R(7°,G°) be the set of roots of T° in

G°. As in the proofs of [Ar2, Lemma 2.3.4] and [Mok, Lemma 3.3.4], by [LSh, Lemma
2.1.A], we have

2(wg, wy) = (—1)N (w2wn)
where AY(w2, w1) = 3k (wpon) @ With
Rp(wy,w) ={a € R(T°,G°) |a > 0, wia < 0, wowyax > 0}.
Moreover, z(ws,w;) is in the split part Aye of the center of M7, ie., \Y(wy,wy) €
Xi(Ang)-
For i = 1,2,3, we set R; = R(A— GO). For 5; € R;, we denote by ; > 0 if the

M2
weight space g, lies in ;. Via the isomorphism X, (Appe) = X *(M?) F in [AT2, Section
2.3], we can identify \Y(ws,w;) € X,.(Ape) with a character of LMy which is trivial on
the semi-direct factor Wr of “M;. Then we can write

N (wg, wy) = Z ABs

£1>0
w1 1 <0, wawi B1>0

where (3, runs over the elements of R; satisfying the specified conditions, and

AEI = Z aV

OzERBl
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with Rg, being the set of roots a of T° in G° such that a|,,,. is a positive multiple of
1

3. Hence, fixing an arbitrary element u € Wy whose image in F* = W2P is equal to
—1, we have

wry (2(w, wr)) = 11 As(@a(u)) = 11 Ap(m(w))
B1>0 £1>0
w1 f1 <0, wawi B1>0 w1 f1 <0, waw1 B1>0
where ¢, is the L-parameter for 7y, and we write ¢, (u) = m(u) X u with m(u) € ]\/4?
Next, we consider the e-factors. For simplicity, we write e(my, p) for €(1/2, 7y, p, ¥F).
The adjoint representation Put PPy of EM? on

~ 1~ ~ ~ 1~ ~ —~ ~ o~~~ =
wq ngwl/(wl nowy N 1‘11) = wW; MWy nny

@ /g\ﬁl’

£1<0
w1 B1>0

where f; runs over the elements of R; satisfying the specified conditions. If we denote
the adjoint action of “M; on gg, by ps,, then we obtain that

decomposes as the direct sum

E(W)Wpi;lpﬂpl): H E(WA,PBJ-

B1>0
w1 P1<0

In particular, by applying Lemma B 62 to the function f(51) = e(my, ps,) together
with [Tafd, (3.6.8)], we see that

e(m, quvuflpﬂpl Je(wimy, plglPe,ng)g(m’ p(vwzwl)—lP:s\Pl )

= [ rBo- II reo- ] rB)™"

B1>0 w11>0 B1>0
w1 B1<0 wawi B1<0 wawi 81 <0
= II  rGorE=s)

81>0
w1 31 <0, wowy B1>0

= H 5<7T>\’p/31)5(ﬂ->\7pg1)

B1>0
w1 B1<0, wowy B1>0

_ H det(pg, o Pa(u)).

B1>0
w1 B1<0, wawy B1>0

Writing ¢y (u) = m(u) x u with m(u) € MF, this product is equal to

det | Ad(m(u) x u); EB 95
B81>0
w1 B1<0, wawy B1>0
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Since 1 x u acts on Am trivially, the direct sum is stable under the adjoint action of
1 % u, and we may compute this determinant as the product of the ones of Ad(m(u))
and Ad(1 x u). For the determinant of Ad(m(u)), we may assume that m(u) € M? is
in 7°. Then we conclude that

det | Ad(m(u); € Fa | = I AMmw),
B1>0 51>0
w1 B1<0, wawi B1>0 w1 81 <0, wow1 B1>0

which is equal to wy, (2(w2, w;)) as we have seen above.
Finally, we show that

det | Ad(1 % w); < 95, | = Mwi)M(w) A(wywy) L

B1>0
w1 B1<0, wowy B1>0

Recall that if we set A; (resp. As) to be the set of reduced roots a € R(Azre, G°) with
Gase = Resp, /rSLy (resp. Resp, /pSUg, /£, (2,1)), and if we define fi(a) = N(F,/F,¢r)
(resp. fa(a) = N(Eo/F, )’ N(Fu/F,¢r)~"), then

Mwn)Mwo)Mwawr) ™ = [ fila)- I Awae- ] A@™

acAq a€Aq a€A
a>0,w1a<0 wia>0,wawia<0 a>0,waw1a<0
-1
< [ fola)- [ ] flwa)- [ fla)™
a€Ay a€loy [ASVAN
a>0,w1a<0 wia>0,wawia<0 a>0,wawia<0

Here, we notice that w; induces a bijection on A;, and fi(wia) = fi(a) for i = 1,2.
Applying Lemma A6 twice, we have

A(wi) A(wa) N(wywy) ™ = 11 fi(a)®- 11 fala)®

a€A; a€Ag
a>0,w;a<0,w2wia>0 a>0,w1a<0,w2wia>0

since f;(—a) = fi(a). Therefore, what we need to show is that det(Ad(1 X u); g(v)) =
fi(a)? if a € A; for i = 1,2, where we set §(ov) = Gav D G2qv and

Gv= D B

a€ER(T°,G°)
a\AoT =a

When a € Ay, the Wg-module g(,vy is isomorphic to Ind%ﬁ (1zx) and hence
det(Ad(1 x u); Gav) = det (Ind%g (1Fax)) (—1) = M(E,/F, ).

If a € Ay, then the Wr-module g,vy is isomorphic to Ind%ﬁ ) (Mgu(s)), where Tigy(s) is
the space of the sum of positive root spaces in the Lie algebra of the dual group of
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SUg, /F,(3). It is isomorphic to

Indy, o (Lpx) ©np,yr, = 1px ® ey, @ NE,/Fa

where g, /r, is the quadratic character of F,* associated to E,/F, by the local class
field theory. Hence

det(Ad(1 % u); §a) = det (Ind}}r (15)) (1) - det (nd}}% (75,5,) ) (~1)?
— det (Ind " (1 Fx)> (—1) = M(E,/F, ).

Since )\(Ea/F7 wF)4 = 1a we have f2(a)2 = )‘(Ea/Fa wF)4)\<Fa/F7 wF)_2 = )‘(Fa/Fa wF)2
This completes the proof of Lemma ATGT. 0

This result, along with others on the LIR will be extended to general disconnected
groups in a forthcoming paper.

APPENDIX B. REVIEW OF AUBERT DUALITY

The purpose of this appendix is to review several properties of Aubert duality, which
we used in the main body. In particular, we prove the commutativity of the normalized
intertwining operators with the Aubert involution up to scalars. It is a crucial result
to prove the local intertwining relations for co-tempered A-packets. This appendix is
an adaptation of an appendix in an arXiv version of [KMSWI.

We also define the twisted Aubert dual, and establish some properties that we need
in this paper. A more detailed study of the twisted Aubert dual will appear in a
forthcoming paper.

B.1. Definition of a complex. Let F' be a non-archimedean local field and let G be
a connected reductive group over F. We identify G with the group of F-points G(F).
We denote by Rep(G) the category of smooth representations of G of finite length.
For a parabolic subgroup P = M Np of GG, where M is a Levi component of P and
Np is the unipotent radical of P, we have the normalized parabolic induction functor

Indg: Rep(M) — Rep(G), (0,V;) = (m, Vz),
where V; is the space of locally constant functions f: G — V, such that
f(nmg) = dp(m)20(m) f(9)

for n € Np, m € M and g € G with Jp the modulus character of P, and (7(x)f)(g) =
f(gx) for x,g € G. We also have the normalized Jacquet functor

Jacp: Rep(G) = Rep(M), (7, Vx) = (0, V5),

where
Vo= (Vi)ny = Ve/{(r(n)v —v|n € Np, v € V),
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and o(m)v = dp(m)"27(m)v for m € M and v € V, with the image v € V,. These
functors are adjoint, i.e., there is an isomorphism

Homg (7, Ind% (o)) = Homy, (Jacp (), o)

for m € Rep(G) and o € Rep(M).

For (m,V;) € Rep(G) and for a parabolic subgroup P = M Np of G, we set Xp(7) =
Indg(JaCP( )). This is the space of locally constant functions f: G — (Vy)y, such
that

f(nmg) = m(m)f(g)
for n € Np, m € M and g € G with f(g) € V, a representative of f(g) € (Vi)n,. If Q
is another parabolic subgroup of G' with () D P, since Ny C Np, we have a projection
map (Vz)n, = (Vz)np. We define a map ©2: Xo(m) = Xp(n) by the composition of
functions G' — (Vx)n, with this projection (Vx)n, = (Va)np-

Fix a minimal parabolic subgroup Fy = MyNp, of G. We denote the maximal split
central torus in a Levi subgroup M by Ay, and set Ag = Apy,. Let S C X*(Ap) be the
set of (relative) simple roots corresponding to Py, and set r = |S| = dim(A4/Ag). We
say that a parabolic subgroup P of G is standard if P D F,. Then there is a bijection

{J C S} — {standard parabolic subgroups of G}, J — Py,

where P; = M;Np, is such that Lie(P;) is the sum of Aj-weight spaces for all weights
that are Z-linear combinations of S with non-negative contributions of S\ J. We write
X,(m) = Xp,(m) for short. Note that if I C J, then P; C P;. Hence we have a map
0] = 90]12‘[’: Xy(m) = X (m) for m € Rep(G).

For J C S, we consider the 1-dimensional vector space

[S\J]
AJ = /\ <C|S\J|)7

which is regarded as the trivial representation of GG. Let {ei}ies\ J be the standard basis
of CI%VI. For I ¢ J C S with |J\I| = 1, letting J\ I = {j}, we define the isomorphism

el Ay — A, w w e

Consider a functor
X: Rep(G) — Rep(G)

given by X () = X;(r) ®c A, for € Rep(@). Then we define
1 Xy(m) = Xi(m)

by &7 = ¢ ® €.
For m € Rep(G) and for 0 <t <r, set

Xi(m) = P X,(m).

|J]=t
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In particular, X, (7) = 7. For 1 <t < r, define d;: X,(7) — X,_1() by

dy ZOCJ = Z Z &1 (x)),

JC IcS IcJcS
|J=t [I|=t—1 [J]=t

where 7; € X J(m). Then we have a sequence

0 — X, (1) — X, (1) — - —— Xo(7)
of representations of G.
B.2. The Aubert involution. For 0 < ¢ < r, we denote by Rep(G); the full subcat-
egory of Rep((G) consisting of representations 7 such that for every irreducible subquo-
tient 7’ of 7, there is J C S with |J| = ¢ such that 7’ is a subquotient of Ind%(a) for

an irreducible supercuspidal representation of M ;. Bernstein’s decomposition implies
the block decomposition

Rep(G) = [ Rep(G).

Note that the factor Rep(G), consists of direct sums of supercuspidal representations
of G, and every supercuspidal representation of G lies in Rep(G),.

Theorem B.2.1 ([A1, Théoreme 3.6]). For © € Rep(Q),, we have Xo(m) = --- =
Xi—1(m) = 0. Moreover, the sequence

0 —— )?T(w) e )N(T_l(w) —_— s —— )Zt(w)
18 exact.

Definition B.2.2. For m € Rep(G);, set

T = Xt(ﬁ)/dt—s-l()?t—kl(ﬂ))
and call 7 the Aubert dual of 7.

Theorem B.2.3. Aubert duality ™ — 7 satisfies the following properties.

(1) The map Rep(G) > m — 7 € Rep(G) is an exact covariant functor.
(2) For m € Rep(G):, we have

A= (-1t ST () [ (Jacp ()]

P=MNp

in the Grothendieck group R(G), where P runs over the set of standard parabolic
subgroups of G. Here, [Il] denotes the element in R(G) corresponding to a
representation 11 of G of finite length.

(3) If m is irreducible, then 7 is also irreducible.

(4) Aubert dual of T is isomorphic to m as representations of G.
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(5) Let P be a parabolic subgroup of G with Levi component M, and denote by P the
parabolic subgroup of G opposite to P. Then for m € Rep(M) of finite length,
Aubert dual of Ind$(r) is isomorphic to Ind%(7).

Proof. For (1), see [SS, II1.3]. The assertions (2), (3) and (4) are [Au, Corollaire 3.9)].
Finally, (5) is [Ber2, Theorem 31 (4)]. O

B.3. Intertwining operators and Aubert duality. In this subsection, let G' be one
of the following quasi-split classical groups

SO2n+1(F)’ Sp2n(F), OQR(F)’ U,

Let P = MN be a maximal parabolic subgroup of G so that M = GLx(F) x G for
some classical group Gy of the same type as G. We denote by P = M N the parabolic
subgroup of G opposite to P. We fix ¢ € U(M).

In this subsection, we consider Aubert dualities for G° and M°, the connected com-
ponents of the identity of G and M, respectively. To avoid Aubert duality for non-
connected groups explained in the next subsections, we assume the following.

Hypothesis B.3.1. There are A-packets II,, and I ; which are (multi-)sets over Irtyyis (M).
Moreover, there is a bijection Il, > m — 7" € I such that 7’| is the Aubert dual of
7T|Mo .

Write ¢ = g, @ ¥ with ¢y € ¥(Gy) and 7 = 7 K o for 7 € Irr(GLg(E)) corre-
sponding to ¢gr, and o € Il,,. We set ¢s = ¢gL| - |3 © o and 7y = 7| det|}; X o for
s e C.

As in Section [, for w € W(M?°) and s € C, we have the normalized intertwining
operator
RP(wa Tsy ¢s) : ]P(ﬂ-s) - IP(wﬂ-s)a
which is a meromorphic family of operators. Since 7 is unitary, Rp(w, 7, ¥s) is regular
at s = 0, and we obtain a well-defined operator Rp(w,m, %) = Rp(w, s, 1s)|s=0-

Note that Ip(ms) = Ip(7s) as representations of G° by Theorem B™2Z3 (5). Since
wm, = w,, by the functoriality of Aubert duality, we have

—

Rp(w, T, iﬂs) : [ﬁ(ﬁ's) — Ip(wfrs)
On the other hand, we can define a normalized intertwining operator
Rp(w, 7ATS, %) : [ﬁ(ﬁ's) — Ip(wfrs),
which is regular at s = 0.

Proposition B.3.2. Assume Hypothesis BZZ 1. We further assume that Rp(w,fr,{lz\)
18 bijective.
(1) If G = G°, then there is ¢ € C* such that
Rp(w,m,¢) = c- Rp(w, 7, @/ZJ\)
(2) Suppose that G = Oq,(F).
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(a) If P # P° and if o|gg is irreducible, then there is c € C* such that

Rp(w,m,%) = ¢+ Rp(w, &, 7).

(b) Otherwise, there is w2 € Irr(M®) such that Ip(my) = Ipe(n2) = Ind%. (7°).
If we denote by I (72) (resp. Ip.(72)) the subspace of Ips(mS) consisting of
functions fs on G whose supports are contained in G° (resp. G\ G°), then
Ipe(72) = I5(72)® 1 pe (72). Moreover, there are two constants c,,c_ € C*

such that

-~

RP(wa T, ¢)fi =Ct Rﬁ(wa 7%7 w)f:t
for all fy in the Aubert dual of I5.(72).

Proof. Suppose that G = G°. Then since I5(7) is irreducible for almost all g%, we
have the inverse map

Rp(w, 7, 1hs) " In(wis) = In(#y),

for almost all ¢z°. It is regular at s = 0 since Rp(w, 7,) is bijective. We consider the
composition

Rﬁ<w7 7%57 Js)_l o RP(w> Ts, %)
This is a meromorphic family of self-intertwining operators on I(7s). Again by the
irreducibility of I5(7s) for almost all gz°, we can find a meromorphic function ¢(s) such
that

Rf(wv ﬁsa Js)_l o RP(E,-']T\S, 'Qbs) = C(S) -id.
Since the left-hand side is regular at s = 0, we can define ¢ = ¢(0) € C. Then

Rp(w, m,0) = ¢ Rp(w, #, D).

Since Rp(w, 7, 1)) is not identically zero, so is its Aubert dual. Hence ¢ # 0. This
completes the proof of (1).

When G = O,,(F), the proof is essentially the same, but we need to consider the
restrictions to the connected components of the identity. First, we consider (2a). Then
Tolve = (| are)s is irreducible, and Ip(7,)|ge =2 Ind%e((7|pe)s) by Lemma 213 (a).
By regarding Rp(w,w, ) and Rp(w, 7, 1&) as G°-homomorphisms, the same argument
as in (1) shows that

Rp(w,m,¢) = ¢ Rp(w, 7, )
for some ¢ € C*.

Next, we assume that P = P° or 7|y is reducible. Then by Lemma 213 (b), we
have Ip(ms) = Ipo(mY) for any irreducible component 7° of m|ye. Moreover, by the
proof of that lemma, we have Ipo(72) = I} (72) @ Ipo(72). As a G°-homomorphism,
Rp(w, s, 1) can be decomposed to the direct sum of

Rp(w, s, ) T (m3) — T2 (77),
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where § = det(w) € {£1}. By the same argument as in (1), we can find c¢x € C* such
that

-~

RP<w7 T, ¢) = Ct Rﬁ(wa T, @D)
holds on the Aubert dual of I35, (7°). This completes the proof of (2). O

Now suppose that 7 is conjugate-self-dual. Then as in Section [CI0, we can define
the normalized self-intertwining operators

@, %M>Rp(wu,%, Q/J) [P(ﬂ') — IP(T('),
(@, Tar) Rp(wa, 7,0) : Ip(7) — In(7).

Now we have the following corollary, which is a key result to prove Theorem ITT3.

Corollary B.3.3. Assume Hypothesis [B=3 1. We further assume that Rﬁ(w,fr,@) 18
bijective, and that T is conjugate-self-dual.
(1) If we are in the case (1) or (2a) of Proposition [B=33, then there is ¢ € C* such
that o
(<ﬂ, %M>Rp(wu7 , @ZJ))A: c- <a7 %M>R?(wua T, ¢)
(2) If we are in the case (2b) of Proposition [BZ33, then there are two constants
cy,c_ € C* such that

(<a7 %M>Rp(wu7 %7 77[]))/\: Ct - <a7 7~TM>Rﬁ(wua ’7;%7 TZ)
holds on the Aubert dual of I, (72).

Proof. Recall that the normalized intertwining operator (u, 7a) Rp(w,, 7, 1) is defined
by

<ﬁ> %>RP<wua %7 @D)f(g) = <ﬂv %>%(wu) (RP(ww ™, ¢)f(g))
for an isomorphism (u, 7)7(w,): w,m — 7. By Schur’s lemma, its Aubert dual is equal
to (u, )7 (w,) up to a nonzero constant. Then the claim follows from Theorem B3

(1), (5) and Proposition B=34. O

Remark B.3.4. In the next subsections, we introduce Aubert duality for non-connected
groups, in particular for O, (F). However, an analogue of Theorem B3 (5) will not be
established, and hence a direct approach as in Proposition B3 (1) cannot be applied.

B.4. Twisted Aubert duality as a functor. Now we define the twisted Aubert dual,
and establish some properties that we need in this paper. We use the same notations
in Sections B and BZ2.

Let 6 be an involution of G which preserves Py and M. Then 6 also preserves Ay
and acts on the set S of (relative) simple roots. We consider the disconnected group
G = G x (#). Let Rep(G) be the category of smooth representations of G of finite
length. For 0 <t < r, we denote by Rep(G), the inverse image of Rep(G); under the
restriction map Res: Rep(G) — Rep(G).

Lemma B.4.1. The category Rep(G) has a block decomposition [[, Rep(G);.
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Proof. The automorphism 6 acts on Rep(G) by m — 7o #. This action preserves
Rep(G);. Hence the Bernstein decomposition for Rep(G) gives the decomposition for

Rep(G). Since the functor Res: Rep(G) — Rep(G) is faithful, the orthogonality of the
factors follows. O

Let 7 € Rep(G),. Set 7 = Res(7) € Rep(G); and denote the space of 7 by V,. Recall
that for J C S, we have a representation X;(m) of G. This is a space of functions
[+ G = (Vi)np,- We have a map

Xs(0): X;(m) = Xowy(m), Xs(0)()(g) = 7(0)(f(6(9)))-
On the other hand, the bijection : (S'\ J) — (S \ 6(J)) induces an isomorphism
As(0): Ay — Aoy
Lemma B.4.2. Let I C J C S be two subsets.
(1) We have X1(0) o o] = SDQEJ)) o XJ(H)
(2) If |J] = [I| + 1, then A;(0) o €] = eg'7) 0 A, (0).

Proof. For f € X (m), we have a commutative diagram

G 49) G L (Vﬂ')NpJ (VW)NPI

%(9)l l%(e)

(VW)NPG(J> (VTI')NPQ

()’
This shows that X;(0) o ¢/ (f) = @) o X;(0)(f).

The second assertion is obvious. 0J

By taking the tensor product X ;(6) ® \;(0), we obtain a map

X5(0): X;(m) = Xoo ().
By Lemma B, it satisfies that X;(6) o 37 = fpgg)) o X,(0) if |.J| = |I| + 1. Putting
these together for all J C S with |J| = t, we can define an isomorphism
X,(0): X,(m) = X,(m)

by requiring the diagram
)?t(ﬂ )

J l

X (m) X0, Xo()(m)

is commutative for all J C S with |J| = ¢, where the vertical maps are the canonical
projections.

Proposition B.4.3. We have the following.
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(1) The isomorphism X,() satisfies that X,(m(g)) o X;(0) = X4(6) o X,(n(6(q))) for
g€eqG. N N N N
(2) The differential di: Xi(m) — Xy—1(7) satisfies that dy o Xi(0) = X;-1(0) o ds.
(3) For 7,7 € Rep(G) withm = 7| and «' = 7'|q, if p: T — 7' is a G-equivariant
map, then the induced homomorphism Xi(p): Xi(m) — Xi(n') satisfies that
Xi(p) 0 Xi(0) = X4(0) 0 Xi(e0).
Proof. I f € X (), then

X(m(g)) o Xs(0)(f)(x) = X, (0)(f)(zg

= X(0) 0 X;(m(6(9)))(f)(x).

(
Since G acts on A; trivially, this action commutes with A;(0). Hence X;(m(g))oX,(0) =
X;(0) o X;(m(0(g))) for g € G. This implies (1).
Next, we have

dto)?t(e) Zf] = dy 22?9(J)<0)<f9(J))

JCS JCS
|J|=t |J|=t

= Y S # o Kan ) ()

IcS IcJcs
\I|=t—1 [J]=t

- Z Z XG(I)(H)O@%))(JC&(J))

IcS IcJcS
\I|=t—1|J|=t

=X | > D> FHf

Ics IcJcS
[I|=t—1 |J|=t

Hence we obtain (2).
Finally, in the situation of (3), if f € X (m), then

Xy(p) 0 Xs(0)(f)(x) = ¢ 0 7(O)(f(0(x)))

= #(0)(o(£(62))))
= X,(0) 0 Xy (9) (/).
This implies (3). -
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On X,(7), we have operators X;(6) and X,(m(g)) for g € G. For § € G, we write
S Xi(n(9)) ifg=g€aG,
Xu(7(9)) = 9§ < - e
Xt('ﬂ'(g)) o Xt(e) if g=gX 0eGxo.
Then by Proposition B43 (1), we see that
Xi(7(g- 7)) = Xi(7(9)) o Xe(7 ()

for g,¢' € G. This gives the C-vector space Xt( ) the structure of a representation of

G. We denote this representation by X, (7). Moreover, the automorphism X;(7(3)) is
functorial in 7 by Proposition B2-3 (3).
Namely, we have a functor

X,;: Rep(G) = Rep(G).
Lemma B.4.4. For 7 € Rep(G), we have
%(7)la = XuFlo)

Proof. This is obvious from the construction. OJ
Proposition B.4.5. If 7 € Rep(G);, then Xo(T) = --- = X, 1(7) = 0, and the
sequence N N _

0 — X, (7)) — X,(7) — -+ —— Xi(7m)

is an exact sequence of representations of G.

Proof. By Theorem BZZT1 and Lemma B4 we have the first assertion and the ex-
actness of the sequence. On the other hand, by Proposition B3 (2), this sequence

consists of G-equivariant maps. O

Now we can define twisted Aubert duality.
Definition B.4.6. For 7 € Rep(é)t, set

T = Xu(7)/du (X1 (7))
and call 7 the twisted Aubert dual of T.

Proposition B.4.7. Twisted Aubert duality functor ™ — 7 satisfies the following prop-
erties.

(1) The map Rep(G) > 7 — Te Rep(G) is an ezact covariant functor.
(2) If we write m1 = T|g, then T|g = .
(3) If ™ is irreducible, then T is also irreducible.

Proof. (1) follows from the construction together with Theorem B=23 and Lemma [B7274.
(2) is a direct consequence from Lemma B4,

To show (3), let 7 be an irreducible representation of G. Set m = 7|¢ so that
7 =g by (2). Note that 7 is a direct sum of at most two irreducible representations
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of G since (é : G) = 2. If 7 is irreducible, then so is 7 and hence 7 must be an
irreducible representation of G. Suppose that m = 7w @ m with 7; irreducible. Then
7 = 7t; @ *y. Moreover, 7(6) gives a linear isomorphism m; — 7y as C-vector spaces.
By the construction, it induces a linear isomorphism 7#; — 7. Since this is nothing
but %(9), we conclude that 7 is irreducible as a representation of G. 0J

Remark B.4.8. We do not know whether the twisted Aubert duality functor 7 — T is
really an involution. This and the commutativites of the twisted Aubert duality functor
with the contragredient functor, the parabolic induction functors, and Jacquet functors
would be solved in a forthcoming paper. In this paper, we do not use these expected
properties.

_If np is a character of G satisfying 1o ¢ = 7, then we can extend 7 to a character of
G by setting n(#) = 1. Hence for T € Rep(G), one can consider the twist T ® 7.

Lemma B.4.9. Let n be a character of G such that no @ = . Then for T € Rep(G),
the twisted Aubert dual of T @ 1 is equal to T @ 0.

Proof. This follows from the construction. OJ

B.5. Twisted Aubert duality at the level of Grothendieck groups. Let P =
MNp be a standard parabolic subgroup of G. If P is f-stable, we may assume that M
is also B-stable. In this case, write P = P x (6) and M = M x (). Then the normalized
parabolic induction functor

Indg: Rep(ﬁ) — Rep(G)

and the normalized Jacquet functor

Jacs: Rep(G) — Rep(]\7)

can be defined as in the connected case. Note that for 7 € Rep(G), we have
Xp(7) = IndS(Jacp(7)) @ A,

as representations of é, where J C S is such that P = P;.

Let R(G) be the Grothendieck group of Rep(G). When 7 € Rep(G), we denote

by [7] € R(G) the corresponding element. The character Oz of 7, which is a linear
functional on C2°(G), depends only on [7r]. Moreover, it gives a map

R(G) 3 [7] — 6z € CZ(G)".
For [71], [Ta] € R(G), we write
) = [72]
if Oz (f) = O%,(f) for any f € C°(G % ). For example, for 7 € Irr(G), if Indg(w) =
1 @ T is reducible, then [m,] 2 —[m1).
In this subsection, we prove the following.
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Proposition B.5.1. Let 7 € Rep(G);. Then
[ £ 0 D0 (O [Indf(Jacs(7)))
P=MNp

where P runs over the set of O-stable standard parabolic subgroups of G, and (An/Ag)’
is the subgroup of An/Ac fized by 6.

Proof. By construction, we have the exact sequence

0 — X, (7) — X,1(7) — -+ — X,(7) > > 0
of representations of G. Hence
A=)y [56E)]
j=t

Since )Afj(%) =0for 0 <j <t—1, we may extend the sum over all 0 < j <.
Recall that if we write m = T|g, as representations of G, we have

X;(7) = P Xs(r) @ A

Jcs
[J]|=j

Moreover, the action of gx6 on )Z'j(?f) sends the summand X ;(m)®@A s to Xg ) (7)@Ag( ).
This means that if 6(J) # J, then

[(X(m) @ Ay) ® (Xow)(m) @ Agery) ] 2o,
and hence
X@L Y merl= Y [Ind%(Jaeng 7)) ® AJ} .
JCs JCs
|J|=3,6(J)=J |J|=5,0(J)=J

Note that A, is a 1-dimensional C-vector space, and g x 6 acts on it by a scalar \;(0),
which is equal to the sign of the action of § on S\ J. Hence we have

7L (=D Y ()Y (0) [maf (Jacg, (7).
0N

Therefore, what we have to show is the equation
)\J(Q) _ (_1>dim(AM/AG) . (_1>dim((AM/AG)9)
for J =6(J) C S with P = P; = M Np since dim(Ay/Ag) =[S\ J| = r —|J|. Note
that S\ J forms a basis of the Q-vector space X*(Ay/Ac)®Q. Moreover, 6 acts on this
space and its co-invariant space X*(Ays/Ag)e ®Q is isomorphic to X*((Ay/Ag)?) @ Q.

As a basis of this space, one can take the set of f-orbits in S\ J. If we denote the
number of #-orbits in S\ J of order n by m,, we see that

my + 2m2 = dlm(AM/Ag), my + me = dlm((AM/Ag)e)
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Since A;(0) = (—1)™2 by definition, we obtain the claim. O

APPENDIX C. DERIVATIVES OF TEMPERED REPRESENTATIONS

We use the notations in Sections [C3 and [B. In particular, let G be one of the
following quasi-split classical groups

SOQN-FI(F)v SpZn(F>7 O2H(F>’ Us,.

Through this appendix, we assume Hypothesis BZT0. For convenience, we restate this
hypothesis again.

Hypothesis C.0.1. For any quasi-split classical group G’ with rank(G’) < rank(G),
and for any tempered L-parameter ¢’ for G', there exists a subset Iy of Irriem,(G”)
equipped with (-, 1), satistying (ECRT) and (ECR2) in Section [.

The purpose of this appendix is to extend some results in [Mcd], [XT] and [Af] to
G. Note that in [Af], the author used Meeglin’s construction of tempered L-packets,
which relies on (ECKT) and (ECR2) for all classical groups G'. Hence it is not trivial
that the arguments in [Af] can work under our weaker hypothesis. To avoid Moeglin’s
construction, we will apply the argument in [XT] directly to tempered L-parameters.

C.1. Derivatives. Let GG be a quasi-split classical group as above. We denote by G°
the connected component of 1 € G. Note that G° = G unless G = Oy, (F), in which
case G° = SOa,(F'). Fix a rational Borel subgroup B° = T°U of G°, and we denote the
normalizer of (7°, B°) in G by T. Let P° = M°Np be the standard parabolic subgroup
of G° with Levi subgroup M° isomorphic to GLg, (E) X --- x GLg, (E) x G§, where G},
is a classical group of the same type as G°. If P° is stable under the adjoint action of
T, weset P=P°-Tand M = M°-T so that M = GLy,(FE) x -+ x GLg.(E) x Go.
Otherwise, we put P = P° and M = M°.

For my € Rep(Gy) and 7; € Rep(GLy, (E)) for 1 < i < r, we denote the normalized
parabolically induced representation by

T X o X T,y Nﬁozlndg(ﬁ&---&n&m).
On the other hand, for 7 € Rep(G), we have the normalized Jacquet module
Jacp(m) € Rep(M)
along P. They are related by Frobenius reciprocity
Homg (7, Ind% (o)) = Homy, (Jacp (), o)

for 7 € Rep(G) and o € Rep(M).

Recall that R(G) is the Grothendieck group of Rep(G). If P = M Np is as above,
the normalized parabolic induction and the normalized Jacquet functor induce linear
maps

Ind%: R(M) — R(G),
Jacp: R(G) = R(M).
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It is easy to see that these maps are invariant if we replace (P, M) with its conjugate
by elements in 7" even when P is not stable under the adjoint action of 7.

Definition C.1.1. Fiz an irreducible supercuspidal representation p of GLg4(FE).

(1) Suppose that G° has a standard parabolic subgroup P° = M°Np such that M =
GL4(FE) x G_. Form € R(G), if we write

Jacp(m) = Zn ®o; € R(GLg(E)) @ R(G-)
iel
with 7, € Irr(GLg(E)) and 0; € Irr(G_), we define the p-derivative D,(m) by
Dy(m)=> o;€ R(G-).

el
TiZ=p

If such a parabolic subgroup P° does not exist, we set D,(m) = 0.
(2) For k >0, we define the k-th p-derivative ng) () by

1
D(k)(w) —

p k!Dpo~~~on(7T).

k
In particular, DE)O)(TF) =T.
(3) ]fDﬁ,k) (m) # 0 but D,()k+1)(7r) =0, we say that Df,k) (7) is the highest p-derivative,
and denote it by D} ().
(4) We say that 7 is p-reduced if D,(m) = 0.
Note that this notion of derivatives differs from the Bernstein—Zelevinsky derivatives
in [BZ)].
We write p*f = p x -+ x p (k times) for short. Note that for 7 € R(G), the

k-th derivative ng) (m) is a linear combination of irreducible representations whose
coefficients are non-negative integers. In fact, it is characterized such that

Jacp(m) = p** @ D;k)(ﬂ') + Zn X 7;,

where P° = M°Np is such that M° = GLg(F) x G, and 7; K 7; € Irr(M) is such that
7 % p**.

Lemma C.1.2. Suppose that p is not conjugate-self-dual. Then for any © € Irr(G),
its highest derivative Dy (m) is also irreducible. Moreover, the map Irr(G) > 7

max y y y y y y, . y max k

Dy®(rw) is injective in the following sense: for m,7' € Irr(G), if Dy*™(w) = D} )(ﬂ') =
D,(Jk) (7), then m = 7',

Proof. Write D'*(r) = Df,k) (7). One can take an irreducible summand o of D3'*(7)

such that
Jacp(m) —» pX - X pKm,
———

k
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in Rep(M), where P° = M°Np is the appropriate standard parabolic subgroup of G°.
By Frobenius reciprocity, we have

= p** % .

In particular, we have

T < D[()k) (r) < ng) (pXk X 7T0>
in R(Gy) for some classical group Gy. (Here, for A, B € R(Gy), we write A < Bif B—A
is a non-negative combination of irreducible representations.) Since 7 is p-reduced and

since p is not conjugate-self-dual, by applying Tadi¢’s formula ([Tadl, Theorems 5.4,
6.5], [Ban, Theorem 7.3]) to p** x m, we have

D;(;k) (PXk X 7T0) = o,

and hence we have D,(Jk) (m) = 7.

Suppose that 7' € Irr(G) satisfies D,()k)(ﬂ'/) = m and 7" 2 w. Then 7’ is also an
irreducible subrepresentation of p** x m,. However, in the Grothendieck group, since
7 < (p** x my) — 7, we have

o = Df,k)(ﬂ/) < Df)k) ((p** x mg) — ) = 0.
This is a contradiction. O

Remark C.1.3. Tadi¢’s formula holds even for Oq,(F) (see [XT, (5.5)] or [Ban, Theo-
rem 7.3]). However, as in [X1, page 463, for SOy, (F'), this formula needs to be modified.
This is one of the reasons why we do not work with SOs,(F) but with Oy, (F).

Similarly, let P = M Np be a 6-stable standard parabolic subgroup of GLy(FE) such
that M = GLd(E) x GLy_ (E) X GLd(E) For 7 € R(GLN(E)), if we write

Jacs(m) = Zﬂ' ®0; ® T + Z(Wj +mj06)

il jed

with 7; € Irr(GL4(E)), 0; € Irr((fiiNf(E)) and m; € Irr(M) such that 7; 22 7 06, we
define

D,(7) = Z 5; € R(GLy_(E)).

Moreover, for £ > 0, we set

Note that a priori, DS (7) is in R(GLy,(E)) ®z Q for some Ny > 0.
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C.2. Compatibility of Jacquet functors with twisted endoscopy. We denote by
C[IL(G)] (resp. CO[II(N)]) the space of invariant (resp. twisted invariant) distributions
on G (resp. GLy(F)) which are finite in the sense that they are finite linear combina-
tions of irreducible characters. Then the representation theoretic character provides an
isomorphism

CI(G)] 2 R(G) ®z C.
For any m € R(G), we denote its character by 6, € C[II(G)].

By the above isomorphism, one can transfer our definition of Jacquet functors to the
spaces C[II(G)] and CO[II(N)]. Now we define N from G as in Section [3. We fix an
irreducible unitary supercuspidal representation p of GL4(E), and = € R. We consider
Levi subgroups

GLd<E) X GLN_ (E) X GLd(E)
of GLy(F) and
M° = GLd(E) X Gi
of G°, respectively. Then by [XT, (6.6)], we have a commutative diagram:

(G:G°)~ ' Trans?

ClI(&)] = CUI(N)]

Dpl-\”l lﬁpuz
(szG‘i)_lTransgo

CII(G-)] = C[II(N-)]
where the above horizontal map is the composition of the averaged restriction map ©
(G : G°)7'O|ow(ee) and the twisted endoscopic transfer map Transl.: C[II(G®)] —
CY[II(N)]. The bottom horizontal map is defined similarly. This commutativity was
proven for general quasi-split connected reductive groups in [X1, Appendix C], and
can be extended to the case of O, easily from the case of SO, (see Remark G2
(3)). Applying the above commutative diagram repeatedly, we obtain a commutative
diagram

.Go) 1Ty 90
(G:G®) ransgo

ClI(&)] » COII(N)]

(Go:G§)~ lTrauns‘QG8

» COII(N)]
for suitable G and N,.

Let ¢ be a tempered L-parameter for GG, and let 11, be the L-packet associated to ¢.
Then we have an invariant distribution

Y 6, eC(a)],

WEHd)

whose image under (G : G°)~!Transt, is the twisted character Oz , € CP[I(N)] by

From now on, we suppose that
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e p is conjugate-self-dual;
e 21 is a positive integer;
e ¢ contains p X Sy, 1 with multiplicity £ > 0.

Then

D(k)z iy =C - 7my,,
ol ( ¢) GLN_24k(E) &

for some C' € Q, where

$o =0 — (p X Sop41)%* & (p & Sopy)®”

In particular, El(,ﬁ;l)(%) = 0 and one can define €(¢) € Q such that

DY), (7y) £ €(9) Ty

Here, we recall from Section BI that for 7,7 € R(é\iN(E)), we write 7 Ll o if
Oz, (f) = Oz,(f) for any f € C*(GLy(E) x0). With the above commutative diagram,
it implies the following lemma.

Lemma C.2.1. We have Df)ﬁ;l) (m) =0 for any w € I1,. Moreover, e(¢) € {0,1} and

Dyl | 27| =e@) 3 mo

7T€H¢ WOEH(Z)O
Proof. By (ECHET), we have
! k) = (k)
mTl"aHSGo O DP‘ |z Z @ﬂ- — DpHCL‘ 0 TI'aIlSGo Z @
WEH¢ 7T€H¢
k 0
= DY.(05,) £ e(9) - 05,
e(¢) )
= ———=Trans¢, | Y O
(GO ' GO) ’ mo€lly,
Hence

> D@ =¢€(@) Y On,

7T€H¢ ™0 €H¢0

D(k+1)(@ ) = 0, which implies that D(ﬁ;l)( )=

A similar argument shows that Zﬂen P

0 for any 7 € II,. Hence by Lemma CT2, ZWEH¢ fff)‘z (7) is a multiplicity-free sum

of irreducible representations (possibly zero). This implies that €(¢) € {0,1}, and we
obtain the desired equation for D/()]r-)\”(n¢)' O
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C.3. Computation of highest derivatives. Recall that we fix an irreducible unitary
supercuspidal representation p of GL4(FE), and x > 0 such that 2x € Z. We compute

Dgr_)‘x(ﬁ) for each 7 € II,.
First, we suppose that p X S5,.1 is conjugate-self-dual of the opposite type to ¢.
Then the multiplicity k of pX S, is even. Moreover, if we set ¢’ = ¢ — (p X S, 11)",

then Ay = Ay and
T =A([—z,z],) X - x A([—z,x],) »7',

J/

/2
where 7' € Il is such that (-, 7')y = (-, m)s. See [Ar2, Theorem 1.5.1] and [MokK,
Theorem 2.5.1]. Hence

Dif(m) = A=(x = )w = 1],) X -+ X A[=(x = 1)z = 1],) %7

[ S/

2
This is equal to my € Iy, with (-, m0)e, = (-, T)e via the canonical identification A4, =

Ay, where ¢ is the same as in the previous subsection.
In the rest of this subsection, we assume that p X Sy, is conjugate-self-dual of the

same type as ¢. In this case, to compute D,()]ﬁx(ﬂ‘) for each m € II,, we use (ECR2).

Let s € A,. Suppose first that s € A:g or G = U,. Let I} be an index set such that
8= icr, €(pi,ai, 1), and set
o= rRS., dr=0¢—0¢r
i€l

For i = 1,2, fix a conjugate-self-dual character n; of E* such that ¢; ® 1; € Piemp(Gi)
for some classical group G;. Then H° = G x G5 is an elliptic endoscopic group of G°,
and (11, 72) gives an L-homomorphism

£ HG x Gy = Lo,
Let
M° = GLy4(E) x G2,
M7 = GLy4(F) x G?ﬁ,
Ms = GLy(E) x G _
be Levi subgroups of G°, GG} and G35, respectively, and write

H = G1 X GQ,
HL* = Gl,* X GQ,
HQ’_ = Gl X GQ,_.
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Then by [XT, (6.2)—(6.4)], we have a commutative diagram:

a(G,H)Tranng

C[II(H)] C[I(G?)]
me\»\w@Dpw-wl lem
2. a(G_:Hi,,)Transgz
ClI(H,,-)] & C[(II(Ha,-))] — C[I(G2)],
where
_(G:G7)
a(G,H) = (1)

For the proof, see [X1, Appendix C].
Similarly, when G = O, (F) and s € A, \ A;f, assuming that G° # {1}, by [X1],

(6.7)], we have a commutative diagram:

a(G,H)Trans ¢ G\G®

ClII(H)] ’ CII(G\ G°)]

DP’71|‘|I€BDP”72HIJ/ lDﬂH”

G_\G°
Z?:l a(G,,Hiy_)TransHQ\ -

CIUI(H,, )] @ C[(11(Hs, )] s OG-\ 62)
where C[II(G \ G°)] is the space of finite linear combinations of O, (F)-twisted ir-

reducible characters of SOq,(F). More precisely, Transgzco stands for the twisted
endoscopic transfer map

2

o 1
TransgﬁG H : Z O, (G GO) Z<377T>¢>@7r‘0é’°(0\0°)'

i=1 Z mi€lly, com, melly
We denote the multiplicity of p X S5,.1 in ¢; by k;, and set
Gio = @i — (P Sop1)®M @ (p X Sop1) i
Let G be the classical group such that ¢; 0 @ 1; € Premp(Gip)-

Proposition C.3.1. Let 59 be the image of s under the surjection Ay — Ay, defined

by
e(p,2e —1,1) ifp =p,d=2r+1>2,
e(p',d, 1) — <0 ifp =p,d=2r+1=2,
e(p',d,1) otherwise.
Then
k
DL S (5. m)0x | = eldr @m)e(d2@m2) Y (50, 0}y Oy

7TEH¢ 7T()EH¢0
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Proof. Note that if ¢g = 0, then 22 +1 = 2 and ¢ = (pX Sy)®*. In this case, A:; = Ay.
In other words, if G = O,,(F) and s € Ag\ AJ, then we have G° # {1} automatically,
and we can use the last diagram above.

If s € Aj) or G = U,, then by applying the first diagram repeatedly together with
(ECR2) and Lemma C21, we have

Pk

ol | 2 (56O

WEH¢

2
k o
= D/(]|.)|n_, oa(G: H)Transg(foS H Z O,

=1 v €H¢i®ni

(ki)
meHm Z O,

ﬂ—ieH@;@ni

—

s
Il
i

G’O
= a(Gy, G X GQ,O)TransG‘% X3,

[\

a(Go, Gro X Goo)Transc s | [[e(@r@n) D> e,

=1 WZ’OeHd)i,U@ni

= €(p1 @ m)e(pa @ 1mo) Z (s0, 770)(150@%'

TFQEH¢O

This completes the proof unless G' = O, (F) since A, is generated by A7 and z4 when
G = SO9,41(F) or G = Sp,,,(F) (whereas when G = U, there is no restriction).

On the other hand, using the second diagram involving Transglco, the same argument

works when G = O, (F) and s € A, \ A7 O

As a first consequence, we obtain the following important result.

Corollary C.3.2. We have ¢(¢) = 1.

Proof. Recall that €(¢) € {0,1} satisfies me(@) 2 () - Ty, and

ZD/J\ | = e(¢) Z Or,-

7T€H¢ ™0 €H¢0

We show the claim by induction on k.

The case k = 0 is trivial since 55)?,)‘1(%(1)) = Ty by definition. Similarly, if £ = 1,

then ‘5£|1~)‘1(%¢)|GLN—2CZ(E) = T4, S0 that €(¢) € {£1}. Since ¢(¢) € {0, 1}, we must have
() = 1.

Suppose now that k£ > 1. We apply Proposition C=3 to s = e(p,2x +1,1). Then by
induction hypothesis, we have €(¢; ® ;) = 1 for i = 1,2 since k; = 1 and ky = k — 1.
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Hence
Dfﬁz Z (s,m) 4O | #0.
melly
This implies that €(¢) # 0 and hence €(¢) = 1. O

In particular, by Lemma 21 and Corollary C=32, we have

p®

pl-le Z” - Z 7o

melly Tl'oEH¢O
Now we compute D;ﬁ)lz (m) for m € I1,.

Theorem C.3.3. Let ¢ be a tempered L-parameter for G. Suppose that ¢ contains
p X So, 1 with multiplicity k > 0. Let w € 11,. Then Dfﬂz (m) = 0 if and only if one of
the following holds:

e >1 ¢DpKSy_1 and (e(p, 20+ 1,1),m)y # (e(p, 20 — 1,1),m)y;

oz =3 and (e(p,2,1),m)y = —1.
Moreover, if Dfﬁm(w) # 0, then my = D'(Olﬁz(ﬂ) € Iy, and it is characterized such that
(-, m)y is the composition of (-, my)s, with the surjection Ay — Ay, in Proposition [CZ31.

Proof. First, suppose that z > 1 and ¢ D pX Sy, 1. We apply Proposition CZ3 to
s =e(p,20 +1,1) + e(p, 2z — 1,1). Then sy € A so that

k
Dyjje | 2 (5.7}

WEH¢

is a sum of irreducible characters with non-negative coefficients. Hence, if (s, 7)s =
(e(p,2x 4+ 1,1),m)y - (e(p, 22 — 1,1),m), = —1, then Dfﬁl(ﬂ) = 0.

Similarly, when = = 1, by applying Proposition T3 for s = e(p, 2, 1), we see that
if (e(p,2,1),m)y = —1, then ijﬁz(ﬂ) = 0.

Note that via the surjection Ay, — Ay,, we have z4 — 24, and the image of A
is included in Ago. Hence this map induces a surjection A, — Ag. Then 7 does
not satisfy the above two assumptions if and only if the character (-, m),: Ay — {£1}

factors through the surjection A, — Ag,. In this case, we denote the character of Ay,
associated to 7 by n,, i.e.,

<-,7T>¢2 Ad) i A¢o 77_7T> {:l:l}.

For sy € Ag,, choose a lift s € Ay of it. By applying Proposition CZ3 for s together
with Corollary C=33, we have

> (s, meDY () = > (50, T0)goo.

7T€H¢ ™ €H¢0
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This equation can be written as

> nals)DY(r) = D> (50, m0)semo

TI’GH¢ TI'OEHd,O
DU (m)£0

for so € Ag,. This implies that D;’i)‘z(w) = 7o if and only if 1, = (-, m)g,. This
completes the proof. 0

When D/(Jr,)‘z (m) = 0, the highest derivative of 7 is given as follows.

Theorem C.3.4. Let ¢ be a tempered L-parameter for G. Suppose that ¢ contains
p & Soy i1 with multiplicity k > 0. Let m € Iy and assume that D;’ﬁ)lm (r) = 0.

(1) If k is odd, then m = Dl()ml)(ﬂ) is nonzero, tempered and belongs to 11, with

hh=¢—(pX S2x+1>®k71 @ (pX Smel)G}kil-

Moreover, there is a canonical isomorphism Ay, = Ay, and (-, m1)g, = (-, T)s
via this isomorphism.

(2) If k is even, then Df}l‘f@l)(w) is nonzero but not tempered. It is the Langlands
quotient of the standard module

A(=(z—1),2],) n .
where 7y € Ily, with
G = — (P Sop41)%* & (p & Sopq) 2
Moreover, there is a canonical inclusion Ag, — Ag, and (-, Ta)g, = (-, T)g|a,, -
Proof. First, we consider the case k = 2. Then
T A([—z,z],) Xm0 = p| - |* X A([—z,z —1],) X 2.
2 (r) = 0, by Lemma CT32,

(
pl-l*
we know that Df)‘l_)lm(ﬂ) is irreducible. Moreover, we have an equivariant map

By Frobenius reciprocity, we have Déﬂm(ﬂ) # 0. Since D

D(l)

pr(ﬂ) — A([—z,z —1],) x m.

Since D;Hx(ﬁ) is irreducible, this map must be injective. Using the MVW involution,

we see that Dﬁﬂz(ﬂ) is the unique irreducible quotient of A([—(z — 1),x],) X 7. See
e.g., [AGZ, Section 2.7].

Note that when k = 1, there is nothing to prove. Therefore, the remaining case is
where k > 3. Write k = 20 + k' with &’ € {1,2}. Consider 7’ € I, with

¢ =¢— (pX Spp41)®
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so that Ay = Ay, and (-, 1)y = (-, 7)¢|a,,. Then by [Ar2, Theorem 1.5.1] and [MokK,
Theorem 2.5.1], the parabolically induced representation

A=) x - x All=w.a],)

J/

-~

l

is irreducible and is equal to m. By Tadié¢’s formula ([Tadl, Theorems 5.4, 6.5], [Bax,
Theorem 7.3]), we see that

D () = DUV (A=, 2],) x - x A([=x,],) % )

pl-I* pl®
= A([=(z = 1),2 = 1],) x --- X A[=(x = 1),z — 1],) } D7 ().
M
This shows the assertions. O

Finally, we give a characterization of (almost) supercuspidal representations. (See
also [Mcd, Theorem 2.5.1].)

Corollary C.3.5. Let ¢ be a tempered L-parameter for G, and m € Ily. Then the
following are equivalent:

(1) 7 is p| - |*-reduced for any irreducible unitary supercuspidal representation p of
GL4(E) and nonzero real number x # 0;
(2) the following conditions hold:
o [f we denote the multiplicity of p & Sy in ¢ by my(p,d), then my(p,d) <1
whenever d > 2;
o if pXISy C ¢ withd > 2, then pX Sy_o C ¢ and

{e(p.d,1),m)s = —(e(p,d = 2,1), m)y;
o if pX Sy C ¢, then

<€(p, 2, 1)7 7T>¢ = -1

Moreover, w is supercuspidal if and only if the above conditions hold and ¢ is a discrete
parameter.

Proof. By Casselman’s criterion (see [Kon?2, Lemma 2.4]), we know that any tempered

)

representation 7 is p| - [*-reduced for any x < 0. Then the first equivalence follows from
Theorems CZ373 and C=3A4.

If 7 is supercuspidal, then 7 is discrete series so that ¢ is discrete. Conversely, if 7
satisfies the conditions in (2) but not cuspidal, then one can find an irreducible cuspidal
unitary representation p of GL4(E) such that D,(m) # 0. In particular, 7 < p x 7, for
some irreducible representation my. Then Casselman’s criterion shows that my is also
tempered. Hence ¢ contains p @ °p¥ so that ¢ is not discrete. 0

Remark C.3.6. Fix an irreducible unitary cuspidal representation p of GL4(E). In
general, for m € Irr(G), the highest p-derivative D***(m) is not necessarily irreducible,
and it is difficult to describe it completely. However, when 7 is tempered, it is easy.
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More strongly, the next claim follows from [Ar2, Proposition 2.4.3] and [Maok, Proposi-
tion 3.4.4].

Let ¢ be the tempered L-parameter of 7 € Irtyen,(G). Then there exists 7’ € Irr(G')
such that

T pXT

if and only if ¢ contains p@°pY. In this case, 7’ is uniquely determined by the conditions
€ ly with ¢ = ¢' @ p P Y, and (-, 1)y = (',7r)¢|,4¢,. In particular, if we write
b = ¢o® (p® p¥)®* such that ¢y 2 p® p’, and if my € Iy, is such that (-, m)s, =
(- ) g| 4, then m = p* x4 my and

max _ k _
Dy () —Dl())(ﬂ') =m-m

with m = 2% or m = 1 according to p = ¢p" or not.

APPENDIX D. THE TEMPERED L-PACKET CONJECTURE AND ARTHUR’S LEMMA
2.5.5

In this appendix, we prove two results whose statements appear unrelated, but whose
proofs follow from the same argument.

The first statement is that Arthur’s construction of tempered L-packets satisfies the
strong form of Shahidi’s tempered packet conjecture (Corollary D13). This conjecture
was initially formulated as [ShaZ, Conjecture 9.4] and stipulated that every tempered
L-packet should contain a generic representation. It was later strengthened to include
the statement that, for an arbitrarily fixed Whittaker datum to, every tempered L-
packet should contain exactly one to-generic member. For classical groups, this was
proven by Konno [Konl] and Varma [V2] assuming the twisted endoscopic transfer to
GLy, which is the basis of the constructions of [Ar2] and [Mok]. A further strength-
ening of the conjecture would require that the tv-generic member is matched with the
trivial character of the centralizer component group S,. It is this version that we for-
mulate here (Conjecture D13) and prove for classical groups, thus providing a mild
strengthening of the result of Konno and Varma for classical groups. We hasten to note
that our proof does not replace those of Konno and Varma, but rather it uses them
crucially. In fact, we prove a result (Theorem DT2) that is valid for general reductive
groups and infers the validity of this conjecture from its validity for endoscopic groups.
This result is a strengthening of [Sha¥, Proposition 9.6] and the proof follows from a
similar outline, with a few additional arguments, and a key input from the work of
Kottwitz [Kof]. When combined with the results of Konno and Varma, this relative
result delivers Conjecture D13 for classical groups.

The second statement (Theorem [D2l) is of a more technical nature. It infers the
local intertwining relation from an a priori weaker statement. It was formulated for
symplectic and orthogonal groups as [Ar2, Lemma 2.5.5], whose proof was deferred
to [A27]. We formulate and prove it here for arbitrary connected reductive groups,
subject to assuming basic expected properties of tempered L-packets that are known
in the setting of classical groups.
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Arthur suggested in [Ar2] that Theorem D2 can be shown by applying results of
Konno [KonT] concerning the behavior of local character expansions under the (twisted)
endoscopic transfer. We largely follows his suggestion in the proofs below. However,
it is also clear that the results of Konno needed to be refined and made more precise
before they can be applied. Thankfully, in the intervening years, Varma has provided
in [V2] such a refined result, and this is the main ingredient in our proof below. It
reduces the proof to an identity between Weil indices and e-factors, which follows at
once from the work of Kottwitz [Kof], and in the case of classical groups can also be
verified by hand. Thanks to [V1], we can also remove the assumption in [Ar2, Lemma
2.5.5] that the residual characteristic of F' is odd.

We first employ this argument to obtain a proof of Theorem T2, The flow is as in
[Sha®, Proposition 9.6, and is in some sense opposite to that of [V2]. Then we employ
a similar argument, in a slightly more abbreviated form, to obtain Theorem DT

Remark D.0.1. While the proofs of Theorems T2 and D=1 use the same argu-
ment, the statements have different assumptions. The main assumption for Theorem
D12 is that (ECRK2) holds with respect to any endoscopic group, and Corollary D123
assumes in addition that (ECRI) holds. Thus, in the setting of Arthur’s argument,
Theorem DT and Corollary D13 become available after the inductive argument has
been completed for the group of interest. On the other hand, the main assumption in
Theorem DX is that a weakened form of the local intertwining relation holds. This
assumption replaces (ECRZ2). The reason is that Theorem D271 will be used in the
middle of the inductive proof, where (ECRZ2) is not yet available. In addition, the va-
lidity of Corollary D13 is assumed for groups of lower rank. In the setting of Arthur’s
argument, this is part of the inductive assumption.

D.1. Shahidi’s tempered packet conjecture for quasi-split classical groups.
Let F' be alocal field of characteristic zero and let G’ be a quasi-split connected reductive
F-group. Fix a Whittaker datum t for G. Let ¢ be a tempered L-parameter for
G. We assume that the corresponding L-packet II, and its pairing with S, have been
constructed, giving an injective map from II, to the set of irreducible representations of
Sp; we use the notation (s, ), for the trace at s of the representation of S, associated
to m. Note that the pairing (-, 7), depends on to. Then Shahidi’s strong tempered
packet conjecture is the following statement, a strengthening of [Sha7, Conjecture 9.4].

Conjecture D.1.1. Fiz a Whittaker datum vo for G. The L-packet 11, contains exactly
one vo-generic member Ty, and it satisfies (-, Tp)s = 1.

This conjecture is known for archimedean base fields due to the work of Shelstad in

[SheTl], see also [AK]. We may therefore concentrate on a non-archimedean base field
F.

Theorem D.1.2. Assume |Il;| > 1 and that, for any factorization ¢' of ¢ through a
proper endoscopic group, the character identity (ECR2) holds and Conjecture D11
holds for 11y . Then Conjecture D11 holds for Ily.
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We will show Theorem D12 in Section below. For now, we extract the following
result in the setting of classical groups.

Corollary D.1.3. Let G be a quasi-split connected classical group. Assuming that the
local results (ECR) and (ECR2) of [Ar2] and [MoK] are known for the parameter ¢
and for its factorizations through endoscopic groups. Then Conjecture D11 holds for
I1,.

Proof. As already remarked, the archimedean case is known by the work of Shelstad,
so we focus on non-archimedean F'. We induct on the size of L-packets.

Assume first that 11, is a singleton {w}. Then Sy is the trivial group, so trivially
(-,m)¢ =1 and it remains to show that 7 is to-generic. Let 7, be the representation of
GLy(FE) with parameter ¢, seen as a parameter for GLy(E) via the standard represen-
tation of “G. Then 74 is tempered, hence generic. Using (ECRT), the claim follows
from [Konl] and [V2].

Assume next that II; is not a singleton. Then S, # {1}. For any s € S, \ Z(G),
the pair (s, ¢) leads to a proper endoscopic datum G’ and a parameter ¢’ for G'. The
L-packet Iy has strictly smaller size than Il4, so Conjecture D1 holds for Il by
induction hypothesis. Thus Conjecture D11 holds for I, by Theorem DT 0

D.2. A weakening of the local intertwining relation. Let F' be a non-archimedean
local field of characteristic zero and let G be a quasi-split connected reductive F-group
equipped with a Whittaker datum . Let P = M N be a proper parabolic subgroup and
let ¢ be a tempered L-parameter for M. We assume the existence of an associated L-
packet Ilg,,. Let ¢ be the parameter for G obtained by composing ¢,; with the natural
inclusion “M — G. Recall that N, = N(Az;, G) N S and My = WO(N¢/Z(@)F).
We now recall some material from Section 10 in this more general setting. For f €
CP(G(F)) and u € Ny, define the distribution

fefalu) =Y te((u,Far) Re(wa, Far, o) Ip(mar, ),

™M €H¢’M
Wy T AL ET N

where w, is the Weyl element given by u which preserves M, and we are using a
representation 7y, of the disconnected group

M(F) » (wy)
that extends 7y, and the associated pairing (u, 7/), noting that the product
<U, %M>RP(wua %Mv ¢M)

is independent of the choice 7); extending 7,,.
Let s € S be the image of u. From the pair (s, ¢), we obtain an endoscopic datum
(G',s,n) and a parameter ¢’ for G'. We define a second distribution

[ fa(@,5) = Trans(SOy)(f),
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where

S@¢/ = Z <]_,7T/>¢/@7r/
m'€lly
is the stable character of ¢/, and f' € C*(G'(F)) is a Afw]-transfer of f, i.e. the two
functions f and f’ have matching orbital integrals with respect to the transfer factor
Afto] normalized with respect to the Whittaker datum to.
We now state the assumptions under which our result holds. The main assumption
is that there exists a constant e(s, u) such that

f,G(¢a 3) = e(sau)fG(¢’ u)

The supplementary assumptions concern expected properties of L-packets, as follows.
We assume that Conjecture 11 holds for the parameter ¢,, as well as for the endo-
scopic factorizations ¢’ of ¢. In the setting of classical groups, this follows from Corollary
D133, Thus, we know that there is a unique tv,-generic member 7y, € Ily,, and it
satisfies (-, Trrw)g,, = 1. Let II; be the set consisting of the irreducible constituents of
the representations Ip(mys), as my runs over I,,,. According to the heredity property
([Rad], [CS, Corollary 1.7]), there is a unique w-generic member m, of II, and it lies
in Ip(marw). Then the action of the operator (u, Tasw)Rp(Wy, Tarw, @ar) o0 Ip(Tarw)
must preserve m,, and hence acts on it by a scalar. We assume that this scalar is 1.
For classical groups, this follows from Theorem & (1) together with Lemma B3

Theorem D.2.1. Under the above assumptions,
e(s,u) = 1.
In other words, equation (A=LIRI) in Section IID holds.
We will prove Theorem D21 in Section D4 below.

Remark D.2.2. Since we are also interested in the case of the orthogonal group
G = Os,, which is disconnected, we will make the following slight modification in
this situation. We will take f € C*(G°(F)), and u € N, will also be taken with
respect to G°. The distribution fg(¢,u) and the stable character SO, will be defined

as
1

— tr((u, Tar) Rp(wa, Tar, o) Ip(ar, f))
<G;G>WM%M e

and .
SOy = ——F+— 1,7y On,
(15 (G/ : GIO) ,Z < 7T>¢
s €H¢/
respectively. Note that, when G is connected, these formulas recover the previous
formulas. Then the modifications for the case of G = Oy, follows by applying the

following argument to G° = SOsy,. See Remark IG2. In the following proof, we will
continue working with a connected reductive group G.
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D.3. Proof of Theorem [D.T.2. For 7 € Il, let

1 if 7 is t-generic,
o(m, o) = 0 otherwise.

We claim that it is enough to show the following statement: For any s € Sy with s # 1,
we have

(1) > e(mw)(s,m)y = 1.

7T€H¢
Indeed, assume that we have shown this statement. Let
X ={rell,|c(mw)=1} C Il

and consider the conjugation-invariant function f on S, defined by

fls)= 3 efm w)is,me.
melly

Equation (fi) and the assumption |Sy| > 1 implies f # 0, hence X # 0, and f(1) is a
natural number greater than 0 (if Sy is abelian, then f(1) = |X|). The scalar product
of f with the trivial character of S, is non-trivial, hence X contains the representation
m with (-, m)s = 1. Thus, 7 is to-generic. Let X' = X \{m } and let f! = f— (-, m)s.
Then f!(s) = 0 for all s # 1. On the one hand, since f is a multiplicity free sum of
irreducible characters of S, the construction of f* implies that the scalar product of
f* and the trivial character of Sy is equal to zero, while on the other hand, this scalar
product is equal to f!(1) by evaluation. Thus f!(1) = 0 and we conclude f! = 0, hence
X' = (). Therefore X = {m}.

This reduces the proof of Theorem to the proof of Equation (f). To prove it,
let 1 # s &S, and let G’ and ¢’ be the corresponding endoscopic datum and factored
parameter, respectively. Consider the distributions

f = fe(d,s) = Trans(SO,)(f), SOy = Y (1,7)yOn

and

fo(d,5) = > (s,m)40x(f),

7TEH¢

both linear forms on C°(G(F)). According to (ECRZ2) we have
fb(¢,3):: ﬁé(¢78)

For each 7 € II,, we have the Harish-Chandra local character expansion
Ox(f) = clm, O)io(f o exp)
o

for all f € C*(G(F)) with support close to the identity, where O runs over the set
of nilpotent orbits in g(F') = Lie(G)(F'). To form the Fourier transform fip, we have
chosen arbitrarily a non-degenerate G(F')-invariant symmetric bilinear form § on g(F')
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and a non-trivial unitary character ¢p: F© — C*. Note that the measures on G(F')
(used to define ©,) and on O (used to define ) also depend on the choice of 3, as in
MW, Section 1.8].

Putting these together we obtain

fald,s) =D (s,m)y Y e(m, O)fio(f o exp).

W€H¢, O

In the same way, we obtain

fél((b’ 5) = Z <17 7T/>¢’ Z 6(7/7 O/)ﬁ0’<f/ o exp),

7T/€H¢/ o’

where now O runs over the set of nilpotent orbits in g'(F). We have used another
non-degenerate G'(F)-invariant symmetric bilinear form 4’ on ¢'(F'), at the moment
unrelated to S.

Thus (ECRZ2) implies that, in a neighborhood of the identity,

Trans Z (1,7") Zc(w',O')ﬁox = Z <s,7r)¢Zc(7r, O)fio,

7r’€H¢/ o’ melly O

and using the homogeneity of nilpotent orbital integrals, we obtain from this

Trans Z (1,7") Z c(r',ONjior | = Z(S,W>¢ Z c(m, O)jio,

' €l 4 O’:regular welly O:regular

see [ShaZ, pp. 325-326].

We now use a result of Mceglin-Waldspurger [MWI)] and its extension to the dyadic
case by Varma [V1]. There exists a certain regular nilpotent orbit Oy, s, depending
on the Whittaker datum tv, the form [, and the character ¢)r, such that

1 if 7 is to-generic,

C(ﬂ', O%vaﬁ,m) - {0

otherwise.

We will specify the orbit Oy, s more precisely below. For now, we note that we
can apply this to both sides of the above identity. On the left-hand side, we use the
uniqueness of w’-generic constituent in Il for each Whittaker datum w’ on G’, the
fact that (1,7")s = 1 for such a constituent (which is the assumption that Conjecture
DT holds for G’ and an application of [Kall, Theorem 4.3]), and the fact that each
regular nilpotent orbit O’ is equal to Oy, g for some choice of w’, to conclude that

Z <1’7T/>¢' Z C(W/’O/)ZZO’ = Z ﬁO"

/€l 4 O’:regular O’:regular
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Therefore, our identity becomes

Trans< Z ﬁo/> = Z<3,77>¢ Z c(m,O)lio

O’:regular welly O:regular

According to [LSH, Corollary 5.5.B], we have

Trans ( > u0/> = S AR Oo.
O’:regular O:regular

where the transfer factor Aftw](O) is defined at the end of [LSH, (5.1)], in which it was

denoted by A(u), with u a regular unipotent element in G(F'). We are using here the

bijection between regular unipotent orbits in G(F') and regular nilpotent orbits in g(F)).

Since the endoscopic transfer commutes with the Fourier transform up to an explicit

scalar by [WII, p. 91, Conjecture 1] (which is a theorem due to [W2], W3], [CHIJ], [N]),

we obtain
~ ga 6 ¢F
Trans Lo | = Al
(O’:;gular ) 6/ wF O%lar
where (g, 5,¢r) and (g, 5',¢r) are the corresponding Weil indices. This identity
requires the forms § and ' to be synchronized, as explained in [W1, Section VIIL.6],
and as we now recall. Extending scalars from F to F identifies the space of non-
degenerate symmetric bilinear forms on g(F') that are invariant under G(F') with the
space of non-degenerate symmetric bilinear forms on g(F) that are invariant under G (F)
and I' = Gal(F/F). If T C G is an arbitrary maximal torus, then the restriction to its
Lie algebra t(F) identifies the latter space with the space of non-degenerate symmetric
bilinear forms on t(F) that are invariant under the absolute Weyl group and I'. Note
that, if 7" C G is a second maximal torus, then the spaces for t and t' are canonically
identified, namely by Ad(g) for any g € G(F) that conjugates T to T". In this way,
taking a maximal torus of G’ and transferring it to G, we can transfer § to g’, and we
take 8’ to be that transfer.
With this proviso, our identity becomes

(gvg/qu; Y A](O)io= Y (s,m)s D e Oo.

O:regular welly O:regular

By [HO, Theorem 5.11], we can separate terms. Comparing coefficients for the orbit
Oyr.80 and applying the results of Maeglin-Waldspurger and Varma recalled above,
this identity turns

/7(97 67 ¢F)
7(9,7 5,7 wF)

Our goal is to show that the left-hand side of this expression equals 1. As a first step,
we will rewrite this left-hand side in a way that does not involve the form S and the

Al](Opppm) = Y c(m,w){s, 7).

7T€H¢
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Whittaker datum to. For this, let S” C G’ be a maximal torus and let S C G be its
transfer. Decompose g = s @ v, where t is the direct sum of the root spaces g, for all
absolute roots o of S in G. As discussed in [Kof, Section 1.3.3], there is a canonical
quadratic form @) on t defined as the orthogonal sum of quadratic forms (), on each
ga P g—a given by

[Yom Yfa] = Qia(Ya + Yfa) . Ha>

where H, is the coroot for . We can thus form the Weil index (¢, Q,1r). Note
however that this form does not always extend to g, see [Kofl, Section 1.5].

We have the analogous decomposition g’ = s’ @t/ and the analogous quadratic form
Q' on v/, hence also the Weil index v(v/, Q)’, ¢ r). Finally, we have the maximally split
maximal tori (equivalently, minimal Levi subgroups) T C G and T" C G.

Lemma D.3.1. The identity

7(9767¢F> A 7(t7Q7wF)
7(9/76/’#}1?) ,Y(t/7Q/>¢F)
holds for any choices of character ¥g, Whittaker datum v, and non-degenerate G(F')-
invariant symmetric bilinear form (B, where 5 is the transfer of B to ¢'(F') according to

W, Section VIIL.6|. In particular, the left-hand side is independent of the choices of
t and (. Furthermore, both sides are independent of the choice of Y.

[0}(Oyp pm) = e(1/2,X*(T)ec = X*(T")c, ¥r)

Proof. Following the definition of A[](Oy, sw) given at the end of [LSH, (5.1)], we
have

Alw](Fe 7e)
A[Spl:)o] (76"7 WG
where spl’ is an arbitrarily chosen splitting of G and spl’_ is its opposite splitting; the
left-hand side is independent of this choice, as well as of the choice of related elements
Ve and 7.

We will choose spl’ in such a way that invg, (Oy, gn) = 1. To see what this entails,
we review the definition of Oy, g given in [MWI] and [V1]. Choose a splitting spl =
(B, T,{X,}) that, together with ¥z, induces to in the sense of [KaSh1, Section 5.3]. Let
U be the unipotent radical of B and let U be the unipotent radical of the T-opposite
Borel subgroup to B. We write u and u for the Lie algebras of U and U, respectively.
Then Oy, g is the G(F)-orbit of a regular nilpotent element Yy, s, € u(F) whose
property is that the character

Al)(Opp ) =

) <inv8pl' <O¢F,ﬁ,m); S> ’

X = Yr(B(X, Yyp )

of u(F') equals the composition of the exponential map exp: u(F) — U(F) and the
generic character U(F) — C* that makes up the Whittaker datum w. One can check
that Yy, sw is given by

Yipm =3 B(Xa X_o) ' X_q,
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where X_, € g, is determined by [ Xo, X_o] = H,. Thus, if we take spl’ to be
(B, T,{8(Xa, X_0) "' X_4}), then invypy (Oy, gw) = 1. Hence we have

Alw](Ver, Ye)
A o O — — — )
ol Oue o) Alsple ] (Ve Ve)
for this particular choice of spl’. On the other hand, by the definition of the Whittaker
normalization [KoShll, Section 5.3], [KoSh2],

REE—

Alw](Ver, V) = €(1/2, X (T)c = XX(T")c, vr) - Alspl](Yar, Va)-

Thus we need to compute the ratio between Alspl](Fo,7o) and Alspl |(Ver, Ve )-
Both of these being transfer factors, this ratio does not depend on the elements 7.
and ¥, as long as they are related (otherwise both factors are zero). So we choose
arbitrarily a pair of related strongly regular semi-simple elements %, € S’(F') and
Yo € S(F). Note that this choice determines an admissible isomorphism S = S,
namely the unique one that maps 7. to 7., and hence determines an inclusion of
absolute root systems R(S’,G') — R(S,G).

The only term of the transfer factor that depends on the splitting is the term Ay,
where the splitting enters the definition of the splitting invariant. We have the relation
spll, = b- spl, where b, = 3(X,,X_,) for all « € R(T,G). Then [Kall, Lemma 5.1]
shows that rescaling the splitting has the same effect as rescaling the a-data, which
also enters the definition of the splitting invariant. On the other hand, [LSH, Lemma
3.2.C] shows how the transfer factor changes when the a-data is rescaled. With this,
we obtain

Alw](Oppp) = €(1/2, X" (T)c — X*(T")c, ¥r) 11 Fa(ba),
A€R(S,G /G )sym/T
where R(S,G/G") is a short-hand notation for R(S,G)\ R(S’, G’), the subscript “sym”
indicates those roots that are symmetric, i.e. those a with —a € I' - o, and k,, is the
sign character of the quadratic extension F/FL,.

Using that the decompositions g’ = s’ @t/ and g = s ® v are orthogonal for 5 and
B, respectively, we see that the Weil indices decompose accordingly as products, and
since f|s = '|¢ by the synchronization of 5 and /', the left-hand side of the equation
in the statement of the lemma becomes

50 1 (e - X o) [ Kalba),

/ !
Y, B, r) Q€R(S,G/G)sym /T

According to [Kal?, Lemma 4.8] and the fact that Q(X, + X_,) = 1, we have

V(taﬂuwb_’)
Phebr) o (ba).
V(t,QuwF) aER(S,HG)Sym/FK; ( )

The analogous identity holds with (G, S) replaced by (G’,S’). This proves the identity
claimed in the lemma. The independence of the left-hand side of the choices of 5 and
to follows from that identity. To see the independence of both sides of the choice of
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Y, note that any other choice of character is of the form (ayr)(z) = ¥p(az) for some
a € F*, but one sees directly from the definitions that replacing ¥ and g by ayr and
a™! - 8 does not change the Weil indices or the orbit Oy, 4. 0

To complete the proof of Theorem T2, we need to show that the right-hand side
of the identity of Lemma D=3 equals to one. This is accomplished by the following
lemma.

Lemma D.3.2. Let 8" C G’ be any mazimal torus and let S C G be its transfer.
Decompose the Lie algebras g =s®t and g’ =" . Let Q (resp. Q') be the canonical
quadratic form on v (resp. ') described before the statement of Lemma [DZ31. Let
T C G and T C G be minimal Levi subgroups. Then

7(t7 Qu 77Z)F)
7(“7 Qla wF)

Proof. From [Kofl, Theorem 1.1}, we have
’7<ta Q?¢F> = €<1/27X*<S)(C - X*<T)(C7 wF)

Applying this result once to G and the torus S, and once to G’ and the torus S’, and
using that X*(S) = X*(5’) as [-modules, we obtain the desired result. O

£(1/2, X*(T)e — X*(T")e, br) = 1.

We obtain Equation (ff), and hence complete the proof of Theorem T2

Remark D.3.3. In the case of classical groups, one can also compute the left-hand
side in Lemma D=3 explicitly and check that it equals 1. See Section D3 below.

D.4. Proof of Theorem [D2Tl. The argument is very close to that of the proof of
Theorem DT, Since Theorem D21 is an important part of the argument of [Ar?], we
will still present all steps of the proof, but we will be more brief with the justifications,
which are the same as in the previous proof.

We consider the same distribution f{;(¢, s) as in that proof, but replace the distribu-
tion fg(¢, s) by the distribution fg(¢,u) from the statement of Theorem D21, This
distribution can be expanded as

fa(d,u) = c(m)Ox(f),

WEH¢

where ¢(7) is defined as follows. Let m ® M, be the maximal m-isotypic constituent of
Ip(my). By Schur’s lemma (u, Tps) Rp(wy, Tar, ¢ar) induces an operator on the finite-
dimensional C-vector space M, and () is the trace of that operator. Our assumptions
imply that M, is 1-dimensional and ¢(my,) = 1.

Instead of (ECRZ2) in Theorem DT, we now use the assumed identity

fé(¢a 8) = e(s,u)fg(¢, u)
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Expanding both sides using the Harish-Chandra local character expansion and using
the homogeneity of nilpotent orbital integrals, we arrive at the identity

Trans Z(l,ﬂ'l>¢/ Z c(r', O jior :e(s,u)Zc(w) Z c(m, O)lio.

' €y O':regular melly O:regular

Here we have again fixed a non-trivial character ¥p: F' — C* and a non-degenerate
G(F)-invariant symmetric bilinear form 8 on g(F’), which we have transferred to a form
B on g'(F), and have used these to form the Fourier transforms. We consider again
the nilpotent G(F')-orbit Oy, s in g(F), which according to the results of Moeglin-
Waldspurger and Varma has the property

1 if 7=y,

C(?T, pr,ﬂ,m) - {0

Using the assumed validity of Conjecture DI for G’, which gives the uniqueness
of to’-generic constituent in Il for each Whittaker datum w’ on G’ and the fact that
(1,7') s = 1 for such a constituent, and using further the fact that each regular nilpotent
orbit O is equal to Oy, g for some choice of w’, we conclude that

Yoy Y e, Nior =Y o

7r’€H¢/ O':regular O':regular

otherwise.

Therefore, our identity becomes

Trans( Z ﬁ0/> = e(s,u) Z c(m) Z c(m, O)lio.

O’:regular melly O:regular
Applying [LSH, Corollary 5.5.B], [W1, p. 91, Conjecture 1], [W2], [W3], [CHL], [N], we
have
~ ga 6 ¢F
Trans Z u0/> = Z Al
(O’ regular 6/ 77DF O:regular
We separate terms using [HO, Theorem 5.11] and comparing coefficients for the orbit
Oy B, We arrive at
7(97 /37 ¢F)
e(s,u) = ——=Alw](O )
( ) /7(917 /6/’ ¢F> [ ]( ¢F:67m)

By Lemmas D=3 and D=3, the right-hand side is equal to 1. This completes the proof
of Theorem D211

D.5. An explicit computation of Weil indices and e-factors. The proofs of The-
orems T2 and DT rely on the key Lemma D=32. We gave a proof of this lemma
for general reductive groups using the work of Kottwitz [Kof]. For classical groups, this
lemma can also be verified by an explicit computation, which we shall give here.

For explicit computation, the left-hand side of Lemma -3 is inconvenient, because
it stipulates that one has to work with a maximal torus of G that transfers to G’, while



172 H. ATOBE, W. T. GAN, A. ICHINO, T. KALETHA, A. MINGUEZ, S. W. SHIN

the computation of the Weil index is most convenient when one uses as a maximal torus
a minimal Levi subgroup of G. So we return to the left-hand side of Lemma D=31. As
shown there, the left-hand side is independent of the choices of the character ¥, the
Whittaker datum ), and the form 5 (recalled that 5’ is the transfer of ). We are thus
free to choose these objects in a convenient way. We first choose a character ¥r and an
F-splitting spl = (B, T,{X,}) and then take the Whittaker datum to determined by
spl and ¢ as in [KoShT, Section 5.3]. We have the G(F')-orbit Oy, g of the regular
nilpotent element

pr,ﬂ,m = Z ﬁ(Xaa Xfa>71X,a.

It may be a priori different from the G(F')-orbit O of the regular nilpotent element
Yo=Y X,

that is “associated” to the splitting spl,, = (B,T,{X_.}) opposite to spl. In our
computations, we will show that § can be chosen such that

(i) pr,ﬂ,m = OOO

This identity implies that invey_(Oy,,gw) = 1. We can then apply the computation of
Alw](Oy, pw) given in the proof of Lemma D231 but with spl’ = spl . and obtain

Al m) = Ao s = £(1/2.X° (D) = X (T ),

thereby reducing the desired identity to

’7(97 57 ¢F) . 5(1/27 X*(T)(C7 wF)

7(9/75/>wF) 5(1/2’X*(T/)Ca,¢)F)

for those particular choices of ¥, § and spl. We will show this identity for classical
groups by explicitly computing all terms.

First, we compute the relevant Weil indices. To recall the definition and properties

of Weil indices, we introduce some notation. Let V' be a finite dimensional vector space

over F' equipped with a non-degenerate symmetric bilinear form 3. Following [W1,
Section VIII.1], we put

Y(V, B, vr) =ﬁ with = /L¢F (ﬁ(f’; ‘”’”)) iz,

where L is a sufficiently large lattice of V and dx is a Haar measure on V. Note that
~v(V, B,1r) does not depend on the choice of L and dz. If V = F and S(z,y) = 2axy
for some a € F*, then we have (V,5,9%r) = v(ayr) with the convention in [Rad,
Appendix]. Here at)p is the non-trivial additive character of F' given by atp(z) =
Yr(ax). Note that v(¢p)y(—1p) = 1 and

V(¥r)

Savr) e(1/2,m4,Yr)

=1
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(see [Kah], [SZ]). Here 7, is the (possibly trivial) quadratic character of F* given
by n.(z) = (a,z)r, where (-,+)p is the quadratic Hilbert symbol of F, so that 7, is
associated to F'(y/a)/F by the local class field theory. One can prove that if (V, ) is a
direct sum of (Vp, ) and the hyperbolic plane H, then v(V, 8, vr) = v(Vo, Bo, ¥r).

Recall that U is the unipotent radical of the Borel subgroup B = TU, and u is its Lie
algebra. Since G is quasi-split, u @ u is an orthogonal direct sum of hyperbolic planes
and hence

7(ga67¢F) - 7(t7ﬁ>¢F)
Now we take the splitting spl given in Section B=3 and compute (g, 5, ¥r) explicitly.

The case of symplectic groups: Suppose that G = Sp,,,(F), so that
t = {diag(X1, ..., Xn, — X, oo, —X1) | X1s.. ., X, € F).

Take the non-degenerate G-invariant symmetric bilinear form 5 on g given by
B(X,Y) = tr(XY). Noting that X ,, = Fiy1; — Fapy1igni for 1 <i<n—1
and X_,, = Eyy1,, we have

pr,ﬁ,m = 271(X*041 +-ot X*anfl) + X, = Ad(to) (Z Xai) € Ox,
=1

where
to = diag(2" 1,272, ..., 1,1,...,27 "2 27t e T
Hence [ satisfies the condition (fi). Since
BIX,Y)=2(XiY1 + -+ X,,)Y,)
for X,Y € t, we have
V(g, B, r) = y(vr)"™.

The case of odd special orthogonal groups: Suppose that G = SOg,,1(F),
so that

t:{diag(Xl,...,Xn,O,—Xn,...,—Xl)\Xl,...,Xn GF}

Take the non-degenerate G-invariant symmetric bilinear form 5 on g given by
B(X,Y) = tr(XY). Noting that X o, = Fiy1;— Eapra-igny1—ifor 1 <i<mn—1
and X_,, = 2(En110, — Entont1), we have

Yl/)F,ﬂJ'U = 2_1(X—041 +-+ X—an—l) + 2_2X—an = Ad(to) (Z X—ai> < OOOa
=1

where
to = diag(2", 2", ...,2%,1,272, ... 27" 2" ) e T,
Hence 3 satisfies the condition (ff). Since
BX,Y)=2(X1Y1+ -+ X,Y,)
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for X|Y € t, we have

The case of even special orthogonal groups: Suppose that G = SO3, (F), so
that t is equal to

{diag(Xl,...,Xn,—Xn,...,—Xl)]Xl,...,Xn € F} lfn: ]_,
{diag(Xy,..., X0, =Xy, ..., —X1) | X1,..., X1 € F, X,, € Ko} otherwise,

where K is the quadratic extension of F' associated to n by the local class field
theory and K| is the set of trace zero elements in K. Take the non-degenerate
G-invariant symmetric bilinear form f on g given by 8(X,Y) = tr(XY'). Noting
that X_,, = Ejj1—FEopy1—ign—ifor 1 <i<n—land X_,, = E 11 1—Epion,
we have

Yi/JFﬁ,m = 271(X7a1 + e + X Ad tO (ZX al) 007

where

to = diag(2" 1, 2”72, ..., 1,1

? Y A

272 oty e T
Hence [ satisfies the condition (fi). Since
2(X1Y1 + -+ X,.Y) if n=1,
BX,Y) = -
20X Y1+ + X1 Y) +trgp(X,Y5) otherwise
for X, Y € t, we have

(8, 8:¢r) = 7 (¥r)" v (atr),
where we write n =7, with a € F* so that K = F(y/a). Note that Ky = F/a.

The case of unitary groups: Suppose that G = U,,, so that
{diag(X1,..., Xp, = X,, ..., —X1) | X4,..., X, € E},
C \{diag(X1, ..., Xoi1, =Xy, = X0) | X1, . X, € B, X,i1 € By}

according to n = 2r or n = 2r + 1, where FEj is the set of trace zero elements in
E. Write E = F(y/a) with a € F* and put n = n,. Take the non-degenerate G-
invariant symmetric bilinear form 5 on g given by (X,Y) = %trE/F(tr(X Y)).
Noting that X_,, = E;+1; for 1 <¢ <n —1 and that

WX, + -t U1 Xa, , EU = Ti=u,—; (1<i<n-—1)

for uy,...,u,—1 € E, we have

pr,ﬂ,m - ZX—%' € Ox
=1
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Hence [ satisfies the condition (fi). Since

tre/p(XaY1 + -+ X, Y;) if n=2r,
trp/ (X Y14+ XY, + (1/2) X, 1Y) ifn=2r+1
for X,Y € t, we have

s y) =

Y(p) y(ap)" if n = 2r,
Y(Wr) v(apr) y((a/2)0p)  ifn=2r41.

The computation of the Weil indices for the various classical groups is now complete.
We turn to the proof of the equation

v(9,8,%rF) ) e(1/2, X*(T)c, ¥r)

V(g B, ¥r) = {

A Boir) 2 X (Dentr)
Recall that G’ is of the form
SpPan, (F7) x SO, (F) if G = Sp,,(F),
o SOgp,41(F) X SOy, 11(F) if G =S0g,11(F),
SO3, (F) x SOZ_(F) if G =S01 (F),
Un, x Uy, ifG="0U,

with n; +ny = n and mny = 7 (see e.g., [WH, Section 1.8]). Recall also that 5’ is the
transfer of 8 to g’ according to [W1, Section VIIL.6]. Explicitly, if we write G’ = G x Ga,
then we have

B = B ® P,
where [3; is the bilinear form on g, as above.

The case of symplectic groups: Suppose that G = Sp,,,(F) and G’ = Sp,,,, (F)x

03,,,(F) with = n,. Then we have
8, B,%r) = v(Wr)", A, B ¢r) = v(r)" Y (apr)
and
e(1/2, X" (T)c,vr) =1, e(1/2, X" (T")c,vbr) = e(1/2, 10, ¥F)-
Hence
(g, 8, ¢r)  e(1/2,X*(T)c, ¥r) V(¢r) 1

A For) 212 X (T erir) ~ Wavw) (/2 br) -

The case of odd special orthogonal groups: Suppose that G = SOs,1(F)
and G' = SOsg,,+1(F) X SOgp,+1(F). Then we have

7(97 67 ¢F) - 7(9/7 ﬁla ¢F) = 7(¢F)n

and
6(1/27 X*(T)(C7 1/JF) = 5(1/27 X*<T/)(C7 ¢F> =L
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Hence

(9,8, ¢r)  e(1/2,X*(T)c, ¥r)
7(glvﬂlawF) 8<1/27X*(TI>C7wF)

The case of even special orthogonal groups: Suppose that G = O] (F) and
G' = 03, (F) x OF_(F) with n = 1, and 1; = 7,,. Then we have

=1.

2n1
(g, B,0r) = Y(Wr)" Ny (ahr), (g, B 0r) = (W)Y (a1r)y (a2t r)
and
e(1/2, X*(T)c, vbr) = e(1/2,m,¢rp),
e(1/2, X*(T")c, ¥r) = e(1/2,m,¢r)e(1/2,1m2,%r).
Hence

(g, B, ¥r) . £(1/2, X*(T)c, ¢r)

(o, B8 vr) e(1/2, X*(T")c, ¥r)

_ Y(Vr)y(ar) ) e(1/2,n,9r) —1
Y(arr)y(agr) (1/2,m,¢r)e(1/2,02,9r)

The case of odd unitary groups: Suppose that G = U, and G’ = U,,, x U,,
with n = 2r + 1. Then we have

(g, B,%r) = (g, B, 0r) = v( ) v(ar) v((a/2)YF)

and

€<1/27 X*(T)(Cu wF) = 5(1/27 X*(T/)C7 z;bF> = 6(1/27 7, wF)T+1'
Hence
7(97 67 wF) . 5(1/27 X*(T)(Ca wF)
’7(9/75/7’(/117) 5(1/27X*(T/)(C7¢F)
The case of even unitary groups: Suppose that G = U,, and G’ = U,,;, x U,,
with n = 2r. If n; and ny are even, then we have

7(97 ﬁv QZ}F) = 7(9/7 5,7 ¢F) = ’YWF)T'Y(C“/JF)T

=1.

and
5(1/27 X*(T)(C7 ¢F) = 5(1/2’ X*(T/)(Ca @Z)F) = 5(1/27 7, ¢F)T

Hence
fy(ga 57 wF) . 8(1/27X*(T>(C7¢F>
(g, 8,¢r) e(1/2, X*(T")c, ¥r)
If ny and ny are odd, then we have

v(g, B,vr) = v(Wr) v(ar)", (g, B vr) = v(Wr) Y (abr) "y ((a/2)yr)?

and
6<1/27 X*(T)(Ca wF) = 5(1/27 7, 1/JF)T7 6(1/27 X*<T/)(C7 ¢F> - 5(1/27 m, ¢F)T+1'

=1.
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Hence
(g, B, ¥r) _ £(1/2, X*(T)c,vr) _ v(r)y(ar) . 1
(g, B vr) e(1/2, X*(T")c, ¥r) a Y((a/2)r)?  e(1/2,n,¢F)
. 5(1/2ana/2a'¢}F)2 - 77a/2(_1)
- e(1/2,me)? n(=1)
_ (a/2,-1)p
 (a,—1p
Here, we use the fact that (z,1 — z)r =1 for z # 0, 1.
This completes the proof of Lemma [D-37 for classical groups by explicit computation.

=(2,-1)p=1.

APPENDIX E. ENDOSCOPIC CHARACTER RELATIONS FOR THE ARCHIMEDEAN CASE

In this appendix, we will argue that [Ar2, Theorem 2.2.1(a)] holds for F' = R and
tempered parameters ¢ = ¢, and [Ar2, Theorem 2.2.4] holds for F' = R and discrete
parameters ¢ = ¢. The validity of these theorems is assumed at various places in [Ar2]
with the remark that they will follow from a forthcoming work of Shelstad and Mezo.
In the meantime, the work of Shelstad [She?] has appeared, which proves the transfer of
functions in twisted endoscopy for F' = R, and the works of Mezo [Mez1l, Mez2]|, which
prove a weaker version of the desired theorems: the character identities are shown to
hold up to a scalar.

In this appendix, we will use different sources. The forthcoming work [KM] treats a
general class of disconnected real reductive groups and L-parameters which are discrete
for the identity component; this will suffice for the purposes of [Ar2, Theorem 2.2.4],
because the general tempered case can be reduced to the discrete case by a global
argument. However, this is insufficient for the purposes of [Ar2, Theorem 2.2.1(a)],
because the group GLy has no discrete parameters when F' = R and N > 2. Here we
will build on [AMR] and [CI]. This will again involve a global reduction argument, but
now to the case that ¢ is discrete for the endoscopic group. It will further involve a
local argument that allows for a variation of the L-homomorphism.

E.1. Theorem 2.2.4 for archimedean discrete parameters. We briefly review the
results of [KM]. One considers rigid inner forms of groups of the form G* = Gx A, where
G is a quasi-split connected reductive R-group and A is a finite group of automorphisms
of G that preserve a pinning. (These groups were denoted by G in loc. cit., but here
we are using the notation G of Arthur.) In the case at hand G = SO,,,, A = Z/2Z
acting by the unique pinned outer automorphism, and we are interested in the trivial
rigid inner form, i.e. the group Gt = G x A itself.

It is shown in loc. cit. that to each discrete parameter ¢: Wr — LG one can associate
an L-packet II,(G™) of irreducible discrete series representations of G*(R) and an

injection of this L-packet into Irr(Sy), where S is the centralizer of ¢ in GxA=

SO9,(C) x Z/27Z, where again A acts by preserving a pinning of G. Note that we
are using the superscript + here again in the sense of Arthur, and not in the sense of
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[Kal3]. This injection is normalized using a Whittaker datum w that is A-admissible,
ie. it is a G(R)-conjugacy class of pairs (B,) that contains an A-stable such pair;
such Whittaker data always exist.

When the a—conjugacy class of ¢ is not stable under A, then S} = S, is the centralizer

of ¢ in G. The setting of [AT2, Theorem 2.2.4] is the opposite, namely the G-conjugacy
class of ¢ is stable under A, in which case S, is a normal subgroup of index 2 in S,
with quotient A = Z/27Z.

For any s € S; one can associate an endoscopic datum (G, G’, s,n), which is twisted

when s ¢ S,. The following character identity is proved in loc. cit.:

(ECR) SOy (f) = > (s DOx(f),

71'€H¢(G)

where the notation is as follows:

(1) f is a smooth compactly supported function on G(R) = SO,,(R), which we
interpret as a function on G*(R) that is supported on the non-identity coset,
by means of the injection G(R) — G™(R) sending g to g, with 0 € A = Z/2Z
the non-identity element.

(2) f' is the transfer of f to the twisted endoscopic group G’ in terms of the
Kottwitz—Shelstad transfer factor normalized by the fixed A-admissible Whit-
taker datum tv.

(3) ¢’ is the factorization of the parameter ¢ through n: ‘G’ — LG.

(4) SO is the stable character of the L-packet I1,(G’) of G'.

(5) 7 is an arbitrary extension to G (R) of the representation 7. We will argue
below that such an extension always exists in the special case we are considering.

(6) ©3 is the distribution character of 7. It is shown in loc. cit. that the product
(s,T)O%(f) does not depend on the choice of extension 7 of .

Identity (ECH)) is the desired identity (2.2.17) in [Ar2, Theorem 2.2.4], albeit in dif-
ferent notation. This proves part (a) of that theorem for discrete parameters over R.

Part (b) is the assertion that we made in (5) above that every m has an extension 7.
It is shown in loc. cit., in the general setting of disconnected groups discussed there,
that if 7 € II4(G) corresponds to p € Irr(S,), then the extensions of 7 to G*(R) are
in natural bijection with the extensions of p to Sg. Thus, it is enough to show that in
the particular case of GT = SOy, X Z/2Z any p € Irr(S,) has an extension to S;.

To see this we note that G x Z/27 is isomorphic to Oa,(C). Therefore, the centralizer
S, is isomorphic to

[Tow) = JTspwy)
and S, is the subgroup of index 2 on which the product of the determinants of the

individual factors is trivial. The representation p kills the identity component of Sy,
which is also the identity component of S(;. We are therefore looking for an extension
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of p from m(S,) to 7'('0(5;). But the latter group is visibly abelian, in fact a 2-group,
so such an extension always exists.

E.2. Theorem 2.2.1(a) for archimedean tempered parameters. In the remain-
der of this appendix we will show that the twisted character identities in [Ar2, Theorem
2.2.1 (a)] and their unitary group analogue over R for tempered representations are
valid. Note that [KM] treats general disconnected real groups, but only those tempered
parameters that are discrete for the identity component, and this is not sufficient for our
purposes. Mezo has treated in [Mez2] general twisted real groups and general tempered
parameters, but the desired identity is proved there only up to a scalar. We need to
know that this scalar factor is equal to 1. This is done in [AMR), Appendix A] (resp. in
[CI]) for G = Sp,,, and G = SO,, (resp. for G = U,,), but only for special L-embeddings
LG — GLy and only for L-parameters that are discrete for G. We will reduce the
general case to that core case.

E.3. Reductions. For convenience we adopt the notation of [Ar2] and make references
to there. (These are closely followed in [Mok] with minor differences.)

We can first reduce the identities to the case that G is a simple twisted endoscopic
group. Indeed, if G = Gg x Go is not simple, then by [Ar2, Proposition 6.6.1], we may
assume ¢ = ¢g X ¢pp € ZI%(G) is square-integrable. (If G possesses no square-integrable
parameters, then there is nothing to prove.) There exist stable linear forms

F5(8s), fO(¢0), [ €H(Gs), f € H(Go)

either by the induction hypothesis or by well-known results in real endoscopy. (These
are the stable characters associated with the discrete series L-packets for ¢g and ¢p.)
We define a stable linear form f(¢) by the formula

f(@) = f(95)f%(90), f=fxf°

Mezo [Mez2] has shown that the twisted character fn(¢) (defined in [Ar2, (2.2.1)]) on
f € H(N) satisfies the following twisted character identity up to a scalar ¢(¢) € C*,

where f€ denotes a transfer of f:

(@) = c(0)f€(9).
Lemma E.3.1. In the above setting, c¢(¢) = 1.

Remark E.3.2. This lemma was assumed in the proof of [Ar2, Lemma 6.6.3] and [Mok,
Proposition 7.7.1] when the authors write “assumed as part of the theory of twisted
endoscopy” or “by the results of Mezo and Shelstad”. Unfortunately the current state
of twisted endoscopy for real groups is not enough to imply the lemma as a special case.
So we give a global proof in much the same way as Arthur treats p-adic places.

Proof of Lemma [EZ31. Let d > 0 be a sufficiently large integer; this number controls
the number of archimedean places. (Arthur wants d to be large in the globalization of
[AT2, Sections 6.2—6.3]. For our purpose d = 2 is enough because we do not need [Ar2,
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Proposition 6.3.1 (iii)]. We do need d > 1 to be able to appeal to the simple trace
formula.)

By [Ax2, Proposition 6.3.1] (disregarding condition (iii) there) we have the following
globalization for each of ¢ € {0,1}:

a totally real field Fl such that [F; : Q] = d + 1,
a real place u; of Fj,

a twisted endoscopic datum G; € gen(N ) over F,
a parameter ¢; € ®5™(G,),
such that (E, G, c;SZ) specializes to (F, G, ¢) at the place u;, and such that

e G possesses discrete series at all v € Site (in addition to v = u;),

® ¢,, is square-integrable and in relative general position at all v € S;"

7,007

where S; ~, stands for the set of real places of F;, and we put Site = Sio\{ui}. (The

degree [E 1 Q) is not prescribed in loc. cit. but the existence argument there works for
a fixed choice of F; and u;.) In fact the real groups

Gio (i€{0,1}, v € Sio)

are all isomorphic to G (canonically up to inner automorphism) as they are quasi-split
real forms accommodating discrete series. We fix such isomorphisms.

Now the point is that, in addition to the above, we can arrange that the real com-
ponents of gbo and ¢1 away from ug, u; are all equal, i.e.,

(b) Gio = bgen (1 € {0,1}, v € Sf.)

for some @gen € 62(G) in general position via Gw & (G. This is possible since Arthur
can prescribe the parameters at v € S;"_ quite flexibly. More precisely, for i = 0,1
and v € Si'i, his argument fixes a regular infinitesimal character pu;, (of a discrete

series representatlon) and shows that there exists a global parameter ¢l such that qﬁw
has infinitesimal character ngu;, and trivial central character, as long as n € Z-q is
sufficiently large. Thus we can achieve (H) by starting from the same p;, for all i,v as
in (H) and then choosing n large. (We use the same n for all 7,v.)

The rest of the argument proceeds as in the proof of [Ar2, Lemma 6.6.3], with u a real
place rather than a finite place. Namely we apply [Ar2, Lemma 5.4.2] (applicable since
[Ar2, Assumption 5.4.1 (b)] therein is satisfied at all archimedean places) to deduce
that

fn(di) = fC(), = vaeH N

Here the subscript Fj is there to remind us that the Hecke algebra is for the twisted
general linear group over Fj. Condition (ii) of [Ar2, Proposition 6.3.1] allows us to
cancel out the terms at all finite places from both sides, as in the proof of [Ar2, Lemma
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6.6.3]. Hence . _
H JEN,U((Zai,v>: H ff(@,v)

vESi,oo UGSZ'_,OO

In light of the equation fxy(¢) = ¢(¢)fC(¢), this implies that

(@) Pgen) ™ = 1.
Since this holds for both i € {0,1}, it follows that c(¢) = ¢(dgen) = 1, as desired. O

Now we may assume that G is simple. We further can reduce to the case that the
parameter ¢ is square-integrable. Indeed, if ¢ is tempered but not square-integrable,
[Ar2, Theorem 2.2.1] follows as explained at the beginning of Section 6.6 in loc. cit.

Now consider the core case that G is a simple endoscopic group of twisted GLy and
¢ is a square-integrable parameter. If the endoscopic datum is standard (i.e. the L-
embedding “G' — GLy is standard), the result is covered by [AMB, Appendix A] for
SPan, SO,, and [Cl] for U,,. This reduces the problem to Proposition [EZ below, which
may be of independent interest, so we will prove it for any local field.

E.4. Set-up and statement of the result. Let F' be a local field, G a quasi-split
connected reductive F-group, (T, B,{X,}) a pinning, § an F-automorphism of G pre-
serving the pinning, and ¢¥r: F' — C* a non-trivial character. Let (H,#H,1,£) be the
principal endoscopic datum for (G,#). We assume that there exists an L-isomorphism
LH — H and write “¢: “H — L@ for the composition of this isomorphism with . The
pinning and the character ¥y lead to a Whittaker datum, which we use to normalize
the transfer factor.

Let ¢: Lp — “H be a tempered parameter. The expected twisted character identity

is then as follows: _ ~
doou@G)) = > tr(a(f),

weHng(G) o€lly(H)

Tl
where 7 is the Whittaker normalized extension of 7 to G(F') x (6), f € C°(G(F) x 0),
and fH € C®(H(F)) is its transfer.
This identity is stated in the language of distributions, but can also be restated in
the language of functions as

ST u@0) =Y A0 Y t(e(),
weHL§O¢(G) Y o€lly(H)

Tl

where 0 € G(F) x 0 is regular semi-simple, v runs over the set of regular semi-simple

elements of H(F) up to stable conjugacy, and A[F&](vy,d) is the transfer factor relative
to the L-embedding ¢ and normalized by the Whittaker datum.

Proposition E.4.1. Assume that the twisted character identity holds for one choice
of embedding “¢: “H — “G. Then it holds for any other choice of “& with the same
restriction H.
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Remark E.4.2. One can contemplate various generalizations of this statement. For
example, the proof given below easily generalizes to arbitrary endoscopic groups in the
ordinary setting, i.e. when 6 = 1. It also generalizes to inner forms of (G, 6). What
is not so clear to us is how to generalize it to arbitrary endoscopic groups when @ is
non-trivial, but we do not need this case. Also, we will only give the proof when the
derived subgroup is simply connected.

E.5. Proof. To simplify matters we will give the proof under the assumption that the
derived subgroup Gge, is simply connected.
First, we study the possible variations of “¢. Since “¢|; has been fixed, we use it to

identify H with a subgroup of G to save notation. We have H = (@9)0.
Lemma E.5.1. We have Z@(PA[) = Z(G).

Proof. Let S € H be a maximal torus. Then since T = Z@(g) is a f-stable maximal
torus of G , it is contained in a #-stable maximal Borel subgroup B , and S = (ff’)". The
root system R(S, H) is the set of indivisible roots in the relative root system R(S,G).
The latter is the set of restrictions to S of the absolute root system R(f, CAJ) No such
restriction vanishes, and the restriction map R(f, CAJ) — R(§ : é) is surjective with
fibers being the 6-orbits.

An element of Z@(?[ ) centralizes S, hence lies in T. Moreover, it acts trivially on
each root space of S in Lie(H). For 8 € R(S, H), the root space Lie(f[)[g is the space
of -fixed points in @OHB Lie(@)a. Therefore, t € T fixes this root space if and only if

a(t) = 1forall &« — (. Since all §—simple roots o map to an indivisible root in R(§ , H ),
we see that for an element ¢ € T to centralize Lie(H) it is necessary and sufficient that
a(t) =1 for all B-simple roots in R(T', G), which is equivalent to t € Z(G). O

Lemma E.5.2. If/¢: “H — LG is one choice of L-embedding, then any other choice
is of the form a - L& for some o € ZY (W, Z(G)) whose cohomology class is 0-fized.

Proof. The actions of 0 € Wr on H and G are generally different, and we will write oy
and og for them. Then oy = Ad(g,) X og for some g, € G that is well-defined up to

~ ~

multiplication on the left by Z5(H). By above lemma we have Z5(H) = Z(G).

Since, for any “¢ and o € Wy, the element “¢(1 x o) € G normalizes H and acts
on it by op, we see that if one ¢ is fixed, and other choice is of the form o - “¢ for a
continuous map a: Wrp — Z (@)

The multiplicativity of “¢ and « - “¢ implies that « is a 1-cocycle. By assumption
there exist z,y € Z(G) such that o6 = z- L&z and Ao (- L&) =y - (a- L&) -y~

~

It follows that a=!(c) - 0o alo) = (xy~ ') lo(zy™), ie. [a] € H (Wg, Z(G))°. O
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Next, we reduce Proposition EZ4 to a property of the transfer factor. We now fix
L¢ for which the character identity

ST u®0) =Y A0 Y ti(a(y)
WEHL§O¢(G) vy o€lly(H)

Tl

holds. If we replace ¢ by o - L& for some a € ZH(Wp, Z(G)) whose class is 6-fixed,
then on the left-hand side of the identity, the packet Ilrg.s changes to Il,.eos. If
Xo: G(F) — C* is the character corresponding to «, then tensoring representations
with y, provides a bijection
HL€O¢ — Ha,L§O¢.

Moreover, the Whittaker extension of x, ® 7 equals Y, ® 7, where 7 is the Whittaker
extension of 7, and X, is the extension of x, to G(F') x (#) specified by x.(f) = 1 (since
the class of a is f-fixed, the character x, is f-invariant). Therefore, upon replacing ¢

by «a - €, the left-hand side of the character identity multiplies by Y,(d). Hence to
prove Proposition [EZZl, it would be enough to show

Ala - 7€](7,0) = Xa(0) - A[*€](v,0).

Finally, we shall show this property. The only piece of the transfer factor that
depends on the choice of L-embedding is Ajrj;. Let us briefly recall its construction
following [KoShT, Section 5.3]. There exists a §-admissible maximal F-torus 7' C G
together with an element g € Gy.(F) such that 0* = g~'dg € T(F) x 6, and if we write
6" = 6" x 0 then the image v* € Ty(F) of §* lies in Ty(F). Writing z, = g 'o(g) we
have (z;1,6%) € ZV(F, T,e =5 T).

Let v € H(F) be related to 0 and let S C H be the centralizer of . There exists
a unique admissible isomorphism &, ,-: S — Ty mapping v to v*. Choosing x-data for
R(T?,G) provides L-embeddings ‘s p: S — LH and Lépq: LT — LG. There is a
unique 1-cocycle n: Wp — T that makes the following diagram commute

LS L&S,H LH

nle, o« i l%

Lp 1@,
Lera
Here ©¢, .+ is the L-embedding obtained from the L-isomorphism SxWp — (T?)° xWp
dual to the inverse of &, .- and the inclusion (f")" — f, and we have multiplied it with
the 1-cocycle 1, composed with the projection S — Wy and the inclusion T — LT.
Then (n71,1) € Zl(Wp,f 176 fad). The factor Ajr; is the pairing of (2,1, 6*) and

(n',1).
If we replace “¢ by o - “¢ then 7 is replaced by « - 7. We are using the natural
inclusion Z(G) — T, which is equivariant under both I and #, and induces an inclusion
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of complexes of I-modules [Z(G) — 1] — [T =9, Tua]. The value of the transfer
factor thus multiplies by the pairing of (o, 1) with (2!, §*). Now (o', 1) is included
from [Z(G) — 1]. Using the functoriality of the Tate-Nakayama pairing and the fact

~

that Z(G) is the torus dual to D = G/Gger, we may compute the pairing of (o', 1)
and (z;',0%) by mapping the latter under the map [Tk, 10 T — [1 — D]. Now
5" x 0 =0 =g log = (g7'0go ") - § and the term in the parentheses lies in Gger.
Therefore we see that the images of * x 6 and § in D(F) x 6 agree, and lie in D(F) x 6.

In particular, the image 6 of 6* in D is an F-point. Since Ajj; enters the transfer
factor with its reciprocal, we see that changing “¢ to a- ¢ multiplies the transfer factor

by xa(0), where y, is the character of D(F') with parameter o. This character is -
invariant and hence extends to a character Y, of D(F) x (f) with Xx,(#) = 1. Then

Xa(0) = Xa(d % 0) = Ya(0), where we have mapped 4 in D(F) x 6 under the natural
map G(F) x 8 — D(F) x 6. Since the character x, of G(F') is simply the inflation to
G(F) of the character x, of D(F), the desired identity

A[Oé ' Lﬂ (77 g) = S(va(g> ’ A[Lg] (77 g)
has been established.
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