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Abstract. In this article, we construct new families of Ramanujan complexes

with local structure distinct from all previously known examples. Our approach
is based on unitary groups over number fields, more specifically on what we

call super-definite unitary groups—definite unitary groups that are anisotropic

modulo their center at a finite place. These arise naturally as groups of units
in central division algebras with involution of the second kind.

Our first main result gives a general construction of infinite families of
Ramanujan complexes associated with a super-definite unitary group G over a
totally real number field and a finite place v0. The structure of the resulting

complex is governed by the type of the Bruhat–Tits building at v0. It includes
new examples of type An when v0 is split, and novel families of type 2A′n,
2A′′n (with n even), B-Cn, 2B-Cn and C-BCn in the non-split case. This

construction works uniformly across all ranks.
Since much of the motivation for constructing expander complexes comes

from computer science, we investigate the algorithmic explicitness of our con-

struction in the latter part of the paper, and provide an example in rank 5
where it becomes fully explicit. In particular, this example yields golden gates
for the real Lie group PU(5).
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1. Introduction

1.1. Context and Motivation. Ramanujan complexes are particular types of
expander complexes. These are combinatorial objects that have recently become
important in computer science and mathematics.

The simplest case of an expander complex is an expander graph: very roughly, a
sparse graph that still has very short paths between vertices. In computer science,
such graphs are an important tool for understanding and utilizing pseudorandomness,
and therefore have a wide range of applications, from complexity theory to error-
correcting codes to network design; see [V+12] for a survey on pseudorandomness
and the central role played by expander graphs. Some deep mathematical theories,
such as Kazhdan’s property (T) and the Ramanujan conjecture, have been used
to give explicit constructions of expander graphs [Mar73, Mar84, Mar88, LPS88],
creating exciting connections between pure mathematics and computer science.



UNITARY RAMANUJAN COMPLEXES 3

An expander complex X is a higher-dimensional generalization: instead of just
vertices and edges, we also keep track of “higher-dimensional” connections: triangles
made up of 3 vertices, 3-simplices made up of 4 vertices, etc. Together, these give X
the structure of a simplicial complex that has an analogous “expansion property”.
See [GK22] for a partial review of the applications of high-dimensional expanders. To
name just a few, ideas related to expander complexes have been key to recent major
breakthroughs in computer science and combinatorics: for example, in matroid
theory [ALGV19], constructing locally testable classical and high-rate quantum error-
correcting codes [DEL+22, DEL+25, PK22, EKZ22], constructing lossless vertex
expanders [HLM+25a, HLM+25b], and providing an alternate proof of the PCP
theorem [Din07, DK17]. They are even of speculative industrial interest, because
the error-correcting codes they give rise to may outperform the currently-used
Reed–Solomon codes in the parameters needed to construct efficient zero-knowledge
and succinct proof systems—see, for example [GLS+23, RZR24] for some recent,
initial explorations using “exotic” codes.

There is currently no universally accepted best generalization of the expansion
property characterizing expander graphs; various possibilities are surveyed in [Lub18].
Of these, coboundary expansion and topological expansion seem to be the most
relevant in applications. However, these two variants tend to be hard to establish,
leading to the consideration of the mathematically more convenient optimal spectral
expansion condition—this essentially constrains the eigenvalue gaps of operators in
a “Hecke algebra” of generalized adjacency operators (see [CSZ03]). A Ramanujan
complex is a simplicial complex satisfying this optimal condition of spectral expansion,
see Definition 2.2.1 below for details. Unlike in the graph case, the full relationship
between spectral expansion and other types of expansion is still open. Nevertheless, a
tight connection is still expected: for example, [KKL14, EK24] construct topological
expanders from certain spectral expanders.

1.2. Our Contribution. The goal of this paper is to construct novel families of
Ramanujan complexes. Our approach builds on the philosophy underlying the
construction of Ramanujan graphs by Lubotzky–Phillips–Sarnak [LPS88] and its
higher-dimensional extension in type A by the Lubotzky–Samuels–Vishne [LSV05a,
LSV05b], W. Li [Li04] and A. Sarveniazi [Sar07]. In those works, Ramanujan
complexes were obtained as quotients of the Bruhat–Tits building associated with
G = GLN (F ), where F is a local field, just as Ramanujan graphs were obtained
in [LPS88] as quotients of the Bruhat–Tits tree for G = GL2(F ). These quotients
arise from certain arithmetic lattices obtained by globalizing G into an inner form
of a general linear group, and the optimal spectral expansion condition comes from
the Ramanujan conjecture. For GL(2), this conjecture was proved by Deligne over
number fields [Del80] and by Drinfeld over function fields [Dri88]. In higher rank,
however, the conjecture over number fields remains open, and therefore all of the
above constructions assume that F has positive characteristic, where L. Lafforgue’s
work on GL(N) over function fields applies [Laf02].

Instead of globalizing G into an inner form of a general linear group, the idea
underlying our work is to globalize G into an inner form of a unitary group, more
precisely into what we call a super-definite unitary group—that is, a definite unitary
group such that at one finite place it is anisotropic modulo its center (i.e., the units of
a division algebra). Such unitary groups can be constructed using involutions of the
second kind. Unfortunately, the Langlands correspondences in positive characteristic
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are not yet developed enough to extend the argument of [LSV05b] to these unitary
groups.

The key insight of this work is that, surprisingly, the situation over number
fields is much better due to powerful trace-formula techniques that are unavailable
over function fields. Specifically, the Ramanujan property can be deduced from
the (almost complete) endoscopic classification of representations of non-quasi-
split unitary groups [KMSW14] together with the work of A. Caraiani [Car12].
Moreover, nothing prevents us from constructing Ramanujan complexes at the other
finite places of our super-definite unitary groups as well, producing complexes with
significantly different local structures compared to previous examples.

In the case of expander graphs, having a large “library” of local structures to select
from is critical for applications. For example, the Sipser–Spielman construction
of linear-time encodable and decodable expander codes [SS96, Spi95] specifically
requires biregular graphs with restricted bidegrees instead of purely regular graphs.
In the case of higher-dimensional complexes, a recent work [DDL24] on agreement
testing needed constructions coming from symplectic type-Cn complexes.

More precisely, our first main result, Theorem 3.3.1, provides infinite families
of Ramanujan complexes of increasing size, given a super-definite unitary group G
defined over a totally real number field F and a place v0 of F . Information about the
structure of the resulting complex can be read off from the type of the Bruhat–Tits
building B(Gv0), using the tables in [Tit79], which determine the reductive quotients
of the special fibers of various integral models of G; see §10.1. In particular, in the
split case, this yields new families of Ramanujan complexes of type An while in the
non-split case, we get families of various novel types 2A′n, 2A′′n (with n even), B-Cn,
2B-Cn and C-BCn. This abstract construction works for all ranks n.

1.2.1. Explicitness. Since our motivation comes from computer science applications,
a substantial and important part of this article focuses on one particular example
where we can make our complexes explicit. By an “explicit construction”, we mean
a construction of expander complexes that can potentially serve as a part of a larger
practical algorithm.

At present, there are very few constructions of good higher-dimensional Ra-
manujan complexes beyond the type-An case also covered by [LSV05a, LSV05b];
to our knowledge, the only example is [EGGG24], via SO(5). Here, only a weaker
“Ramanujan density” property is achieved, and the construction is not fully explicit.
In the case of Ramanujan graphs, there are many examples coming from rank-3
super-definite unitary groups: Ballantine et al. [BFG+15] and Ballantine–Ciubotaru
[BC11] give some that are partially explicit while Evra–Parzanchevski and Evra–
Feigon–Maurischat–Parzanchevski [EP22, EFMP23] give ones that are fully explicit
in this strong sense.

Part 2 of the paper focuses on making our construction fully explicit. For
that, we require an additional assumption that G has class number one, i.e., that
G(A∞) = K∞G(F ) (see Paragraph 1.4 for standard notation on adèle groups),
and that K∞ ∩G(F ) = {1}. Under these assumptions, for all finite places v0, the
group Λv0

:= G(F ) ∩K∞,v0 acts simply transitively on Gv0
/Kv0

, enabling a highly
explicit construction of the complex. In Section 4, we explain how this additional
“class-number-one” property facilitates a strategy to render our abstract construction
explicit. More precisely, we describe explicit constructions for the related Ramanujan
complexes in the split case (type An) and unramified inert case (type 2A′n). With
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a bit more effort, a similar construction should work for other types we mentioned
before; however, for the sake of brevity, we restrict our attention to these two most
important cases, which occur at almost all non-archimedean local places.

The caveat is that these assumptions imply, by [MSG12], that the rank of the
unitary group must be less than or equal to 5. That same paper provides an example
of a super-definite unitary group in five variables, along with a compact subgroup
K∞ satisfying these conditions. We implement our explicit construction using
this example in the second half of the paper. More precisely, in Section 5-6, we
explicitly construct our desired division algebra D of degree 5 over E = Q(

√
−7),

an involution ι of second kind on D together with a ι-stable maximal order Λmax
D

of D. In Section 7, using this maximal order we construct the group Λ0,p = Λv0

mentioned above with v0 being a fixed prime p. In Section 8, we explain the explicit
construction of the related Ramanujan complex, where the key point is to fully
describe the finite set of the so-called “golden gates” SΛ̄0,p

. Interestingly, this finite
set of precomputed elements is named “golden gates”, because they can computably
and efficiently approximate arbitrary group elements on PU(5) over R. Golden
gates on unitary groups are of interest in quantum computing and were previously
studied in [PS18, EP22, DEP25]; see Definition 4.2.1. The precomputation of such
a set requires solving an explicit norm equation in Λmax

D , whose detailed procedure
is described in Section 9. Finally in Section 10 we summarize our algorithm.

While the machinery used in Part 1 to prove that our expanders are optimal relies
on the latest advances in the theory of automorphic forms, the explicit construction
in Part 2 is carried out using classical algebraic number theory—our main reference
is a paper by Ralph Hull from 1935!

Finally, we sum up our main claims for explicit constructions, one formal and
one informal:

Theorem 1.2.1. Let p 6= 2, 7 be prime and let Bp be the Bruhat-Tits building for

• GL5(Qp) if p ≡ 1, 2, 4 (mod 7),
• U5(Qp) (the quasisplit unitary group with respect to the unramified quadratic

extension of Qp) if p ≡ 3, 5, 6 (mod 7).

Then we give an explicit algorithm which, given any n relatively prime to 2 · 7 · p
produces a Ramanujan Complex Xn with universal cover Bp. The algorithm runs in
time polynomial in n and the size of Xn grows polynomially in n.

This algorithm and the exact size of Xn is described in §10.2. Since the universal
cover of Xn is Bp, its local structure is completely determined: in particular, the
types of simplices and their incidence relations are fixed (see §10.1). Furthermore,
there is an efficient way of explicitly describing this local structure (cf. §8.4).

Claim 1.2.2 (Informal). Fix p. Given a once-and-for-all precomputed finite list of
data depending just on p, the algorithm in Theorem 1.2.1 is practically executable
on a modern computer for p = 3, 11.

We emphasize that we have not implemented the algorithm—due to its complexity,
doing so would constitute a substantial software engineering project. Also, since the
number of vertices of Xn is roughly given by a polynomial in n of degree 25, when n
is large it is hopeless to fully compute and store the entire complex explicitly. Thus,
by “practically executable” we rather mean that for any vertex in the complex, we
can determine all the adjacent vertices and the related simplices, which requires on
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the order of several million small matrix multiplications (cf. §8.2.2) over a degree
10 extension of Q and is thus practically feasible.

The practicality of our algorithm also comes with an additional important quali-
fication: the list of precomputed data in Claim 1.2.2. Although we do not compute
these lists here, as one possible strategy, we reduce the problem to finding all vectors
of a given small norm in a certain 25-dimensional integer lattice and checking if their
“characteristic polynomials” are equal to the given one, see Problem 9.4.1. This is
related to lattice-norm problems that are well-studied due to their applications in
cryptography, but are correspondingly known to be computationally challenging in
general.

Solving the problem in this particular case, or even determining if it is compu-
tationally tractable on modern hardware, is far out of the scope of the authors’
current expertise. Nevertheless, we are able to find at least one explicit gate (cf.
§9.6), giving hope that more computational expertise could fully solve the problem.

1.2.2. Possible Extensions. We expect there to also be examples of class number
one, super-definite unitary groups in rank 4 (beyond the already-studied rank 2
and 3 cases—see Remark 4.1.4). In addition, the techniques of [EP24] suggest a
(much more complicated) extension of this construction that works for non-trivial
but small class number.

The results here should also be extended to the function field setting. At the
moment, there isn’t a good replacement for the endoscopic classification in positive
characteristic so the argument of Theorem 3.3.1 doesn’t generalize. However,
the geometric methods used to study the positive characteristic case are rapidly
progressing, so it is reasonable to expect a workaround to be available soon—see
Remark 3.3.3. It is therefore worth exploring if the constructions of class-number-
one inner forms of GLN from [CS98] extend to unitary groups, potentially giving
examples in arbitrarily high rank.

1.2.3. Conditionality. The proof of Theorem 3.3.1 depends heavily on Mok and
Kaletha–Mı́nguez–Shin–White’s endoscopic classifications for unitary groups [Mok15]
and [KMSW14]. Both depend on the unpublished weighted twisted fundamental
lemma. The second in addition pushes many technical details to a specific reference
“[KMSb]” that is not yet publicly available.

We note that [AGI+24] recently resolved the dependence of [Mok15] and [KMSW14]
on the unitary analogues of the unpublished references “[A25][A26][A27]” in [Art13].

1.3. Acknowledgments. We thank Alexander Bertoloni-Meli and Daniel Li-Huerta
for explaining many aspects of function-field Langlands correspondences to us and
their potential relevance to this project. We also thank Goulnara Arzhantseva,
Shai Evra, Mathilde Gerbelli-Gauthier, David Schwein and Hongjie Yu for helpful
conversations.

All authors were supported by Principal Investigator project PAT4832423 of the
Austrian Science Fund (FWF) while working on this project. The second author was
also supported by the project ATR2024-154613 funded by MICIU/AEI/10.13039/
501100011033.

1.4. Notation.
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1.4.1. Conventions. Let E be a number field and let v be a place of E. We denote
by Ev the completion of E at v. If v is finite, we write OEv for the ring of integers
of Ev.

The ring of adèles of E is

AE :=

′∏
v

Ev,

the restricted product with respect to the subrings OEv at finite places.
For an E-algebra B, we define

Bv := B ⊗E Ev.
Similarly, if OB is an OE-algebra, we define

OB,v := OB ⊗OE OEv .
If F ⊆ E is a subfield and p is a place of F , we define

Bp := B ⊗F Fp = B ⊗E
(
E ⊗F Fp

)
=
∏
v|p

Bv

and

OB,p := OB ⊗OF OFp = OB ⊗OE
(
OE ⊗OF OFp

)
=
∏
v|p

OB,v,

where we use, for example, [Ser13, Proposition II.§3.4] to compute OE ⊗OF OFp .
Let S be a subset of the finite places of either E or F . We define

BS :=
∏
v∈S

Bv, BS :=
∏
v/∈S

Bv, OB,S :=
∏
v∈S
OB,v, OSB :=

∏
v/∈S

OB,v.

If γ ∈ OE , we define

OB,(γ) := B ∩ OB,S ,
where S is the set of places v dividing γ.

For a variety X over E, we define XS := X(ES) and XS := X(ES). Depending
on the context, these may be regarded via their natural coordinate embeddings into
X(AE).

1.4.2. Notation Reference. We use the following non-standard notation across mul-
tiple sections:
Abstract Construction

• B(G) is the reduced Bruhat–Tits building of a group G as in §2.1.3.
• X(K∞,v0) := XG(K∞,v0) is the Ramanujan complex from group G, finite

place v0, and open compact K∞,v0 from Definition 3.1.1.
• Λ0,v0

, Λv0
are lattices in Gv0

assigned to Ramanujan complexes satisfying
Assumption 4.1.3. They are related to the open compact groups K∞0 and
K∞ = K(n) of G∞ respectively.
• Λ̄0,v0 is a central quotient of Λ0,v0 from (4.2.1).
• SΛ̄ is the generating set of “gates” of an appropriate lattice Λ̄ as in Definition

4.2.1.

The Explicit Example

• E is the number field Q(
√
−7).

• D is a particular division algebra over E constructed in §5.1.
• L,M are number fields used to construct D in §5.1.1.
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• p0 is a specific prime number, and ρ2, ρ̄2, ρp0
, ρ̄p0

, δ, αi, ai, b are specific
algebraic numbers in §§5.1.1, 5.1.2.
• u is a particular cyclic generator of D.
• η is a realization of D as a subalgebra of matrices in (5.1.1).
• ι is an involution of the second kind on D defined in §5.2.1.
• G is a unitary group defined in §5.2.
• Λmax

D is a maximal order of D and u+, u−, y+, y− are specific elements of D
needed to define Λmax

D in §6.1.
• Amax, Bmax are transition matrices defined in §6.3.
• K∞0 is an open compact subgroup of G(A∞) defined in §7.1.
• The “dagger” (·)† denotes the transpose-conjugate of a matrix.
• Uq, A, Bn are matrices defined in §8.1.
• Qmax is a positive definite quadratic form over Z25, and Pγ(t) is the charac-

teristic polynomial of some γ ∈ (Λmax
D )ι with coefficients being polynomials

P1(~x), P2(~x), P3(~x), P4(~x), P5(~x) over ~x ∈ Z25 defined in §9.2.

Part 1. General Theory

2. Background Material

In this section, we review simplicial complexes and their quotients. We then
introduce Bruhat–Tits buildings and their quotients by discrete subgroups, leading to
the notion of Ramanujan complexes as higher-dimensional analogues of Ramanujan
graphs.

2.1. Complexes and Buildings.

2.1.1. Simplicial Complexes. A simplicial complex is a generalization of a graph also
encoding “higher-dimensional” relationships among sets of three or more vertices.
Instead of thinking of these relationships as line segments connecting vertices, we
think of them as triangles, tetrahedra, 4-simplices, and so on, depending on their
number of vertices. Formally,

Definition 2.1.1. A simplicial complex X is a set X0 of vertices together with a set
of simplices still denoted by X, so that each simplex F ∈ X is a finite subset of X0

such that all the subsets of F are also in X (called the faces of F ). We let Xi denote
the set of i-simplices (i.e. simplices of i+ 1 vertices) and say X is finite if X0 is. We

regard X as the union of all simplices and write X =
⊔+∞
i=0 X

i =
⊔+∞
i=0

⊔
F∈Xi F .

In particular, we say that X is of dimension d if Xd 6= ∅ and Xd+1 = Xd+2 · · · = ∅,
and in this case we call a simplex of size d a chamber of X.

In particular, X0 tX1 is called the 1-skeleton of X, which forms a graph.
By realizing each i-simplex as an open subset of Ri equipped with the correspond-

ing topology, we realize X as a topological space as well. Then, a simplex F ′ is a
face of another simplex F if and only if F ′ lies in the closure of F .

From now on, we further assume X to be a locally finite, connected simplicial
complex of dimension d.

2.1.2. Quotients of Complexes. Now we consider an `-group G acting faithfully
simplicially on X. Topologically, each element γ ∈ G induces a homeomorphism
with respect to the above simplicial topology. Combinatorially, for any F ∈ Xi and
a face F ′ of F , we have that γ(F ) ∈ Xi with γ(F ′) being a face of F . We further
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assume that the stabilizer of each v ∈ X in G is an open compact subgroup. Then
X is called a G-complex in the sense of [Fir16, §3C].

Let Γ be a closed subgroup of G. We would like to realize Γ\X as a quotient
simplicial complex of X, i.e. the quotient topological space Γ\X would be a simplicial
complex such that the projection X → Γ\X is a covering map. In general, even
if a quotient topological structure of Γ\X could be defined, a simplicial structure
compatible with that of X requires more conditions.

Example. Let X be the Bruhat–Tits building of G = PGL2(Qp) (see Paragraph
2.1.3 below) as an infinite regular tree of degree p+ 1 and Γ a lattice acting simply
transitively on the set of vertices X0 of X (cf. [Lub94, Lemma 7.4.1], where
Γ = Γ(2)). Let the segment [0, 1] represent the closure of a chamber of X, then
the quotient Γ\X is homeomorphic to the segment [0, 1/2]. Thus Γ\X0 reduces
to the point 0, while Γ\X1 becomes the segment (0, 1/2], which is not open. It is
impossible to give a “quotient” simplicial complex structure of Γ\X compatible
with that of X. This counterexample shows that there cannot exist an element γ
that stabilizes a chamber without fixing it pointwise.

We have the following proposition determining whether Γ\X is a quotient simpli-
cial complex of X.

Proposition 2.1.2. [Fir16, Proposition 3.7, 3.9] The quotient space Γ\X is a
simplicial complex if and only if

• {Γu0, . . . ,Γus} = {Γv0, . . . ,Γvt} implies Γ{u0, . . . , us} = Γ{v0, . . . , vt} for
all pairs of simplices {u0, u1, . . . , us},{v0, v1 . . . , vt} ∈ X.

Moreover, the projection X → Γ\X is a covering map if and only if

• The action of Γ is free, meaning that the stabilizer of v in Γ is trivial for
every v ∈ X0.

The following proposition determines whether the quotient simplicial complex is
finite.

Proposition 2.1.3. [Fir16, Proposition 3.13] The quotient simplicial complex Γ\X
is finite if and only if G\X0 is finite and Γ is cocompact in G.

We conclude with the following definition.

Definition 2.1.4. [AB08, Appendix A] Let X be a simplicial complex of dimension
d and ∆d a fixed simplex of dimension d. We call X colorable if there exists a
simplicial map fX : X → ∆d that maps a simplex in X to a simplex in ∆d of the
same dimension.

Identifying ∆d with 0, 1, . . . , d, the map fX sends each i-simplex F of X to a
subset of {0, 1, . . . , d} of cardinality i+ 1, which is called the type of F .

2.1.3. Bruhat–Tits Buildings. Bruhat–Tits theory assigns to a reductive group G
over a non-Archimedean local field F an infinite simplicial complex with a G-action.
We only sketch some results and leave [Tit79], [AB08], [KP23] for more details.

Assume G is simple over F and write G = G(F) for short. Let B = B(G) be the
reduced Bruhat–Tits building of G, which is a simplicial complex of dimension d
with d being the F-semisimple rank of G. Moreover, there is a related G-action on
B which is simplicial and acts transitively on the set of chambers. If we further
assume the center of G to be finite, then the stabilizer of any point in B is an open
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compact subgroup of G, making B a G-complex1. Moreover, B is colorable, allowing
us to discuss the types of its facets.

Given a facet F in B, there is an associated open compact subgroup PF of G(F),
called a parahoric subgroup, that fixes F pointwise. More generally, a related group
scheme GF over OF can also be constructed whose generic fiber is G and whose
OF-points form PF . In the literature, there are discrepancies in the definition of a
parahoric group. For us, we require the group scheme GF , or equivalently its special
fiber to be connected. More precisely, our group PF is exactly the group G(F)0

F in
[KP23, Definition 7.4.5.(3)]. When F is a chamber, the related parahoric subgroup
is called an Iwahori subgroup. At the other extreme, if F is a vertex, then the
related parahoric subgroup is maximal among all of them. We may introduce the
terminology of “special, extra-special and hyperspecial” vertices following [KP23,
Definition 1.3.39, 7.11.1]. In particular, a vertex is hyperspecial if and only if its
related group scheme is reductive ([KP23, Theorem 9.9.3]). Finally, we define the
type of a parahoric subgroup as the type of the related facet. Then two parahoric
subgroups of the same type are conjugate to each other (but the converse is not
always true in general).

Now we consider a closed discrete subgroup Γ of G. We consider the related
quotient Γ\B as a topological space. Under the two conditions of Proposition 2.1.2,
the quotient [X] := Γ\B inherits a simplicial complex structure.

Furthermore, the quotient G\B0 is always finite. If we further assume Γ to be
cocompact in G, then the related simplicial complex [X] is finite.

In the cocompact case, we give a more practical assumption of [X] being a
quotient simplicial complex. One such assumption is:

Assumption 2.1.5. For any nontrivial γ ∈ Γ and any vertex v, the distance
between γv and v in the 1-skeleton of B(G) is greater than 2.

In particular, for any facet F , we have γF̄ ∩ F̄ = ∅, and the assumptions of
Proposition 2.1.2 are satisfied.

Remark 2.1.6. Assume that Γ acts freely and preserves types of vertices—these
are natural and mild assumptions. Assume there exists a vertex v and 1 6= γ ∈ Γ
such that γv and v are at distance less than 3. First note that the distance can
only be 2, otherwise γv and v are either the same or of the same type. In the
distance-2 case we may find another vertex v0 adjacent to both v and γv. If we have
{Γv0,Γv} = {Γv0,Γγv} implying that Γ{v0, v} = Γ{v0, γv}, then either v and γ′v
are adjacent for some γ′ ∈ Γ, or v0 is fixed by an element of Γ, which is impossible.
Thus this assumption is, in some sense, necessary.

Remark 2.1.7. Using the formalism of simplicial sets instead of simplicial complexes
would allow us to define quotients much more easily and in all cases. We do not do
this for consistency with the previous literature on Ramanujan complexes.

Theoretically such Γ can always be found. Since in the cocompact case, there are
only finitely many Γ-orbits of vertices, for each representative vi we can simply find
a related normal sublattice Γi of Γ such that vertices in Γivi are at distance greater
than 2. Then the sublattice ∩iΓi satisfies the assumption. In practice, the above
assumption can be verified directly for a given class of cocompact lattices defined by

1In general, we may replace G by Gsc or Gad.
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congruence subgroups (for instance, Λv0
in Assumption 4.1.3) for sufficiently large

level.

2.2. Ramanujan Complexes. Ramanujan complexes are particular finite simpli-
cial complexes that generalize the well-established notion of Ramanujan graphs (cf.
[Lub94, Definition 4.5.6]) to higher dimensions.

Following [Lub18], we consider Ramanujan complexes arising as quotients of
Bruhat–Tits buildings. Let Γ ⊂ G and B be as above. In particular, the quotient
[X] := Γ\B is a finite simplicial complex. Let I be an Iwahori subgroup of G, which
in particular fixes a chamber in B.

Associated to Γ is the space of functions L2(Γ\G)I = C∞(Γ\G)I where I is an
Iwahori subgroup. This is a module for the Iwahori Hecke algebra

H := H (G, I) := C∞c (I\G/I).

The action of H on this function space encodes the information of many interesting
combinatorial adjacency and boundary operators on various spaces of functions on
the simplices of B. For example, if G is semisimple and simply connected, then
C∞(Γ\G)I is the set of functions on the chambers of Γ\B.

Representations of G with an I-fixed vector correspond bijectively to irreducible
H -modules through π 7→ πI . Let ǦI,temp be the set of such modules corresponding
to tempered π. An irreducible H -module πI is weakly contained in L2(G)I if and
only if π ∈ ǦI,temp, motivating:

Definition 2.2.1 ([Lub18, Definition 2.7]). For Γ ⊆ G as above, we say that
[X] = Γ\B is a Ramanujan complex if for all irreducible H -modules πI ⊆ C∞(Γ\G)I ,
we have that either πI ∈ ǦI,temp or πI comes from a 1-dimensional representation
π of G.

In other words, the spectra of these various combinatorial operators on Γ\B,
up to exceptions coming from constant functions, are contained in that of those
operators on B itself. This should be seen as a higher-dimensional generalization of
the notion of a d-regular Ramanujan graph that, except for the constant function,
the adjacency operator has the spectrum contained in that of the adjacency operator
for the infinite regular tree.

Remark 2.2.2. In [Fir16], Uriya First proposed an alternative definition of Ramanujan
complexes Γ\X (with X being a general G-complex) using the spectrum of a
collection of related operators. We refer to ibid., especially [Fir16, Theorem 6.22]
for the relationship between this definition and Definition 2.2.1.

Remark 2.2.3. In the classical setting where F = Qp and G = PGL2(Qp), the set of
vertices [X]0 and edges [X]1 of the finite (p+ 1)-regular graph [X] = Γ\B are given
by Γ\G/K and Γ\G/I respectively, where K is a maximal compact subgroup of
G. In [Lub94, Theorem 5.5.1], it is shown that λ is an eigenvalue of the adjacency
matrix δ as an operator acting on L2(Γ\G/K) = L2(Γ\G)K if and only if the related
unramified representation ρλ occurs in L2(Γ\G). Proving that Γ\B is Ramanujan is
equivalent to showing that all unramified representations occurring in L2(Γ\G/K)
are either principal series or one-dimensional ([Lub94, Theorem 5.4.3]). Equivalently,
we need to show that those spherical representations occurring in L2(Γ\G) are either
tempered or one-dimensional. This justifies Definition 2.2.1.
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3. Abstract Construction of Complexes

3.1. Relation to Automorphic Spectrum. Let F be a number field, and let ∞
denote the set of Archimedean places of F . Let G be a connected reductive group
over F such that Gv is compact for all v ∈ ∞. Fix a finite place v0.

Let K be a compact open subgroup of G(AF ). For the related compact open
subgroup K∞,v0 ⊆ G∞,v0 , define

Γv0 := G(F ) ∩K∞,v0 .

This gives an embedding

(3.1.1) Γv0\Gv0/Iv0 ↪→ G(F )\G(AF )/K∞,v0Iv0G∞,

where Iv0
is a fixed Iwahori subgroup of Gv0

By [GH24, Theorem 2.6.1], the adelic
quotient

G(F )\G(AF )/K∞,v0Iv0
G∞

is finite, and therefore so is Γv0
\Gv0

/Iv0
.

Let B(Gv0
) be the reduced Bruhat–Tits building of Gv0

, viewed as a polysimplicial
complex. Define the quotient complex Γv0

\B(Gv0
) as follows:

• Its 0-simplices are the Γv0 -orbits of 0-simplices of B(Gv0);
• Its k-simplices are the Γv0

-orbits of k-simplices of B(Gv0
), i.e. distinct sim-

plices {[x0], [x1], . . . , [xk]} represented by equivalence classes of k-simplices
{x0, x1, . . . , xk} in B(Gv0

). (Some of these may be degenerate.)

This complex is finite. Indeed, let C be a fixed chamber in B(Gv0). Then the map

Γv0\Gv0/Iv0 −→ Γv0\{chambers of B(Gv0)}, g 7−→ g · C,
is surjective. Hence the quotient has finitely many chambers and, consequently,
finitely many k-simplices for all k.

As explained in the previous section, in general the quotient complex need not
inherit a simplicial structure from B(Gv0

). It does inherit one if the assumptions in
Proposition 2.1.2 hold, and in particular if Assumption 2.1.5 is satisfied.

Definition 3.1.1. Denote the simplicial complex defined above by

X(K∞,v0) := XG(K∞,v0),

and set

C∞(XG(K∞,v0)) := C∞(Γv0\Gv0)Iv0 .

This may be viewed roughly as the space of functions on the top-dimensional
simplices of X(K∞,v0), although the description is slightly more subtle when G
contains elements acting on a top-dimensional simplex by a nontrivial automorphism.

The key property we will use is that the embedding in (3.1.1) induces

C∞(XG(K∞,v0)) ↪→ L2(G(F )\G(AF ))K
∞,v0Iv0G∞ .

As H (Gv0
, Iv0

)-modules, this can be expressed as an injection

C∞(XG(K∞,v0)) ↪→
⊕

π∈ARdisc(G)
π∞ trivial

(πv0
)Iv0 ⊗ (π∞,v0)K

∞,v0
,

where ARdisc(G) denotes the multiset of automorphic representations in the discrete
spectrum of G, and the Hecke action is on the first tensor factor. Applying
Definition 2.2.1 to this decomposition yields:
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Proposition 3.1.2. The complex XG(K∞,v0) is Ramanujan if and only if for every
π ∈ ARdisc(G) such that π∞ is trivial and (π∞,v0)K

∞,v0 6= 0, the representation πv0

is either tempered or a one-dimensional representation (i.e. a character).

3.2. Super-Definite Unitary Groups. In [Clo93], Clozel studies special inner
forms of unitary groups whose associated arithmetic locally symmetric spaces have
cohomology essentially concentrated in middle degree. An analogous phenomenon
was used in the case of forms of GLn over function fields to construct Ramanujan
complexes in [LSV05a].

The construction in [LSV05a] relies on the following two properties:

Assumption 3.2.1. The group G satisfies:

(1) Gv is compact for all v | ∞;
(2) there exists a finite place va such that Gva is anisotropic modulo its center.

Such a place is called an anisotropic place of G.

The second condition is more restrictive than it may appear:

Theorem 3.2.2 ([KP23, Theorem 10.3.1]). The only absolutely almost simple
groups Gva over non-Archimedean local fields that are anisotropic are of type A.
More precisely, Gva/ZGva is isogenous to D×va/F

×
va for some division algebra Dva

over Fva .

We will use the fact that an anisotropic place admits a large open compact
subgroup:

Lemma 3.2.3. Let Gva be anisotropic modulo its center. Then there exists an open
compact subgroup K0 ⊆ Gva such that Gva/K0 is abelian.

Proof. Let G1
va be the intersection of the kernels of g 7→ |χ(g)|va as χ ranges over

all Fva -rational characters of G. Then G1
va contains Gder

va , hence Gva/G
1
va is abelian.

Moreover, G1
va is isogenous to the norm-1 subgroup of a division algebra and is

therefore compact. Thus, K0 := G1
va satisfies the claim. �

Groups defined over number fields and satisfying the properties in Assump-
tion 3.2.1 indeed exist:

Proposition 3.2.4 ([KMSW14, §0.3.3]). Let F be a totally real number field and

E/F a totally complex quadratic extension. Let G∗ := U
E/F
N be the associated

quasisplit unitary group. Then G∗ has an extended pure inner form G satisfying the
properties in Assumption 3.2.1.

Definition 3.2.5. We call the groups constructed in Proposition 3.2.4 super-definite
unitary groups.

3.3. Complexes from Unitary Groups. We can now abstractly construct our
Ramanujan complexes using the same methods as in [LSV05b] for general linear
groups over function fields.

Theorem 3.3.1. Let E/F be a CM extension of number fields and let G be a super-
definite unitary group that is an extended inner form of the quasi-split unitary group
G∗ = UE/F (N). Fix a finite place v0 and a compact open subgroup K∞,v0 ⊆ G∞,v0 .
Assume that one of the following holds:

(1) N is prime;
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(2) there exists an anisotropic place va of G such that Gva/Kva is abelian.

Then XG(K∞,v0) is a Ramanujan complex.

Remark 3.3.2. Condition (2) is satisfied if for example Kva is the subgroup of norm
one elements in Gva

∼= D×va , as in Lemma 3.2.3.

Proof. We verify the condition of Proposition 3.1.2.
Let π ∈ ARdisc(G) be such that π∞ is trivial and (π∞,v0)K

∞,v0 6= 0. Let ψ be
the Arthur parameter of π as in [KMSW14, Theorem 1.7.1]. Write

ψ =

k⊕
i=1

τi[di],

where the τi are simple parameters. Let va be an anisotropic place of G. Since
ψva is relevant and Gva is anisotropic (and hence its dual group admits no proper
relevant parabolic subgroups), we must have k = 1.
Case 1: N prime.

In this case, either dim τ1 = 1 and d1 = N , or dim τ1 = N and d1 = 1.
In the first situation, let vs be a split place of E/F such that Gvs is split. By the

description of A-packets for GLN (which coincide with the corresponding singleton
L-packets, see [KMSW14, §1.2.2]), the local representation πvs is a character. By
[KST20, Lemma 6.2], this implies that the global representation π is a character,
and hence πv0 is also a character.

In the second situation, since π∞ is an irreducible representation of a compact
group, it is finite-dimensional and therefore cohomological. By [NP21, Corollary
4], the global parameter τ1 is cohomological, which by the main result of [Car12]
implies that (τ1)v0

is tempered. By the local Langlands correspondence for unitary
groups [KMSW14, Theorem 1.6.1(6)], it follows that πv0

is tempered.
Case 2: Gva/Kva abelian.

If Gva/Kva is abelian, then πva is a character. By [Bad08, Proposition 3.7], the
local Arthur parameter ψva must be of the form χ0[1][N ] or χ0[N ][1], for some
self-dual character χ0 of GL1(E ⊗F Fva). Indeed, in Badulescu’s notation, ψva
corresponds to a representation of GLN that transfers to a character of Gva . More
precisely:

• In case (a) of [Bad08, Proposition 3.7], C(σ) is a character and k = 1, so
ψva = χ0[N ][1].
• In case (b) of [Bad08, Proposition 3.7], C(τ) is a character and l = 1, so
ψva = χ0[1][N ].

In either case, the global Arthur parameter ψ is restricted to the two possibilities
appearing in Case 1, and the same argument applies. �

Remark 3.3.3. At present, we are only able to carry out the construction over
number fields. While the rapidly developing theory over function fields should
eventually allow a generalization to positive characteristic, extending the above
argument encounters two main obstacles:

First, we only have a transfer of π from G to ResEF GLn when the parameter of π
pushes forward to a cuspidal representation, since the global Langlands correspon-
dence of [Laf18] applies only to cuspidal representations. Second, we do not know
that the L-packet associated to a tempered parameter at a non-split place consists
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entirely of tempered representations, as the global–local compatibility of [GL17]
provides a local Langlands correspondence only up to semisimplification.

Overcoming these difficulties would allow the argument to extend to the function
field case.

3.4. Structure. The local structure of XG(K∞,v0) can be read off from the label
of B(Gv0

) in the tables of [Tit79]. In our case of unitary groups, we get labels (see
[DEP25, Table 3.1]):

• An when v0 is split,
• 2A′n when v0 is inert and Gv0 is quasisplit,
• B-Cn/2 if n is even, Gv0

is quasisplit, and v0 is ramified,

• 2A′′n if n is even, Gv0
is non-quasisplit, and v0 is inert,

• 2B-Cn/2 if n is even, Gv0
is non-quasisplit, and v0 is ramified,

• C-BC(n−1)/2 if n is odd and v0 is ramified.

For simplicity, we focus on the An and 2A′n cases in this paper. There is no essen-
tial difficulty in extending constructions beyond—just slightly more combinatorial
complexity.

The affine root system underlying the label determines the structure of the
apartment, with types of simplices corresponding to subsets of the vertices in the
corresponding diagram in an inclusion-reversing way. The valency of one type of
simplex in another can be computed as the size of the flag variety in the reductive
quotient of the special fiber of the reductive model corresponding to the simplex
stabilizer. Computing these valencies in general requires input from Bruhat–Tits
theory and formulas for point counts of finite groups of Lie type (e.g. [CCN+85,
§2]). This is easier for top-dimensional facets of a chamber: each one corresponds
to leaving out one vertex in the affine Dynkin diagram and the number of chambers
containing it is qdv0

+ 1, where d is the integer attached to the excluded vertex in
[Tit79].

Finally, while at split places the type-An local structure of these complexes is
the same as in the constructions of [LSV05a], their universal cover is a building for
a group over a p-adic field instead of a function field. Since buildings for groups
of split, semisimple rank ≥ 4 encode the information of their base field (see [AB08,
§11.9] for a summary), these universal covers are necessarily different when G has
full rank ≥ 5.

We work out all these details precisely for the An and 2A′n cases in rank-5 in
§§10.1.1, 10.1.2 respectively.

4. Explicit Construction of Complexes

Let F be a totally real number field and let E/F be a quadratic CM extension.
We now describe how to make the abstract construction of XG(K∞,v0) explicit. Our
approach adapts the ideas from the function field case [LSV05a].

4.1. Class Number One. We require one additional assumption on G:

Definition 4.1.1. Let G/F be a reductive group such that G∞ is compact. We
say that an open compact subgroup K∞ ⊆ G(A∞) has class number 1 if G(A∞) =
K∞G(F ).

We call K∞ golden if, in addition, K∞ ∩G(F ) = {1}.

The key property is:
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Lemma 4.1.2 (e.g. [DEP25, Lemma 4.1.3(1)]). Let G/F be a connected reductive
group such that G∞ is compact, and let K∞ ⊆ G(A∞) have class number 1. Then for
every finite place v0, the group Λv0 := G(F ) ∩K∞,v0 acts transitively on Gv0/Kv0 .

If K∞ is furthermore golden, then Λv0
in addition acts simply.

We can now list the precise inputs and assumptions for our explicit construction
of XG(K∞,v0):

Assumption 4.1.3. Assume the following conditions on G and K∞,v0 :

• G is a super-definite unitary group of rank N with respect to E/F , such
that there exists K∞0 ⊆ G(A∞) with class number 1.
• EitherN is prime, or there exists an anisotropic place va such thatGva/K0,va

is abelian.
• K∞0 is golden.
• v0 is a finite split or inert place of F such that Gv0

is quasisplit and K0,v0

is hyperspecial2.
• K∞,v0 ⊆ K∞,v0

0 is a normal subgroup. For example, choose an ideal n of
OF relatively prime to v0 and all places where G or K∞0 is ramified, and let
K∞ := K(n) ⊆ K∞0 be the corresponding principal congruence subgroup.

As convenient notation, whenever these assumptions are satisfied, we define the
lattices:

• Λ0,v0
:= G(F ) ∩K∞,v0

0 .
• Λv0 := G(F ) ∩K∞,v0 .

Remark 4.1.4. There are many known examples of G and K∞,v0 satisfying As-
sumption 4.1.3: see [PS18] for the rank-2 case, and [EFMP23] for rank-3. However,
these small ranks only produce Ramanujan graphs instead of higher-dimensional
complexes. The paper [MSG12] constructs an example in rank 5 which will be our
main object of study for part 2 of this paper. Unfortunately, it also proves that
there are no other examples over number fields in rank ≥ 5.

Finally, we expect many examples in rank 4—for example, for E/F = Q(
√
−7)/Q,

numerics with the mass formulas of [MSG12] suggest that a rank-4 unitary group
that is compact at infinity, equivalent to the units of a division algebra over 2,
non-quasisplit at either 3 or 7 together with a K∞0 that is special at 2, extra-special
at the non-quasisplit prime, and special everywhere else should work.

Remark 4.1.5. The assumption that K∞0 is golden can be weakened to class-number-
one at the cost of making Constructions 4.2.1 and 4.2.2 combinatorially more
painful—basing them off a Schreier coset graph instead of a Cayley graph. We do
not present this for brevity.

4.2. Construction Overview. We now describe an explicit construction of the
complex XG(K∞,v0) under the conditions of Assumption 4.1.3. For consistency of
notation across the different splitting types of v0, define

(4.2.1) Λ̄0,v0 := Λ0,v0/(Λ0,v0 ∩ Z
spl
Gv0

),

where Zspl
Gv0

denotes the maximal split torus in the center of Gv0 .

The construction relies on finding certain special elements called “gates”:

2For simplicity, we exclude the ramified and non-quasisplit cases.
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Definition 4.2.1. Let v0 be an unramified finite place of F , and let Λ̄ be a group
acting transitively on Gv0x0 for some hyperspecial point x0 ∈ Bv0 . Then define the
gates of Λ̄ to be

SΛ̄ := {s ∈ Λ̄ : sx0 is at graph distance dv0 from x0},

where dv0 = 1 if v0 is split and dv0 = 2 if v0 is inert.
If Λ̄ in addition acts simply transitively on Gv0x0, then for each x at graph

distance dv0
from x0, let sx ∈ SΛ̄ denote the unique element satisfying sxx0 = x.

Remark 4.2.2. By the work of [DEP25], the gates of Λ̄0,v0
form a set of “golden

gates” for G∞ as in [DEP25, Definition 1.2.1]. Note that this is independent of
the work of [DEP25, §6] and in particular the rank 4 or 8 condition needed for
[DEP25, Conjecture 6.3.4] since the Ramanujan conjecture holds on the nose for
super-definite G by Theorem 3.3.1.

Theorem 3.3.1 allows us then explicitly construct Ramanujan complexes. We
present both the split and inert cases as Cayley graph-type constructions:

4.2.1. The split case. If v0 is split, then Gv0/K0,v0 is the set of vertices of the

extended Bruhat–Tits building B̃v0
associated with Gv0

, and Λ0,v0
acts simply

transitively on these vertices by Lemma 4.1.2. Modding out by the center, Λ̄0,v0

acts simply transitively on the vertices of the reduced building Bv0
.

Fix a point x0 ∈ Bv0
stabilized by K0,v0

, and define Λ̄v0
analogous to Λ̄0,v0

. Since
the action is simply transitive, the elements sx in SΛ̄0,v0

generate Λ̄0,v0 , and the

1-skeleton of Bv0 is the corresponding Cayley graph.
This allows us to construct:

Construction 4.2.3. Let X be the simplicial complex that is the union of all
simplices containing x0, let Q be the vertices of X different from x0, and consider
the gate set

SΛ̄0,v0
= {sx : x ∈ Q}

of Λ̄0,v0
. Then we have the following simplicial structure:

• The 0-simplices are the elements of Λ̄v0
\Λ̄0,v0

.
• For r > 0, the r-simplices are the subsets of the form x1 ∪ {sxx1, x ∈ ∆}

for x1 ∈ Λ̄v0
\Λ̄0,v0

and x0 ∪∆ an r-simplex of X .

4.2.2. The inert case. Let x0 be the hyperspecial vertex stabilized by K0,v0
, which

by our convention we take to be of type 0. A key property is that Gv0
x0 coincides

with the set of type-0 vertices of Bv0
. These are precisely the vertices at even graph

distance from x0 (see, e.g., [DEP25, Example 3.3.5]). By Lemma 4.1.2, Λ̄0,v0
= Λ0,v0

acts simply transitively on Gv0/K0,v0 , and hence also on the set of even-distance
vertices.

In addition, the lattice formed by the vertices in an apartment is exactly half the
cocharacter lattice. Thus, each vertex x at distance 2 from x0 determines a unique
vertex x′ at distance 1 that is the midpoint of the segment [x, x0]. Conversely, by
extending the line from x0 through such an x′ to twice its length in any apartment,
every vertex at distance 1 can be obtained in this way.

We can therefore carry out a construction analogous to that in Construction
4.2.3, with the additional step of “filling in” the vertices of other types.
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Construction 4.2.4. Let Q = {x1, . . . , xl} be the set of type-0 vertices at distance
exactly 2 from x0 and let X be the simplicial complex that is their convex hull. For
each xi ∈ Q, there is a unique vertex at distance 1 in the convex hull of x0 and xi.
The fibers of the resulting map define a partition Q =

⊔
Tj. We label the vertices

at distance 1 from x0 as yTj according to the corresponding piece of the partition.
Note that the yTj range over all vertices at distance 1 from x0.

Consider the gate set

SΛ̄0,v0
= {sx : x ∈ Q}.

Then we have the following simplicial structure:

• A 0-simplex for each element of Λv0
\Λ0,v0

.
• A 0-simplex for each subset of the form x∪{stx : t ∈ Tj}, for x ∈ Λv0

\Λ0,v0

and one of the Tj. We denote this 0-simplex by yTj (x), though this labeling
is not unique.
• A top-dimensional simplex (i.e., a simplex of dimension bN/2c) for each

collection of 0-simplices of the form

x ∪ {yTj (x) : yTj ∈ ∆}

where x ∈ Λv0
\Λ0,v0

and ∆ is a top-dimensional simplex of X containing
x0.
• All subsimplices of the top-dimensional simplices above.

Remark 4.2.5. Except for the simplifying result characterizing the possible yTi ,
Construction 4.2.4 applies whenever Gv0

x0 comprises all vertices of the same type
as x0. In the unitary case with v0 non-split, this condition holds in all cases except
when N is even, v0 is ramified, and Gv0 is quasisplit; see, for example, [DEP25,
Table 3.1].

Proposition 4.2.6. Let G, v0, K∞0 and K∞,v0 satisfy Assumption 4.1.3, with
v0 split or inert and the related Λ̄v0 or Λv0 satisfying Assumption 2.1.5. Then
Constructions 4.2.3 and 4.2.4 provide an explicit description of the Ramanujan
simplicial complex XG(K∞,v0).

Remark 4.2.7. We emphasize that the Assumption 2.1.5 plays a crucial role of
guaranteeing that the complexes constructed in Construction 4.2.3 and 4.2.4 are
indeed the quotient complexes Λ̄v0\Bv0 and Λv0\Bv0 respectively. On the other hand,
for small enough K∞,v0 the related Λ̄v0

and Λv0
indeed satisfy this assumption,

thus to the end of constructing an infinite family of Ramanujan complexes such an
assumption won’t cause any trouble.

4.3. Finding Gates. The constructions in Proposition 4.2.6 require finding the
gate sets SΛ0,v0

. These can be done analogously to [DEP25, §§3.3.1, 4.3.1].

4.3.1. Setup. Let B be a central simple algebra over E. An involution of the second
kind on B is a map ι satisfying ι(ab) = ι(b)ι(a) and such that ι acts as Galois
conjugation over F on E ⊆ B.

By the classification of inner forms of unitary groups (see, for example, [KMSW14,
§0.8]), there exists a central simple algebra B of dimension N ×N over E with an
involution of the second kind ι such that

G = {x ∈ ResEF B : ι(x)x = 1},
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where ResEF B is given by ResEF B(R) = B ⊗F R. Define θ to be the composition of

ι with inversion as an involution on ResEF B
×.

From now on, assume that v0 is a place not lying over 2 where B is split. Thus,
Bv0
∼= MatN×N (Ev0

) and Gv0
∼= GLN (Ev0

), where we abbreviate Ev0
= E ⊗F Fv0

.
In particular, the involution θ induces an affine embedding of reduced buildings (cf.
[KP23, Theorem 12.7.1, Section 14, p. 490–491])

(4.3.1) B(Gv0
) ↪→ B(B×v0

),

whose image is precisely the set of θ-fixed points in B(B×v0
). Note that the condition

Z(Gv0) ⊂ Z(B×v0
) ∩Gv0 is always satisfied.

We now make an extra assumption on K∞0 . It is rather minor: we believe it can
always be explicitly realized in practice (cf. Section §7 for instance).

Assumption 4.3.1. There is an OE-order ΛB of B such that:

K∞0 = G∞ ∩ (ΛB ⊗OE ÔE)

and (ΛB)v0 := ΛB ⊗OE OEv0 is a maximal ι-stable order of Bv0 .

In particular

Λ0,v0 = G(F ) ∩
∏
v-v0

(ΛB)v = B ∩K∞,v0

0

and KB,v0 := (ΛB)v0 ∩ B×v0
is a θ-stable hyperspecial subgroup of B×v0

containing
K0,v0 . Moreover, the vertex x0 related to K0,v0 in B(Gv0) corresponds to the vertex
x′0 related to KB,v0

in B(B×v0
) via (4.3.1).

4.3.2. Fixing Coordinates. Let A be a maximal split torus of Gv0
, such that x0 lies

in the apartment A(Gv0
, A) of Gv0

defined by A. Let AB be a θ-stable maximal split
torus of B×v0

that contains A, whose existence is guaranteed by [HW93, Proposition

2.3]. In particular, A equals the connected component of AθB .
Then the apartment A(B×v0

, AB) of B×v0
defined by A contains the vertex x′0, since

the embedding of apartment A(Gv0 , A) ↪→ A(B×v0
, AB) induced by (4.3.1) maps x0

to x′0. As a result, A ⊆ AB are maximally split tori in good position to K0,v0 ⊆
KB,v0

. Then there is an induced embedding X∗(A) ↪→ X∗(AB) corresponding to a
containment of Cartan double cosets: for λ ∈ X∗(A) and πv0

a uniformizer in Ev0
:

K0,v0λ(πv0)K0,v0 ⊆ KB,v0λ(πv0)KB,v0 .

Up to a change of basis, we may, without loss of generality, choose the isomorphism
Bv0
∼= MatN×N (Ev0) so that:

• (ΛB)v0
= MatN×N (OEv0 ) and KB,v0

= GLN (OEv0 );

• AB = {diag(x1, . . . , xN ) : xi ∈ E×v0
};

• The involution θ can be identified with the involution on GLN (Ev0
) given

by g 7→ h−1ḡ−Th for a Hermitian matrix h ∈ GLN (Ev0
);

• When v0 = w1w2 is split, we have

h = (h1, h̄
T
1 ) = ι((h1, IN ))(h1, IN )

for some h1 ∈ GLN (Ew0). Then, conjugating by (h1, IN ), we may assume
without loss of generality that h is the identity;
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• When v0 is not split in E, since θ fixes both KB,v0
and AB , up to conjugation

by a permutation matrix, we may write

h = w0diag(x1, x2, . . . , xr, h0, x̄r, . . . , x̄2, x̄1),

where x1, . . . , xr ∈ O×Ev0 , w0 ∈ SN is the longest permutation matrix, r

denotes the split rank of Gv0
, and h0 ∈ GLN−2r(OEv0 ).

Finally, define

XN := {(a1, . . . , aN ) : a1 ≥ · · · ≥ aN , ai ∈ Z}.

As in Assumption 4.1.3, we restrict to the cases where Gv0 is quasisplit and
unramified; the other cases can be treated similarly using the more intricate theory
in [DEP25, §3.3.2].

4.3.3. Split Case. When v0 = w1w2 further splits in E, we may identify X∗(AB)
with ZN ×ZN and X+(AB) with XN ×XN by taking the valuation of each diagonal
coordinate in Ev0

. Then X∗(A) is identified with ZN and X+(A) is identified with
XN . More precisely, we have

Gv0
∼= GLN,w1

a7→(a,ā−T )
↪−−−−−−−→ GLN,w1 ×GLN,w2

∼= B×v0

which induces

X+(A) ∼= XN

λ7→(λ,−λ)
↪−−−−−−→ XN × (−XN ).

Next, the condition that sx is at distance 1 from x for s ∈ Λ̄0,v0
is equivalent to

s being contained in a K0,v0
-double coset corresponding to some (ai)i ∈ XN with

a1 − aN = 1 (see, for example, [DEP25, Example 3.3.4]). Up to multiplication by a
central element, we may, without loss of generality, choose a representative for s
with aN = 0 and a1 = 1.

We can also compute that

(ΛB)v0 ∩B×v0
= MatN×N (OEv0 ) ∩GLN (Ev0)

is the union of KB,v0
-double cosets corresponding to (ai)i × (a′i)i ∈ XN ×XN with

ai, a
′
i ≥ 0.

Note that any uniformizer πw2
of Ew2

, viewed as an element of AB , corresponds
to

λ = ((0, . . . , 0), (1, . . . , 1)) ∈ ZN × ZN .

Therefore, our condition on s is equivalent to requiring that

s ∈ π−1
w2

(ΛB)v0 \ ((ΛB)v0 ∪ π−1
w2
π̄w2(ΛB)v0

In total, if we can find a “globalization” π ∈ OE that is a uniformizer at w2 and
integral at all other places (for example, if OE is a PID), then

SΛ̄0,v0
= {π−1g ∈ Λ̄0,v0

: ι(g)g = ππ̄, g ∈ ΛB , g /∈ πΛB ∪ π̄ΛB},

noting that ππ̄ is a uniformizer for Fv0
.
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4.3.4. Inert Case. In the case when v0 is moreover inert in E and Gv0
is quasisplit,

we may identify X∗(AB) with ZN and X+(AB) with XN by taking valuations. Then
X∗(A) is identified with Zr and X+(A) with Xr. More precisely, we have

Gv0
∼= U

Ev0/Fv0
N (h) ↪→ GLN (Ev0) ∼= B×v0

,

inducing the embedding

X∗(A) ∼= Zr
λ7→(λ,0,...,0,−λ)
↪−−−−−−−−−−→ ZN ∼= X∗(AB).

Here, the condition that sx is at distance 2 from x is equivalent to s being
contained in a double coset corresponding to some (ai)i ∈ Xr ⊂ Zr with a1 = 1 and
ar = 0 (see, for example, [DEP25, Example 3.3.4]).

Similarly, we have

(ΛB)v0
∩B×v0

is the union of double cosets for (ai)i ∈ XN with all ai ≥ 0.
Therefore, as in the split case, whenever we can find an appropriate “globalization”

π ∈ OE that is a uniformizer at the place of E dividing v0 and integral at all other
places, our condition on s becomes πs ∈ (ΛB)v0

and s /∈ (ΛB)v0
. This yields

SΛ̄0,v0
= {π−1g ∈ Λ̄0,v0

: ι(g)g = π2, g ∈ ΛB , g /∈ πΛB}.

Part 2. An Explicit Example

We now apply the general theory above to a specific example of a class-number-one
group G and K∞,v0 ⊆ G satisfying Assumption 4.1.3. This example was originally
introduced in [MSG12, Theorem A(2)].

Let E = Q(
√
−7), and let p0 be the prime ideal of OE lying over 2, generated by

(1 +
√
−7)/2. Consider the degree-5 division algebra D over E with:

• Hasse invariants invp0
D = −invp̄0

D 6= 0,
• Hasse invariants invpD = 0 for all p 6= p0, p̄0.

Let ι be an involution of the second kind on G (see §4.3.1) and set G to be the
subgroup of ι ◦ (·)−1-fixed points in D×. Let Gder be the derived subgroup and Gad

the adjoint subgroup of G.
For each p, let Kder

0,p ⊆ Gder
p be parahoric subgroups such that

• They are coherent; that is, there exists a group scheme G der
0 over Z, such

that for almost all primes p, G der
0 (Zp) = Kder

0,p .

• Kder
0,2 is the unique parahoric subgroup of Gder

2
∼= SL1(D2).

• Kder
0,7 belongs to one of the two conjugacy classes of special parahoric

subgroups (see [MSG12, §11.2]). Beware that these two classes behave
differently—one is extra-special and the other isn’t (though they have the
same volume).
• Kder

0,p for p 6= 2, 7 is in the unique conjugacy class of hyperspecial subgroups.

Fix a split prime p with respect to E/Q. Let

Λder
0,p = Gder(Q) ∩

∏
p′ 6=p

Kder
0,p′ .
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We realize Λder
0,p as a lattice in Gder

p and let NGad,p
(Λder

0,p) be the normalizer of Λder
0,p

in Gad,p. Then, [MSG12, Theorem A(2)] implies that NGad,p
(Λder

0,p) acts simply

transitively on the set of vertices B0(Gp) of B(Gp).
Over the next sections we find an explicit matrix representation of this example,

and then apply our construction to it.

• In §5, we construct the division algebra D as matrices over a number field
and realize G ⊆ D rationally.
• In §6, we find a convenient maximal order Λmax

D inside D.
• In §7, we check that Λmax

D defines subgroups K0,p and lattices Λ0,p consistent
with [MSG12]. This requires a technical step to relate our context of working
with G to the context in [MSG12] working with Gder.
• In §8, we compute local isomorphisms between Gp and standard models

of GL5(Qp) and U5(Qp) so that we can compute the action of Gp on
a standard description of its Bruhat–Tits building. This allows us to
implement constructions 4.2.1 and 4.2.2.
• In §9, we provide an effective way of explicitly constructing all the elements

in the gate set SΛ̄0,p
.

• In §10, we sum up our full algorithm.

5. A Group G with Class Number One

In §5.1, we construct our desired division algebra D as explicit matrices over
a number field. In §5.2, we construct an involution of the second kind on D that
allows us produce our desired group G rationally.

5.1. Constructing D.

5.1.1. Basic setup. The paper [Hul35], though it only applies to division algebras
over Q, suggests ideas for finding particularly nice realizations of D as a cyclic
algebra.

Let E = Q(
√
−7) as before. We write

ρ2 = (1 +
√
−7)/2 and ρ̄2 = (1−

√
−7)/2.

Then 2 = ρ2ρ̄2 and OE = Z[ρ2]. Notice that a prime p is split over E/Q if and only
if p ≡ 1, 2, 4 (mod 7), and inert over E/Q if and only if p ≡ 3, 5, 6 (mod 7). We fix
a split odd prime p0. Write

p0 = ρp0
ρ̄p0

, where ρp0
= a0 + b0ρ2, ρ̄p0

= a0 + b0ρ̄2, a0, b0 ∈ N.

We consider the totally real cyclic extension M of Q of degree 5 and discriminant
p4

0, whose only ramified place is p0. Theoretically M can be realized as a subfield
of the totally real field Q(ζp0

+ ζ−1
p0

) over Q, where ζp0
is a primitive p0-th root of

unity. As a result, p0 is in the norm group NM/Q(M×). We fix δ ∈ M such that

NM/Q(δ) = p0. We fix a Z-basis αi, i = 0, 1, 2, 3, 4 such that OM =
⊕4

i=0 Zαi. In
particular, when OM is monogenic over Z, we may find some α1 ∈ OM and choose
αi = αi1, i = 0, 1, 2, 3, 4.

Let L be the compositum of M and E, which is a CM field of degree 10
over Q. Since M/Q and E/Q are both Galois, we get that L/Q is Galois with
Gal(L/Q) = Z/10 and that L/E is also cyclic and degree 5. Let σ be a fixed order
5 automorphism in Gal(L/E) ∼= Gal(M/Q) and let x 7→ x̄ be the order 2 automor-
phism in Gal(L/M) ∼= Gal(E/Q). We have OL = OEOM , since the discriminant of
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M and E are coprime. Also, L/E is only ramified at ρp0
and ρ̄p0

where it is totally
tame.

5.1.2. Constructing D. Now we give a realization of our division algebra D of degree
5 over E (which is non-split only at ρ2 and ρ̄2).

We assume that both ρp0
and ρ̄p0

are not in the norm group NL/E(L×). Then,

we may find an integer d ∈ {0, 1, 2, 3, 4} such that ρ2/ρ̄2ρ̄
2d
p0

is a fifth power in Fp0
∼=

OE/ρp0
OE . For the same d, we have ρ2ρ

2d
p0
/ρ̄2 is a fifth power of Fp0

∼= OE/ρ̄p0
OE

as well. Define

a1 = ρ2ρ
d
p0
/ρ̄2ρ̄

d
p0

and ae = ae1, e = 1, 2, 3, 4.

We claim that ae is a norm element with respect to Lv/Ev at all places v of E not
over 2, but not a norm element at v = ρ2, ρ̄2. Indeed,

• L/E is either split or inert at a place v of E not over 2 or p0, and ae is of
valuation 0 at v. Then ae is a norm element at v.
• Both p0 and ρ2ρ

2d
p0
/ρ̄2 are norm elements at ρ̄p0

, where the latter follows
from the fact that its image in Fp0

∼= OE/ρ̄p0
OE is a fifth power. Thus

ae = p−de0 × (ρ2ρ
2d
p0

)e/ρ̄e2 is a norm element at ρ̄p0 .
• In parallel ae is also a norm element at ρp0

.
• Finally, ae is not a norm element at ρ2 or ρ̄2, since L/E is unramified at

these two places and the valuation of ae at these two places is not divisible
by 5.

As a result, for a fixed e, with a = ae, the division algebra

D = D(L, a) :=

4⊕
i=0

uiL, u5 = a, ulu−1 = lσ for all l ∈ L

is non-split only at ρ2 and ρ̄2. By choosing e and using the Hasse principle we can
make it be in the exact isomorphism class we want.

We can also realize D ⊆ Mat5×5(L) through

(5.1.1) u 7→


1

1
1

1
a

 , l 7→


l

lσ

lσ
2

lσ
3

lσ
4

 for l ∈ L.

This indeed gives us an embedding of algebraic monoids over E

(5.1.2) η : D ↪→ ResLE Mat5×5.

For later use, we may and will pick an element b ∈ 2OE such that

b̄ ≡ b−1 (mod p0), b5 ≡ pde0 a (mod ρ̄p0
OE), b5 ≡ p−de0 a (mod ρp0

OE).

5.2. Constructing G.
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5.2.1. The Involution. We define the following involution (as an anti-homomorphism)
on D:

ι : u 7→ u−1, l 7→ l̄ for all l ∈ L.
Since ā = a−1, it is indeed an involution of the second kind. A useful formula for
this involution is:

(5.2.1) ι

(
4∑
i=0

liu
i

)
=

4∑
i=0

u−i l̄i = l̄0 +

4∑
i=1

ā ui l̄5−i = l̄0 +

4∑
i=1

a−1 l̄σ
i

5−iu
i.

5.2.2. The Group. Consider the algebraic group G over Q defined by

G(R) := U1,D(R) := {d ∈ (D ⊗Q R)× : ι(d)d = 1}.
Since ā = a−1, the involution ι corresponds to the pullback of the conjugate-transpose
involution:

ι : A 7→ ĀT ,

via η. This realizes G as a subgroup under the embedding:

(5.2.2) ηG : G ↪→ ResMQ U
L/M,Id
5 ↪→ ResLQ GL5,

where U
L/M,Id
5 denotes the (non-quasisplit) unitary group preserving the diago-

nal Hermitian form on ResLM G5
a. Since this Hermitian form is positive definite,

ResMQ U
L/M,Id
5 is anisotropic over R, and thus so is G.

5.3. A Concrete Choice of Initial Data. In this subsection, we consider the
construction of the previous two paragraphs in the particular case when p0 = 11. In
this case,

• We have ρ11 = 2 +
√
−7 and ρ̄11 = 2−

√
−7.

• The field M is defined by the minimal polynomial x5−x4−4x3 +3x2 +3x−1
and indexed by Number field 5.5.14641.1 in LMFDB.
• Write α1 for a root of the above polynomial and realize it as an element

in M , we further have OM = Z[α1]. We fix a choice of σ, for instance

σ(α1) = −α4
1 + 4α2

1 − 2. We also have OM = Z〈α1, α
σ
1 , α

σ2

1 , ασ
3

1 , ασ
4

1 〉.
• Using Sagemath we find the element δ = α1 + 2 such that NM/Q(δ) = 11.
• We pick d = 3. In this case, we have

ρ̄11 = 4− ρ11 = 4, ρ2 = 5, ρ̄2 = −4 in F11
∼= OE/ρ11OE

and

ρ2/ρ̄2ρ̄
2d
11 = 5/(−4× 42×3) = (−1)5 in F11

∼= OE/ρ11OE .
Similarly, we have

ρ11 = 4− ρ̄11 = 4, ρ2 = −4, ρ̄2 = 5 in F11
∼= OE/ρ̄11OE

and

ρ2ρ
2d
11/ρ̄2 = (−4× 46)/5 = (−1)5 in F11

∼= OE/ρ̄11OE .
• We pick e = 1 and b = 10.

Remark 5.3.1. Another possible choice is p0 = 331. In this case we may simply pick
d = 0, since it is straightforward to verify that ρ2/ρ̄2 is already a fifth power in
OE/ρ331OE andOE/ρ̄331OE . This special feature will largely simplify our discussion
below, but on the other hand the discriminant as well as the ring of integers of M
are much more complicated than those for p0 = 11.

https://www.lmfdb.org/NumberField/5.5.14641.1
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5.4. Some Technical Lemmas. We record here two technical lemmas relating to
our arithmetic setup that will be useful later:

Lemma 5.4.1. Define N1(L) := {x ∈ L× : xx̄ = 1}. Then the first Galois
cohomology H1(Gal(L/E), N1(L)) is trivial. In other words, for any x0 ∈ E× such
that x0x̄0 = 1, there exists l0 ∈ L× such that l0 l̄0 = 1 and NL/E(l0) = x0.

Proof. Consider the short exact sequence

1→ N1(L)→ L× → NL/M (L×)→ 1.

Taking the related long exact sequence and using that H1(Gal(L/E), L×) = {1},
by Hilbert’s Theorem 90, we get

H1(Gal(L/E), N1(L)) = NL/M (L×)Gal(L/E)/NE/Q(E×).

Therefore, the Hasse norm theorem gives that H1(Gal(L/E), N1(L)) = {1} if and
only if for all prime numbers p:

NLp/Mp
(L×p )Gal(Mp/Qp)/NEp/Qp(E×p ) = {1}.

We check this for each p:
When p is split over M/Q, we have Lp ∼= E⊕5

p and thus

NLp/Mp
(L×p )Gal(Mp/Qp) = NEp/Qp(E×p ).

When p is split over E/Q, we have

NLp/Mp
(L×p ) = M×p and NEp/Qp(E×p ) = Q×p .

Furthermore, M
×Gal(Mp/Qp)
p = Q×p .

When p is not split over either M/Q or E/Q (in particular p 6= 2) we have that

NLp/Mp
(L×p )Gal(Mp/Qp) and NEp/Qp(E×p )

are subgroups of Q×p , the latter being of index 2. Thus, we only need to show that

NLp/Mp
(L×p )Gal(Mp/Qp) 6= Q×p

When Lp/Mp is unramified, a uniformizer of Qp is not in the former norm. When
Lp/Mp is tamely ramified (i.e. p = 7), an element in Z×p that is not in Z×2

p is not in
the former norm. This completes the proof of the claim and the lemma.

�

Lemma 5.4.2. ZG(Q) = N1(E) := {x ∈ E× : xx̄ = 1}.

Proof. First, N1(E) = G(Q) ∩ E× ⊆ ZG(Q). Given an element x in G that is not
in E×, consider the field E[x] in D which is of degree 5, then there is another field
L ⊂ D of degree 5 over E that does not commute with x. Furthermore, there exists
a norm 1 element in L that is not in E, thus we may write L = E[y] with ȳy = 1.
As a result, x and y do not commute, hence x is not in the center ZG(Q). �

6. Construction of a Maximal ι-Stable Order

In this section, we construct a ι-stable maximal order Λmax
D of D.
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6.1. Constructing a Maximal Order Λmax
D . Under the decomposition D =⊕4

i=0 u
iL, we define an order ΛD of D as follows:

ΛD =

4⊕
i=0

uiρ̄
d ei5 e
2 ρ̄

d dei5 e
p0 ρ

d− ei5 e
2 ρ

d− dei5 e
p0 OL.

Using the fact that u5 = a = (ρ2ρ
d
p0

)e/(ρ̄2ρ̄
d
p0

)e, it is straightforward to check that
ΛD is indeed an order of D. Moreover, by direct calculation we have

ι(uiρ̄
d ei5 e
2 ρ̄

d dei5 e
p0 ρ

d− ei5 e
2 ρ

d− dei5 e
p0 ) = u5−iρ̄

d e(5−i)5 e
2 ρ̄

d de(5−i)5 e
p0 ρ

d− e(5−i)5 e
2 ρ

d− de(5−i)5 e
p0 .

Therefore, ΛD is ι-stable.
Now we construct a maximal order Λmax

D of D containing ΛD. Define

ΛD,+ =

4⊕
i=0

ui+ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ

d− 2dei
5 e

p0 OL, where u+ = uδde and u5
+ = pde0 a

Λmax
D,+ =

4⊕
i=0

yi+ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ

d− 4i
5 e

p0 OL, where y+ = (b− u+)δ4/ρ̄p0

ΛD,− =

4⊕
i=0

ui−ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ̄

d 2dei
5 e

p0 OL, where u− = uδ−de and u5
− = p−de0 a

Λmax
D,− =

4⊕
i=0

yi−ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ̄

d 2dei
5 e

p0 OL, where y− = (b− u−)δ4/ρp0
.

From our construction, ΛD,+ and ΛD,− are orders of D, but on the other hand
Λmax
D,+ and Λmax

D,− are a priori only lattices of D. Finally, define

Λmax
D := Λmax

D,+ + Λmax
D,− ⊂ D.

Proposition 6.1.1. The following hold:

(1) For any place v of E not dividing p0, we have Λmax
Dv,+

= Λmax
Dv,− = ΛDv,+ =

ΛDv,− = ΛDv which is furthermore a maximal order of Dv;
(2) Λmax

Dρ̄p0
,+ is a maximal order of Dρ̄p0

, which contains ΛDρ̄p0
, ΛDρ̄p0

,+, ΛDρ̄p0
,−

and Λmax
Dρ̄p0

,−.

(3) Λmax
Dρp0

,− is a maximal order of Dρp0
which contains ΛDρp0

, ΛDρp0
,+

, ΛDρp0
,−,

and Λmax
Dρp0

,+.

(4) Λmax
D is a maximal order of D that contains ΛD.

Proof. Statement (1)
The equalities follow directly from the definitions of these orders, so we only

need to show that ΛDv is a maximal order of Dv. If v does not divide 2 or p0, then
the division algebra Dv is split. In this case, the extension Lv/Ev is either split or
unramified. In particular, the norm map

NLv/Ev : O×Lv → O
×
Ev

is surjective. Since a is integral inOE , we may pick γv ∈ O×Lv such thatNLv/Ev (γv) =
a. Write u = u′γv. Since ρ2, ρ̄2 are also integral in OEv , we have

ΛDv =

4⊕
i=0

uiOLv =

4⊕
i=0

u′iOLv .
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Noting that (u′)5 = 1, we identify

Dv =

4⊕
i=0

u′iLv

with EndEv (Lv) ∼= Mat5×5(Ev), where u′ is identified with an order-5 Galois action
and elements of Lv with multiplications. Moreover, ΛDv is exactly the order in
Dv fixing the lattice OLv of Lv. In the split or unramified case, OLv is a maximal
lattice in Lv, thus ΛDv is a maximal order in Dv.

Now assume v = ρ2 or ρ̄2, which means that Dv is not split. Let w be the unique
place of L over v. Then Lw/Ev is an unramified extension of degree 5. By definition,

ΛDv =

{
4∑
i=0

uili

∣∣∣∣∣ li ∈ Lw, 5w(li) ≥ −iw(a)

}
.

Moreover, for x =
∑4
i=0 u

ili ∈ Dv, we have that the valuation of uili, i = 0, . . . , 4
with respect to Dv are pairwise different. As a result, ΛDv consists of elements in
Dv having non-negative valuation, thus it is the maximal order of Dv.
Statement (2)

The first claim follows from the argument in [Hul35, Proof of Theorem 4, p526-
527]. More precisely, we may use the OEρ̄p0

-basis {yi+αj : 0 ≤ i, j ≤ 4} to show

that Λmax
Dρ̄p0

,+ is an order and to calculate its discriminant as in [Hul35, Proof of

Theorem 4, p526-527] , which turns out to be the ideal p
5(5−1)
Eρ̄p0

of OEρ̄p0
. By [Rei03,

Theorem 14.9], Λmax
Dρ̄p0

,+ is therefore a maximal order. In particular, the above

argument shows that

ΛDρ̄p0
,+ =

4⊕
i=0

ui+OLρ̄p0
⊂

4⊕
i=0

yi+OLρ̄p0
= Λmax

Dρ̄p0
,+.

Also, by direct calculation we have

ΛDρ̄p0
,− =

4⊕
i=0

ui+δ
−2deiρ̄

d 2dei
5 e

p0 OLρ̄p0
⊂

4⊕
i=0

ui+δ
−deiρ̄

d dei5 e
p0 OLρ̄p0

= ΛDρ̄p0
⊂ ΛDρ̄p0

,+,

where we used the fact that the valuation of δ at ρ̄p0
is 1/5, and 0 ≤ ddei5 e −

dei
5 ≤

d 2dei
5 e −

2dei
5 . Finally, we have that

y−δ
−2de = (b− u−)δ−2de/ρp0

= (bδ−2de − u+)/ρp0

and as a result for i = 0, 1, 2, 3, 4 we have

yi−ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ̄

d 2dei
5 e

p0 OLρ̄p0
= (bδ−2de − u+)iρ̄

d 2dei
5 e

p0 δ2deiOLρ̄p0
⊂

4⊕
i=0

ui+OLρ̄p0
,

since bδ−2de has valuation 2de/5 ≥ 0 and ρ̄
d 2dei

5 e
p0 δ2dei has valuation d 2dei

5 e−
2dei

5 ≥ 0
at ρ̄p0

. Thus we have shown that Λmax
Dρ̄p0

,− ⊂ ΛDρ̄p0
,+.

Statement (3)

This argument is analogous to (2). The only change is to show that Λmax
Dρp0

,+ is

contained in ΛDρp0
,−. This is because

y+ = (b− u+)δ4/ρ̄p0
= (b− u−δ2de)δ4/ρ̄p0
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and as a result for i = 0, 1, 2, 3, 4 we have

yi+ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ

d− 4i
5 e

p0 = (b− u−δ2de)iδ4iρ
d− 4i

5 e
p0 OLρp0

⊂
4⊕
i=0

ui−OLρp0
,

since b, δ2de are integral and δ4iρ
d− 4i

5 e
p0 has valuation 4i

5 + d− 4i
5 e ≥ 0 at ρp0

.
Statement (4)

This follows from the fact that Λmax
Dv

is a maximal order of Dv and Λmax
Dv
⊃ ΛDv

for any place v of E.3

�

6.2. ι-Stability. In this part, we check that Λmax
D is ι-stable.

Lemma 6.2.1. (1) For a prime number p different from p0, we have ι(ΛDp) =
ΛDp .

(2) We have

ι(Λmax
Dρ̄p0

) = ι(Λmax
Dρ̄p0

,+) = Λmax
Dρp0

,− = Λmax
Dρp0

and
ι(Λmax

Dρp0
) = ι(Λmax

Dρp0
,−) = Λmax

Dρ̄p0
,+ = Λmax

Dρ̄p0
.

Here we use the identification

Dp0
∼=

4⊕
i=0

uiLp0
∼=

4⊕
i=0

uiLρp0
×

4⊕
i=0

uiLρ̄p0

∼= Dρp0
×Dρ̄p0

,

and

ι((

4∑
i=0

uili,

4∑
i=0

uil′i)) = (

4∑
i=0

l̄′iu
−i,

4∑
i=0

l̄iu
−i), li ∈ Lρp0

, l′i ∈ Lρ̄p0
.

As a result, ι(Λmax
Dp0

) = Λmax
Dp0

.

Proof. The proof of (1) is straightforward. For p 6= 2, we have that

ΛDp =

4⊕
i=0

uiOLp ,

where we write OLp := OL ⊗Z Zp. It is ι-stable since in this case OLp is Gal(L/K)-

stable, ι(ui) = u5−ia−1 and a ∈ O×Lp . For p = 2, it follows from the fact that both

ι(ΛD2
) and ΛD2

are maximal orders of D2 = Dρ2
×Dρ̄2

, and thus they are the same.
For (2), by symmetry and Proposition 6.1.1.(2)(3), we only need to show that

ι(Λmax
Dρ̄p0

,+) ⊂ Λmax
Dρp0

,−. Here, Λmax
Dρp0

,− is a maximal order of Dρp0
and Λmax

Dρ̄p0
,+ is a

maximal order of Dρ̄p0
. Since

Λmax
Dρ̄p0

,+ =

4⊕
i=0

yi+OLρ̄p0
,

3We tacitly used the following fact: Let Γ be a lattice of a division algebra D over a number

field E, then Γ = D ∩
⋂

v finite Γ ⊗OE OEv . Indeed, we may find a free OE-basis e1, . . . , ed2

of Γ, such that we have Γ =
⊕d2

i=1OEei and Γv =
⊕d2

i=1OEvei. In general, any element

x =
∑d2

i=1 xiei, xi ∈ E of D lies in Γ if and only if xi lies in OEv for each i and v, since

OE = E ∩
⋂

v finiteOEv .



UNITARY RAMANUJAN COMPLEXES 29

we only need to show that

ι(y+) ∈ Λmax
Dρp0

,− =

4⊕
i=0

yi−OLρp0
.

By definition, we have

ι(y+) = ι((b− u+)δ4/ρ̄p0
) = ι(bδ4 − uδ4+de)/ρp0

= (δ4b̄− δ4+deu−1)/ρp0

= (δ4b̄− δ4+deu4a−1)/ρp0
= (δ4b̄− u4

−δ
4de(δσ)4+dea−1)/ρp0

= [δ4b̄− (y−ρp0δ
−4 − b)4δ4de(δσ)4+dea−1]/ρp0

= δ4b̄/ρp0
− (y−ρp0

δ−4 − b)4δ4de(δσ)dea−1(δσ)4/ρp0

Lemma 6.2.2. (y−ρp0
δ−4 − b)4 = b4 +

∑4
i=1 y

i
−ai, where ai lies in pLρp0

.

Proof. By direct calculation, for l ∈ L we have

ly−ρp0δ
−4 = l(b− uδ−de) = −ulσ

−1

δ−de + bl = −y−ρp0δ
−4lσ

−1

+ b(l − lσ
−1

).

Using this equation several times to move the y− occurring in each monomial of
(y−ρp0δ

−4− b)4 to the leftmost and the fact that b ∈ OLρp0
∩E and ρp0δ

−4 ∈ pLρp0

the result follows.
�

As a result, we only need to show that

δ4b̄/ρp0
− b4δ4de(δσ)dea−1(δσ)4/ρp0

∈ OLρp0
,

or equivalently,
b̄− b4δ4de(δσ)dea−1(δσ)4δ−4 ∈ pLρp0

.

This is simply because its image in Fp0
∼= OLρp0

/pLρp0
is

b−1 − b4δ4deδdea−1δ4δ−4 = b−1(1− b5pde0 a
−1) = 0,

since δ5 = p0, b̄ = b−1 and the σ-action is trivial on the residue field Fp0
.

�

As a result, we have ι(Λmax
D ) = Λmax

D , since the same equations hold after taking
the completion at every prime p. We note it as the following formal proposition.

Proposition 6.2.3. Λmax
D is ι-stable.

6.3. Description of Λmax
D and (Λmax

D )ι. The main goal here is to describe Λmax
D and

its ι-invariant part (Λmax
D )ι as free Z-modules, and then to propose a computational

way to find a basis.
We first study the ι-invariant part Dι of D. By direct calculation, for γ =∑4
i=0 u

ili ∈ Dι with li ∈ L, we have

l̄0 +

4∑
i=1

l̄ia
−1u5−i = ι(γ) = γ = l0 +

4∑
i=1

lσ
i

i u
i.

Comparing the coefficients, we have

l̄0 = l0, l
σ
1 = a−1 l̄4, l

σ2

2 = a−1 l̄3, l
σ3

3 = a−1 l̄2, l
σ4

4 = a−1 l̄1.

Write li = m0
i + ρ2m

1
i for m0

i ,m
1
i ∈ M , then m0

0,m
0
1,m

1
1,m

0
2,m

1
2 are independent

variables, and the rest variables m1
0,m

0
3,m

1
3,m

0
4,m

1
4 are determined by the former
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ones. More precisely, write a = a0 + ρ2a1 with a0, a1 ∈ Q, then by direct calculation
we have

(6.3.1)

m1
0 = 0, m0

4 = (a0 + a1)(m0
1)σ + (a0 − a1)(m1

1)σ,

m1
4 = −a1(m0

1)σ − (a0 + a1)(m1
1)σ,

m0
3 = (a0 + a1)(m0

2)σ
2

+ (a0 − a1)(m1
2)σ

2

,

m1
3 = −a1(m0

2)σ
2

− (a0 + a1)(m1
2)σ

2

.

Now we consider Λmax
D and (Λmax

D )ι. A priori, they are free Z-modules of rank 50
and 25 respectively. Write

D =

4⊕
i=0

1⊕
j=0

uiρj2M

Also, as free OM -modules:

Λmax
D,+ =

4⊕
i=0

1⊕
j=0

yi+a+,iρ
j
2OM and Λmax

D,− =

4⊕
i=0

1⊕
j=0

yi−a−,iρ
j
2OM

with

a+,i := ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ

d− 4i
5 e

p0 and a−,i := ρ̄
d ei5 e
2 ρ

d− ei5 e
2 ρ̄

d 2dei
5 e

p0 , i = 0, 1, 2, 3, 4.

Define ~u, ~y+, ~y− as row vectors in D10 with their (2i+ j + 1)-th coordinate being

uiρj2, yi+a+,iρ
j
2, yi−a−,iρ

j
2

respectively for i = 0, 1, 2, 3, 4 and j = 0, 1. Define

T~u,~y(s, t) =


1 s s2 s3 s4

0 t Σ1,1(s)t Σ2,1(s)t Σ3,1(s)t
0 0 Π2(t) Σ1,2(s)Π2(t) Σ2,2(s)Π2(t)
0 0 0 Π3(t) Σ1,3(s)Π3(t)
0 0 0 0 Π4(t)

 ,

where for s, t ∈ L, we use shorthand:

Σ1,1(s) = s+ sσ
−1

, Σ2,1(s) = s2 + ssσ
−1

+ (sσ
−1

)2,

Σ3,1(s) = s3 + s2sσ
−1

+ s(sσ
−1

)2 + (sσ
−1

)3, Σ1,2(s) = s+ sσ
−1

+ sσ
−2

,

Σ2,2(s) = s2 + ssσ
−1

+ ssσ
−2

+ (sσ
−1

)2 + sσ
−1

sσ
−2

+ (sσ
−2

)2,

Σ1,3(s) = s+ sσ
−1

+ sσ
−2

+ sσ
−3

, Πk(t) =

k−1∏
i=0

tσ
−i
.

Recall that y± = s± + ut±. Then, by direct calculation, we have4

(1, y±, y
2
±, y

3
±, y

4
±) = (1, u, u2, u3, u4)T~u,~y(s±, t±),

where

s+ = δ4b/ρ̄p0 , t+ = −δde+4/ρ̄p0 , s− = δ4b/ρp0 , t− = −δ4−de/ρp0 .

From this, we define matrices A+, A− ∈ GL5(L) by

A± = T~u,~y(s±, t±) diag(a±,0, a±,1, a±,2, a±,3, a±,4).

4Here and throughout, the notation y±, s±, t±, etc. indicates that all signs are chosen
consistently, giving two identities corresponding to the + case and the − case.
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Moreover, for an element l = m0 +m1ρ2 ∈ L with m0,m1 ∈M , we identify l with
the 2× 2 matrix (

m0 −2m1

m1 m0 +m1

)
under which multiplication by l is realized as the right multiplication of the matrix
on row vectors. In this way, we realize A+ and A− as matrices in GL10(M). From
our construction, we have

Λmax
D,± = ~y± · O10

M = ~uA± · O10
M ,

where elements in O10
M ⊂M10 are regarded as column vectors of 10 coordinates.

For a lattice L of column vectors over OM (resp. over Z and of number of rows
divisible by 5), we denote by LZ (resp. LOM ) the corresponding lattice of column

vectors over Z using the identification OM ∼=
⊕4

i=0 Zαi for each OM -coordinate.
We consider the sum lattice A+ · O10

M +A− · O10
M in M10, which a priori might

not be a free OM -module. Instead, (A+ · O10
M + A− · O10

M )Z is a free Z-module of
rank 50. Then, using the Hermite normal form (HNF) algorithm over Z, we can
find an explicit matrix Amax ∈ GL50(Q) such that

Amax · Z50 = (A+ · O10
M +A− · O10

M )Z.

As a result, we get
Λmax
D = ~u · (Amax · Z50)OM .

Consider

Colmax :=

{(mj
i )
T
2i+j+1 ∈ (Amax · Z50)OM : mj

i satisfies (6.3.1), i = 0, . . . , 4, j = 0, 1}.
Then

(Λmax
D )ι = ~u · Colmax.

Consider the OM -lattice Colhalf
max consisting of the 1, 3, 4, 5, 6-th rows of Colmax; it

determines Colmax via the equations (6.3.1). Also (Colhalf
max)Z is a free Z-module of

rank 25. Thus we may use again an HNF algorithm to find a matrix Bmax ∈ GL25(Q)
such that

(Colhalf
max)Z = Bmax · Z25.

In other words, we found concrete Z-basis of Λmax
D and (Λmax

D )ι via Amax and Bmax.

7. Constructing the Golden Subgroup K∞0

In this part, we use the maximal order Λmax
D constructed in §6 to define K∞0 and

thus Λ0,p for each p. We show that K∞0 is golden by checking its consistency with
[MSG12, Theorem A(2)], as explained in the beginning of Part 2 of this article.

7.1. Construction of K∞0 . Define a group scheme G0 over Z by:

G0(R) := {g ∈ Λmax
D ⊗Z R : ι(g)g = 1}

for any Z-algebra R. In particular, it is an integral model of G/Q. For all p, we
have

G0(Zp) = G(Qp) ∩ Λmax
Dp .

Proposition 7.1.1. The following hold:

(1) For p 6= 2, 7, we have that K0,p := G0(Zp) is a hyperspecial parahoric
subgroup in G(Qp).
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(2) G0(Z7) has a special parahoric subgroup in G(Q7) of index-2, which we
denote by K0,7.

(3) K0,2 := G0(Z2) is the unique maximal open compact subgroup in G(Q2).

Proof. We have (ResEQ D)Qp
∼=
∏
v|p ResEvQp Dv, which is endowed with an involution

θ := ι ◦ (·)−1. Using Proposition 6.1.1 and 6.2.3, (Λmax
Dp

)× is a θ-stable maximal

open compact subgroup of (ResEQ D
×)(Qp) = D×p . Let x0 be the θ-stable vertex in

the reduced building B((ResEQ D
×)Qp) corresponding to (Λmax

Dp
)×.

Assume p 6= 2 is split. Write v, v̄ for the two places over p, and note that
D×p = D×v × D×v̄ . Up to a change of basis, we may identify D×v and D×v̄ with
GL5(Qp), and moreover the involution θ is given by

θ : D×v ×D×v̄ → D×v ×D×v̄ ,

(g1, g2)→ (g−1†
2 , ḡ−1†

1 ).

Here, † denotes the conjugate-transpose of matrices. As a maximal open compact
θ-stable subgroup of D×v ×D×v̄ , we may identify (Λmax

Dp
)× with Kv ×K−1†

v , where

Kv (resp. K−1†
v ) is a maximal compact subgroup of D×v (resp. D×v̄ ). By projecting

D×v ×D×v̄ onto D×v , the group G(Qp) = (D×p )θ is identified with D×v and K0,p is
identified with Kv. Thus K0,p is hyperspecial in G(Qp).

Assume p = 2. Similarly we have D×2 = D×ρ2
×D×ρ̄2

with

Dρ2
=

4⊕
i=0

uiLρ2
and Dρ̄2

=

4⊕
i=0

uiLρ̄2
.

In particular, we have Dρ̄2
∼= Dopp

ρ2
. We define the anti-homomorphism

† : Dρ2
→ Dρ̄2

, (l ∈ Lρ2
, u) 7→ (l̄ ∈ Lρ̄2

, u−1).

Then the involution θ is given by

θ : D×ρ2
×D×ρ̄2

→ D×ρ2
×D×ρ̄2

,

(g1, g2)→ (g−1†
2 , g−1†

1 ).

Under this setting, Λmax
D,2 is identified with the product of orders ODρ2 ×ODρ̄2 . Still

using the projection D×ρ2
× D×ρ̄2

� D×ρ2
, the group G(Q2) = (D×2 )θ is identified

with D×ρ2
and K0,2 is identified with O×Dρ2 . Thus K0,2 is the only maximal compact

subgroup of G(Q2).

Assume p is non-split. Then (ResEQ D
×)Qp

∼= ResEvQp D
×
v
∼= ResEvQp GL5 and

G(Qp) = (D×p )θ is a unitary group. Since p 6= 2, we have the identification of

sets B(G(Qp)) = B((ResEQ D
×)Qp)θ and we may realize x0 as a vertex in B(G(Qp)).

The affine root system of B(G(Qp)) is given in [Tit79, §4.3, §4.4]: it is of type

C-BCIV
2 if Ev/Qp is unramified, and of type C-BCIII

2 if Ev/Qp is ramified (here we
are referring to the labels in [BT72, p29-p30, Tableau] for the types of affine roots).
Using [AN02, Sections 6 and 8], we see that x0, realized as a vertex in B(G(Qp)),
corresponds to the leftmost node in the affine Dynkin diagram.5 As a result, x0

5Indeed, the general result in [AN02, Remark 15] only deduces that x0 corresponds either to

the leftmost or the rightmost node (the authors did not study the direction of the arrows). But in
our case, one could generalize their calculation to verify that x0 must correspond to the leftmost
node.
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is hyperspecial if Ev/Qp is unramified (p 6= 7), and special if Ev/Qp is ramified
(p = 7). Thus, in the unramified case (p 6= 7), K0,p := G0(Zp) is the hyperspecial
parahoric subgroup of G(Qp) related to x0 with special fiber being a unitary group.
In the ramified case (p = 7), G0(Z7) is not connected with the reductive quotient
of the special fiber being an orthogonal group. It has an index-2 connected special
parahoric subgroup denoted by K0,7.

hs s

×

s s
> > > >

Figure 1. Affine Dynkin Diagram of type C-BCIV
2 and C-BCIII

2

�

Remark 7.1.2. Let ρ7 be the place of E over 7. Then, given x ∈ G0(Z), we have that
NrdD/E(x) ≡ ±1 (mod ρ7), depending on whether x lies in the identity connected
component of G0(Z7).

From now on, we fix the parahoric subgroups K0,p as in the above proposition.
We define Kder

0,p = Gder
p ∩K0,p for each p.

Proposition 7.1.3. The subgroups Kder
0,p of Gder

p for all p form a coherent set of
parahoric subgroups satisfying the requirements on page 21.

Proof. For all prime p, we need to show that the group K0,p ∩Gder(Qp) is a related
hyperspecial or special parahoric subgroup of Gder(Qp), which follows from a case-
by-case discussion:

• When p = 2, we have G(Q2) = U1(DQ2) and Gder(Q2) = SU1(DQ2) and the
claim is clear;
• When p is split, we have G(Qp) = GL5(Qp) and Gder(Qp) = SL5(Qp) and

the claim is also clear;
• When p is inert or ramified, we may without loss of generality assume
Gder(Qp) = U5(Qp) and Gder(Qp) = SU5(Qp) related to the unitary involu-
tion θ defined by identity matrix. From our choice, the parahoric subgroup
K0,p corresponds to the connected integral model U5(Zp), since it is the
one related to the θ-stable hyperspecial parahoric subgroup GL5(OEp) of
GL5(Ep). Its intersection with SU5(Qp) being SU5(Zp) gives the related
special or hyperspecial parahoric subgroup.

Finally, let G der
0 be the group scheme over Z such that

G der
0 (R) := {g ∈ Λmax

D ⊗Z R : ι(g)g = 1, det(g) = 1}.

Then for p split or inert, we have G der
0 (Zp) = Kder

0,p . Hence we get a coherent set. �

7.2. Simply transitive action of Λ0,p. For each p 6= 2, define

Λ0,p := K∞,p0 ∩G(Q) ↪→ Gp, where K∞,p0 =
∏
p′ 6=p

K0,p′ .
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Then by definition we have Λder
0,p = Λ0,p ∩Gder(Q). Let Λ0,p,ad be the image of Λ0,p

in Gad,p
6. If furthermore p is split with respect to E/Q, we identify (G0)Zp with the

group scheme GL5 over Zp.
To translate [MSG12] to our case of forms of GL5 (instead of SL5), we need the

following lemma and its corollary:

Lemma 7.2.1. There exists a split prime p such that

(1) We have NPGL5(Qp)(Λ
der
0,p) = Λ0,p,ad.

(2) Λ0,p,ad acts simply transitively on the set of vertices B0(Gp) of B(Gp).
(3) Λ0,p acts transitively on Gp/K0,p.

Proof. Claim (1):

By the table in [MSG12, Proposition 30], the image of Λder
0,p is an index-5 subgroup

of NPGL5(Qp)(Λ
der
0,p). Since Λ0,p normalizes Λder

0,p , we have Λ0,p,ad ⊂ NPGL5(Qp)(Λ
der
0,p).

Thus, we only need to show that the images of Λ0,p and Λder
0,p in PGL5(Q5) do

not coincide, or a fortiori Λ0,p as a subgroup of G(Qp) = GL5(Qp) is not in
Q×p Gder(Qp) = Q×p SL5(Qp).

We next choose p to satisfy:

• p is split with respect to the field extension L/Q;
• Write p = r2 + 7s2 for r, s ∈ Z, then (r + sρ)/(r − sρ) is a 5th power in
Z/p0, where ρ ∈ Z/p0 such that ρ2 ≡ −7 (mod p0).

For example, when p0 = 11 we have

p = 947 = 102 + 7 · 112,
√
−7 ≡ 2 (mod 11),

10 + 2 · 11

10− 2 · 11
≡ 15 (mod 11)

Next, we claim that x0 = (r + s
√
−7)/(r − s

√
−7) is a norm from L to E. By

the Hasse norm theorem, it suffices to check this locally. For any prime v of E,

• if v is not over p0 or p, then x0 is in O×Ev and thus a norm element with
respect to Lv/Ev;
• if v is over p, then x0 is a norm element with respect to the split extension
Lv/Ev;
• if v is over p0, then x0 ∈ O×Ev is a norm element with respect to the totally

tamely ramified extension Lv/Ev since it is a 5th power modulo 1 + pEv .

Let l0 ∈ L such that NL/E(l0) = x0. By Lemma 5.4.1, we may further assume that

l0 l̄0 = 1. Then we realize l0 as an element in G(Q). Since NL/E(l0) = x0 ∈ OE [1/p],
by definition we have l0 ∈ Λmax

Dv
for v not over p. Moreover, from the expression of

x0, we have

NL/E(l0) = x0 = (r + s
√
−7)/(r − s

√
−7) ≡ 1 (mod ρ7).

In total, l0 ∈ G(Q)∩K∞,p0 = Λ0,p. Since the determinant of l0 in Gp is a uniformizer,
we have l0 /∈ Q×p SL5(Qp) which completes the proof of (1).
Claim (2):

This follows from [MSG12, Theorem A(2)] and Proposition 7.1.3.
Claim (3):

Let B0(Gp) be the set of vertices in B(Gp). We consider the map

Gp/K0,p 7→ B0(Gp), gpK0,p 7→ gp · x,

6Beware that this may be different from the previously defined Λ̄0,p since it is a quotient by

the entire center instead of just the part that is split at p.
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where x is the vertex with related parahoric group being K0,p. Since Λ0,p acts
transitively on B0(Gp), we have that given any gpK0,p, there exists λ ∈ Λ0,p such
that λ ·x = gp ·x, or equivalently, gpλ

−1z−1
p ∈ K0,p for some zp ∈ Z(Gp). Moreover,

we may pick an element z ∈ E× such that

• zz̄ = 1;
• both z and z−1 are integral outside p;
• zK0,p = zpK0,p.

Regarding z as an element in G(Q), from our construction we indeed have that
z ∈ Λ0,p. Thus we have gpK0,p = λzK0,p. On the other hand, if g1K0,p = g2K0,p

for g1, g2 ∈ Λ0,p, then by (2) g1g
−1
2 fixes the vertex corresponding to K0,p and thus

is trivial in Λ0,p,ad. Therefore g1 and g2 differ by a central element in Gp. �

Corollary 7.2.2. The group K∞0 is golden. In particular, for all p, Λ0,p acts
transitively on Gp/K0,p and Λ̄0,p acts simply transitively on the Gp · xp, where xp
denotes the vertex in B0(Gp) corresponding to K0,p.

Proof. Given the first statement, the second follows from [DEP25, Lemma 4.1.2(2)].
For the first statement, Lemma 7.2.1(3) and [DEP25, Corollary 2.2.4] gives that

G(Q)K∞0 G∞ = G(A). Lemma 7.2.1(2) gives that G(Q) ∩K∞0 ⊆ ZG(Q). Therefore
it suffices to show that K∞0 ∩ ZG(Q) = 1.

By Lemma 5.4.2, ZG(Q) = N1(E). We verify that at each local place v of E
over a prime number p, the element x ∈ N1(E) is in O×Ev . When p is split with

respect to E/F , we have that x ∈ E×v ∩Kp = O×Ev . When p is not split, we have

that the valuations of x and x̄ at v are both 0, meaning that x ∈ O×Ev . As a result,

x ∈ O×E = {±1}. Finally, since x lies in K7, we must have x = 1 (cf. Remark 7.1.2).
�

8. Gate Sets for G

The last piece we need to run the constructions of Proposition 4.2.6 is the
computation of the gate sets SΛ0,p

. In this section, we will often use boldface
to represent elements of Mat5×5(L) or elements of G interpreted as elements of
Mat5×5(L) through the map η from (5.1.2). We will also use the shorthand A† :=
ĀT .

8.1. Explicit Trivializations. We will need explicit trivializations (i.e., explicit
isomorphisms to standard matrix algebras) of Λmax

D and K∞0 locally and mod n.

8.1.1. Local Trivializations of Λmax
D . Let q 6= 2, 7. Assume first q 6= p0 and let us

construct explicit isomorphisms Λmax
D,q → Mat5×5(OEq ).

Note first that

Λmax
D,q = ΛD,q =

4⊕
i=0

uiOLq , u5 = a.

Since L/E is either split or unramified at places of E over q and a ∈ O×Lq , we may

find γq ∈ O×Lq such that NLq/Eq (γq) = a. Define

Uq = diag(1, γq, γqγ
σ
q , γqγ

σ
q γ

σ2

q , γqγ
σ
q γ

σ2

q γσ
3

q ) ∈ GL5(OLq )
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Then by definition

U−1
q η(l)Uq = η(l) for l ∈ Lq and U−1

q η(u)Uq =


γq

γσq
γσ

2

q

γσ
3

q

γσ
4

q

 .

Next, we take α ∈ OM such that the matrix

A =


α ασ ασ

2

ασ
3

ασ
4

ασ ασ
2

ασ
3

ασ
4

α

ασ
2

ασ
3

ασ
4

α ασ

ασ
3

ασ
4

α ασ ασ
2

ασ
4

α ασ ασ
2

ασ
3


can be regarded as an element in GL5(OLq ). In the case where

OM = Z〈α, ασ, ασ
2

, ασ
3

, ασ
4

〉
for some α ∈ OM , this is so since det(A) = Disc(OM ) = p4

0. Then

AU−1
q η(l)UqA

−1,AU−1
q η(u)UqA

−1 ∈ Mat5×5(OEq ), where l ∈ OLq .
Combining with Proposition 6.1.1, we must have

(8.1.1) AU−1
q η(Λmax

D,q )UqA
−1 = AU−1

q η(ΛD,q)UqA
−1 = Mat5×5(OEq ).

Now we drop the condition q 6= p0. We may still find γp0
∈ L×p0

such that
NLp0

/Ep0
(γp0) = a. We define Up0 and A as above; then

AU−1
p0
η(Λmax

D,p0
)Up0A

−1

is a maximal OEp0
-order of Mat5×5(Ep0). Using the explicit description of Λmax

D

in §6.3 and the Chinese remainder theorem, for any fixed n0 relatively prime to
2 · 7 · p0, we may find a matrix Vp0

∈ GL5(L) such that

Vp0 ∈ I5 + Mat5×5(n0OE,(n0))

and
Vp0

AU−1
p0
η(Λmax

D,p0
)Up0

A−1V−1
p0

= Mat5×5(OEp0
).

8.1.2. Mod n trivializations of Λmax
D . Now, let n0 be relatively prime to 2 · 7 · p0

and let n = n0 · p
np0
0 for some np0 ≥ 0. Equation (8.1.1) can be extended to a

trivialization over OL/n0. We apply Hensel’s lemma and the Chinese remainder
theorem to produce γn ∈ OL,(n0) × Lp0

such that

NL/E(γn) ≡ a (mod n).

Define
Un := diag(1, γn, γnγ

σ
n , γnγ

σ
nγ

σ2

n , γnγ
σ
nγ

σ2

n γσ
3

n ) ∈ GL5(L)

and
Bn = UnA−1V

−min(1,np0
)

p0

Then we have Bn ∈ GL5(OLq ) for all q|n0.
We consider the reduction mod n map

(Λmax
D )∞ :=

∏
v finite

Λmax
Dv → (Λmax

D )∞/n(Λmax
D )∞ ∼= Λmax

D,(n)/nΛmax
D,(n).
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Lemma 8.1.1. We have the isomorphism

B−1
n η((Λmax

D )∞)/η(n(Λmax
D )∞)Bn

∼= Mat5×5(OE/n).

Proof. The definition of Bn guarantees that

B−1
n η(Λmax

D,(n))Bn
∼=
∏
q|n

Mat5×5(OEq ).

Modding out n we get the result.
�

8.1.3. Trivializations in G. If H is a 5× 5 invertible Hermitian matrix over E, we
define an algebraic group over Z by

(8.1.2) UH
5 (R) := U

OE/Z,H
5 := {X ∈ Mat5×5(OE ⊗Z R) : X̄THX = H}

for any Z-algebra R and shorthand U5(R) := U
OE/Z,J
5 where J is the antidiagonal

Hermitian form.

Lemma 8.1.2. Let n be relatively prime to 2 · 7. Then reduction mod n induces a
surjection

B−1
n η(K∞0 )Bn � U

B†nBn
5 (Z/n) ⊆ Mat5×5(OE/n).

Proof. Let S be the set of primes dividing n. It suffices to consider the reduction
mod n of B−1

n η(K0,S)Bn. By definition, we have K0,q = Gq ∩ Λmax
D,q for q|n. Since

η(Gq) = {X ∈ η(Dq) : X†X = 1}, the result follows from Lemma 8.1.1.
�

We remark that for q | n0, the matrix B†nBn already lies in GL5(Oq). When
q = p0, since the maximal compact subgroup η(Λmax

Dq
) is †-stable, the group

B−1
n η(Λmax

Dq )Bn
∼= GL5(OEq ) ∼= GL5(OEρq )×GL5(OEρ̄q )

is Ad(B†nBn) ◦ (·)†-stable, thus B†nBn ∈ Q×q GL5(OEq ).
We can conjugate further to get U5(Z/n):

Lemma 8.1.3. Let n be relatively prime to 2 · 7. Assume that Hermitian H ∈
Q×q GL5(OEq ) for all q|n. Then there is Cn ∈ GL5(OE/n) such that

C−1
n UH

5 (Z/n)Cn = U5(Z/n).

Proof. For q|n, we first claim that there exists Cq ∈ GL5(OEq ) such that

C−1
q UH

5 (OEq/qvq(n))Cq = U5(OEq/qvq(n)).

If q is inert in E/Q, using [Jac62, Theorem 7.1], there exists Cq ∈ GL5(OEq ) and a

scalar λ ∈ Q×q such that C†qHCq = λJ. If q = ρqρ̄q is split over E/Q, then both

unitary groups become split and isomorphic to GL5(Z/qvq(n)). Identify GL5(OEq )
with GL5(OEρq ) × GL5(OEρ̄q ) and write H = (X,X†) and J = (J,J). Then we

may construct Cq = (X−1J, I5) such that Cq ∈ GL5(OEq) and C†qHCq = λJ for

some λ ∈ Q×q .

In general, let Cn be a matrix in GL5(OE/n) such that Cn ≡ Cq (mod qvq(n))
for all q|n, which exists by the Chinese remainder theorem. Then C†nHCn ≡ λJ
(mod n) for some λ ∈ Q× which implies that C−1

n UH
5 (Z/n)Cn = U5(Z/n).

�
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8.2. Explicit Gates. By Proposition 7.1.1, the order Λmax
D satisfies the conditions

of Assumption 4.3.1. The trivialization (8.1.1) also identifies

Λmax
Dp = Mat5×5(OEp).

which we can, without loss of generality, conjugate to satisfy the other conditions in
§4.3.

Therefore we get from §4.3 that

SΛ̄0,p
= {p−1g : ι(g)g = p2, g ∈ Λmax

D , g /∈ pΛmax
D }

at inert p and

SΛ̄0,p
= {ρ̄−1

p g : ι(g)g = p, g ∈ Λmax
D , g /∈ ρ̄pΛmax

D ∪ ρpΛmax
D }

at split p = ρpρ̄p.

8.2.1. Finding gates. Finding explicit gate elements is the hardest part of our
algorithm, which we leave to Section 9 for a more detailed discussion.

8.2.2. Counts. When p is split, gates are in bijection with vertices at distance 1
from x0. By a standard formula in terms of p-binomial coefficients, this is

|SΛ̄0,p
| =

4∑
i=1

(
5

i

)
p

p split.

For example, |SΛ̄0,p
| = 3961830 when p = 11.

When p is inert, gates are in bijection with distance-2 hyperspecial vertices. Each
of these corresponds to a unique non-special vertex at distance 1. As we will see in
§10.1, there are (p5 + 1)(p2 + 1) such non-special vertices and (p3 + 1)(p5 + 1) such
special but non-hyperspecial vertices. Each of these non-special (resp. special but
non-hyperspecial) x1 corresponds to p (resp. (p+ 1)(p3 + 1)− 1) distance-2 vertices
x2 (in the notation of §10.1, if we fix x1, then x0 and all possible x2 form the set of
vertices of type 0 adjacent to x1, which is of type 1 or 2). Therefore

|SΛ̄0,p
| = p(p2 + 1)(p5 + 1) + [(p+ 1)(p3 + 1)− 1](p3 + 1)(p5 + 1) p inert.

For example, |SΛ̄0,p
| = 765672 when p = 3 and 297782760 when p = 5.

8.3. Reductions of Gates. We finally discuss our choices of K∞,p and the reduc-
tions of SΛ̄0,p

in Λ̄0,p/Λ̄p.

8.3.1. Choice of K∞,p. We now consider n relatively prime to 2 · 7 · p. Let

n =
∏

qS split

q
nqS
S

∏
qI inert

q
nqI
I

and define

K∞,p :=
∏
q 6=p

K0,q(q
nq )

where K0,q(q
nq ) denotes the principal congruence subgroup of level qnq in K0,q ⊆ Gq.

Then

K0,q/K0,q(q
nq ) ∼=

{
GL5(Z/qnq ) q split,

U5(Z/qnq ) q non-split,

where U5 is defined as in equation (8.1.2).
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Then, since G(Q) ⊆ Gp,∞ is dense:

(8.3.1)

Λ0,p/Λp = (G(Q) ∩K∞,p0 )/(G(Q) ∩K∞,p) = K∞,p0 /K∞,p

=
∏

qS split

GL5(Z/qnqS )
∏

qI inert

U5(Z/qnqI ) =: U5(Z/n).

Since Λ0,p ∩Zspl
Gp

= Λ0,p ∩Z
splp
G where Z

splp
G denotes the part of the center split over

Qp, we also get

(8.3.2) Λ̄0,p/Λ̄p = U ]5(Z/n) :=

{
U5(Z/n)/U1(Z/n) p split,

U5(Z/n) p inert.

We can also compute the sizes of these groups as products over primes dividing n.
For prime n, the sizes are standard and can be found in [CCN+85, §2]. For prime
powers n, we additionally use that at unramified places [K0,q(q

i+1) : K0,q(q
i)] =

qdimG for i ≥ 1 (see, e.g., [KP23, Theorem 13.5.1(1)]). The formulas for general n
then follow from the Chinese remainder theorem.

|U5(Z/n)| = n25
∏
qS |n

qS split

(
1

q25
S

4∏
i=0

(q5
S − qiS)

)
×

∏
qI |n

qI inert

(
1

q25
I

4∏
i=0

(q5
I + (−1)iqiI)

)
,

|U1(Z/n)| = n
∏
qS |n

qS split

qS − 1

qI
×

∏
qI |n

qI inert

qI + 1

qI
.

8.3.2. Explicit Reductions. We next need to compute the images of the elements

of SΛ̄p in U ]5(Z/n). As in Lemmas 8.1.1 and 8.1.3, choose Bn ∈ GL5(OL,(n)) and

Cn ∈ GL5(OE/n) so that the reduction modulo n defines a surjection

B−1
n η((Λmax

D )∞)Bn � Mat5×5(OE),

and

(BnCn)†(BnCn) = 1.

Then:

Lemma 8.3.1. Reduction mod n induces an isomorphism

C−1
n

(
B−1
n η(Λ0,p)Bn/B

−1
n η(Λp)Bn

)
Cn

∼−→ U5(Z/n).

Proof. By equation (8.3.1), we have

B−1
n η(Λ0,p)Bn/B

−1
n η(Λp)Bn = B−1

n η(K∞,p0 )Bn/B
−1
n η(K∞,p)Bn,

where S is the set of primes dividing n. By the definition of principal congruence
subgroups, B−1

n η(K∞,p)Bn is exactly the set of elements of B−1
n η(K∞,p0 )Bn that

are 1 mod n. Therefore, by Lemma 8.1.2, this quotient is exactly U
B†nBn
5 (Z/n).

The result then follows from the definition of Cn. �

8.4. Gates to Vertices in the Building. The last piece of data we need is an
explicit assignment of x ∈ X to gates sx ∈ SΛ̄0,p

as in Construction 4.2.3 or 4.2.4.
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8.4.1. Labeling X . We first need to label the vertices of X and describe its simplices.
In the split case, let p = ρpρ̄p, and fix an isomorphism Gp ∼= GL5(Eρp). We

assume that x0 is stabilized by GL5(OEρp ) under this isomorphism. Then, by a

standard construction (e.g., [KP23, §15.1]), the vertices of X correspond to lattices
M⊂ E5

ρp such that

ρpO5
Eρp

(M ( O5
Eρp

.

For 1 ≤ k ≤ 5, the k-simplices containing x0 correspond to sequences of lattices Mi

with
ρpO5

Eρp
(M1 ( · · · (Mk ( O5

Eρp

Finally, the Gp-action is through the isomorphism Gp ∼= GL5(Eρp).
Reducing mod ρp, we get the following construction:

Construction 8.4.1. Let p = ρpρ̄p be split in E. Then the vertices of Q in
Construction 4.2.3 can be identified with the subspaces

0 6= M̄ ( (OEρp/ρp)
5.

with the k-simplices containing x0 corresponding to sequences of such M̄i for 1 ≤
i ≤ k satisfying that

0 6= M̄1 ( · · · ( M̄k ( (OEρp/ρp)
5.

Furthermore, given M̄ as above, then for any g ∈ GL5(Eρp) such that gx0 ∈ Q,

we have gx0 = M̄ if and only if there is λ ∈ Eρp such that λg ∈ GL5(Eρp) ∩
Mat5×5(OEρp ) and λg(OEρp/ρp)

5 = M̄.

In the inert case, we have explicitly constructed a Hermitian form Hp := B†p2Bp2 ∈
GL5(OEp) on E5

p and the related identification Gp ∼= U
Hp

5 (Qp). Assume that x0 is
stabilized by GL5(OEp). Again, by a standard construction (e.g., [KP23, §15.2]),

• the vertex x0 corresponds to the Hp-selfdual7 lattice O5
Ep

;

• the vertices x1 of X at distance 1 correspond to pairs of lattices M1,M2 ⊂
E5
p such that

pO5
Ep (M1 (M2 ( O5

Ep

and M1 is the Hp-dual lattice of p−1M2;
• Given two pairs of lattices (M1,M2) and (M′1,M′2) corresponding to two

distance 1 lattices x1, x
′
1 as above, {x0, x1, x

′
1} forms a simplex if and only

if either M1 (M′1 or M′1 (M1;
• The type-0 vertices x2 of X at distance 2 correspond to lattices M⊂ E5

p

such that p−1M is Hp-selfdual and

p2O5
Ep (M ( O5

Ep

Furthermore, given a distance 2 vertex x2 and the associated latticeM, the
distance 1 vertices x1 between x0 and x2 correspond exactly to those pairs
(M1,M2) such that

M (M1 (M2.

Moreover, x1 lies in the convex hull of x0 and x2 if and only if the associated
M1 is minimal among all possible x1.

7Here we say that anOEp -moduleM2 is the dual ofM1 ifM2 = {x ∈ E5
p : Hp(M1, x) ∈ OEp}.
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If we fix an apartment containing x0 and x2, there may be either one or
three such x1, depending on whether the convex hull consists of two long
edges or two short edges in the reduced building. In the latter case, let
(M1,M2), (M′1,M′2), and (M′′1 ,M′′2) be the three pairs corresponding to
distance 1 vertices between x0 and x2. Then (M1,M2) corresponds to the
midpoint of x0 and x2 if and only if M1 (M′1 and M1 (M′′1 .

Example. Take Hp = J. Then, x0 relates to O5
Ep

, x2 relates to p2OEp⊕pO3
Ep
⊕OEp ,

x′2 relates to p2O2
Ep
⊕ pOEp ⊕ O2

Ep
, x1 relates to pO4

Ep
⊕ OEp ⊂ pOEp ⊕ O4

Ep
, x′1

relates to pO3
Ep
⊕O2

Ep
⊂ pO2

Ep
⊕O3

Ep
, x′′1 relates to pOEp ⊕OEp ⊕ pO2

Ep
⊕OEp ⊂

pOEp ⊕O2
Ep
⊕ pOEp ⊕OEp . Then x′1 is the unique vertex between x0 and x′2, and

x1, x
′
1, x
′′
1 are the three vertices between x0 and x2 in a fixed apartment (but there

could be more such vertices in other apartments).

Reducing modulo p2, we get the following construction:

Construction 8.4.2. Let p be inert in E. Consider the rank 5 free OEp/p2-module

(OEp/p2)5 and realize Hp as a Hermitian form on it. Then the vertices in Q in

Construction 4.2.4 can be identified with the OEp/p2-submodules

0 6= M̄ ( (OEp/p2)5

that are Hp-selfdual8. Furthermore, for any g ∈ UHp

5 (Qp) such that gx0 ∈ Q, we
have gx0 = M̄ if and only if there is λ ∈ Ep satisfying

λg ∈ GL5(Ep) ∩Mat5×5(OEp) and λg(OEρp /p
2)5 = M̄.

The vertices in X at distance 1 can be identified with pairs of OEp/p2-submodules

(pOEp/p2)5 ( M̄1 ( M̄2 ( (OEp/p2)5.

such that M̄1 is the Hp-dual of pM̄2. A 2-simplex containing x0 consists of two
such pairs (M̄1,M̄2) and (M̄′1,M̄′2) such that

(pOEp/p2)5 ( M̄1 ( M̄′1 ( M̄′2 ( M̄2 ( (OEp/p2)5.

A vertex at distance 1 related to (M̄1,M̄2) is between x0 and a vertex at distance 2
related to M̄ if M̄ ( M̄1 ( (OEp/p2)5, and moreover, it lies in the convex hull if

the related M̄1 is minimal.

8.4.2. Matching to Gates. Now we can match sx to x ∈ Q.
In the split case p = ρpρ̄p, choose Bp as in Lemma 8.1.1. Then

B−1
p η(SΛ̄0,p

)Bp ⊆ GL5(Eρp) ∩Mat5×5(OEρp )

and

B−1
p η(SΛ̄0,p

)Bp ∩Mat5×5(ρpOEρp ) = ∅.
So Lemma 8.1.1 gives a reduction-mod-ρp map as an injection

B−1
p η(SΛ̄0,p

)Bp ↪→ Mat5×5(OE/ρp).

8Here we say that an OEp/p
2-module M̄2 is the dual of M̄1 if M̄2 = {x ∈ (OEp/p

2)5 :

Hp(M̄1, x) = 0}.
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Now we apply Construction 8.4.1. Note that the condition g(OEρp/ρp)
5 = M̄ only

depends on the reduction of g mod ρp. In total, for each vertex M̄ ∈ Q, we have
that sM̄ is the element in SΛ̄0,p

such that

(B−1
p η(sM̄)Bp)(OEρp/ρp)

5 = M̄.

In the inert case, we instead choose Bp2 as in Lemma 8.1.1. Then similarly,

pB−1
p2 η(SΛ̄0,p

)Bp2 ⊆ GL5(Ep) ∩Mat5×5(OEp)

and
pB−1

p2 η(SΛ̄0,p
)Bp2 ∩Mat5×5(p2OEp) = ∅.

So Lemma 8.1.1 gives a reduction-mod-p2 map as an injection

B−1
p2 η(pSΛ̄0,p

)Bp2 ↪→ Mat5×5(OE/p2).

We similarly input Construction 8.4.2. In total, for each vertex M̄ ∈ Q, we have
that sM̄ is the element in SΛ̄0,p

such that

(B−1
p2 η(psM̄)Bp2)(OEp/p2)5 = M̄.

9. Finding Gates

Choose a prime p 6= 2, 7 and let e be 1 if p is split in E and 2 if p is inert in E.
In practice, we focus on pe = 9 or 11, which correspond to the smallest inert and
split cases respectively.

9.1. Basic Reduction.

Lemma 9.1.1. Let x ∈ Λmax
D \ OE such that ι(x)x = pe. Then

• L′ := E[x] ⊆ D is a CM field of degree 5 over E on which ι acts as complex
conjugation.
• Write M ′ = (L′)ι which is a totally real field of degree 5 over Q. Write
x = α + ρ2β for α, β ∈ M ′ and ρ2 = (1 +

√
−7)/2. Then M ′ = Q(α) =

Q(β) = Q(2α+ β).
• 7α, 7β, 2α + β ∈ OM ′ ∩ Λmax

D . Furthermore α, β ∈ OM ′ when M ′/Q is
unramified at 7.
• The absolute value of all the real embeddings of β (resp. 2α+β) are smaller

than
√

4pe/7 (resp.
√

4pe).
• The discriminant

Disc(M ′) ≤

{
C · (4pe/7)10 M ′ not ramified at 7,

C · (4pe)10 M ′ ramified at 7,

where the constant C ≈ 0.134288.

Proof. From our construction, L′ is an abelian division algebra over E not equal
to E. Since all maximal abelian subalgebras of D are degree 5 over E, L′ must be
maximal and also degree 5.

Since ι(x) = pex−1, ι(x) ∈ E(x) = L′ which forces ι(L′) = L′. Then, since
{x ∈ D×∞ : ι(x)x = 1} is compact, so is {x ∈ (L′)×∞ : ι(x)x = 1}. This is only
possible if M ′ = L′ι is totally real, in which case ι has to act as complex conjugation
since it is an involution.

Let x = α+ ρ2β with α, β ∈M ′. Then,

α2 + αβ + 2β2 = pe.
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We cannot have Q(α), Q(β) or Q(2α + β) being strictly contained in M ′, or
equivalently α, β or 2α+ β are contained in Q. Otherwise using the above equation
E[x]/E is of degree 1 or 2, which is impossible.

By direct calculation, we have

7α = (ρ2ι(x)− ρ̄2x)
√
−7, 7β = (x− ι(x))

√
−7 ∈

√
−7Λmax

D ∩M ′ ⊂ OM ′ ,

2α+ β = x+ ι(x) ∈ Λmax
D ∩M ′ ⊂ OM ′ .

Since the norm form as a polynomial in α has a real root:

(β(i))2 − 4(2(β(i))2 − pe) ≥ 0 =⇒ |β(i)| ≤
√

4pe/7,

where β(i) denote the image of β under the i-th real embedding M ′ ↪→ R for
i = 1, . . . , 5. Since (2α + β)2 = 4pe − 7β2, we have that every real embedding of
2α+ β is of absolute value not greater than

√
4pe.

If M ′ is not ramified at 7, we have that α, β ∈ OM ′ since (Λmax
D )× ∩ L′× ⊆ OL′

and OL′ = OM ′OE . Therefore, we have that Z[β] is an order in OM ′ and

|Disc(M ′)| ≤ |Disc(Z[β])| =
∏

1≤i<j≤5

|β(i) − β(j)|2

If we had −1 ≤ β(i) ≤ 1, we can numerically maximize the product on the right-hand
side of the above equation and bound it by C ≈ 0.134288. Scaling this by (4pe/7)20/2

gives

|Disc(M ′)| ≤ C · (4pe/7)10.

If M ′ is ramified at 7, as in the unramified case, we have

|Disc(M ′)| ≤ |Disc(Z[2α+ β])| ≤ C · (4pe)10.

�

Corollary 9.1.2. Let x ∈ Λmax
D such that ι(x)x = pe. Then x ∈ ρ̄pΛmax

D ∪ ρpΛmax
D

(resp. x ∈ pΛmax
D ) in the case E/Q is split (resp. inert) over p if and only if x ∈ OE.

Proof. If x ∈ OE , then noting that OE is a PID, we have that the ideal (x)
equals (ρp) or (ρ̄p) (resp. (p)) in the split case (resp. inert case). This implies that
x ∈ ρ̄pΛmax

D ∪ρpΛmax
D (resp. x ∈ pΛmax

D ). Conversely if x is not in OE , then L′ = E[x]
is a CM field of degree 5 over E and x is in OL′ . Assume that x ∈ ρ̄pΛmax

D ∪ ρpΛmax
D

(resp. x ∈ pΛmax
D ), then for y = ρ−1

p x or ρ̄−1
p x (resp. y = p−1x) in OL′ , we have

ι(y)y = 1. It is straightforward to check that the only units in OL′ are 1 or −1.
Then y = ±1 and x is in E, contradictory!

�

9.2. Quadratic Form, Characteristic Polynomial and Minimal Vector. We
regard (Λmax

D )ι as a free Z-module of rank 25 and consider the following quadratic
form

(9.2.1) (Λmax
D )ι → Z, γ 7→ TrdD/E(γ2),

induced by the reduced trace map. If γ /∈ E, then E(γ) is a CM field of degree
5 over E, with Q(γ) = E(γ)ι being a totally real field of degree 5 over Q. Then
TrdD/E(γ2) = TrQ(γ)/Q(γ2) is a non-negative integer. If γ ∈ E ∩ (Λmax

D )ι = Z, then

still TrQ(γ)/Q(γ2) = 5γ2 is a non-negative integer. As a result, the quadratic form is
positive definite.
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Write γ =
∑4
i=0 u

ili with li ∈ L, then ι(γ) = γ implies that

l0 = l̄0, l
σ
1 = a−1 l̄4, l

σ2

2 = a−1 l̄3, l
σ3

3 = a−1 l̄2, l
σ4

4 = a−1 l̄1,

and thus

TrdD/E(γ2) = TrM/Q(

4∑
i=0

li l̄i)

We write l0 = m0
0, l1 = m0

1 + ρ2m
1
1 and l2 = m0

2 + ρ2m
1
2 with mj

i ∈M , then we have

(9.2.2)
TrdD/E(γ2) = TrM/Q((m0

0)2 + 2((m0
1)2 +m0

1m
1
1 + 2(m1

1)2)+

2((m0
2)2 +m0

2m
1
2 + 2(m1

2)2))

Notice that this equation concerns only the totally real cyclic extension M/Q.
Let

~m = ((m0
0)Q, (m

0
1)Q, (m

1
1)Q, (m

0
2)Q, (m

1
2)Q)

be a row vector in Q25, where (mj
i )Q denotes the corresponding row vector of mj

i

in Q5 via the identification M ∼=
⊕4

i=0 Qαi. Using our discussion in §6.3, each
γ ∈ (Λmax

D )ι corresponds to a column vector ~xT in Z25 satisfying

~mT = Bmax · ~xT .
Then, consider the following explicit quadratic form on Z25:

Qmax(~x) := ~x ·BTmaxA0Bmax · ~xT ,
where we define

A0 = diag

(
T,

(
2T T
T 4T

)
,

(
2T T
T 4T

))
with T = (TrM/Q(αiαj))0≤i,j≤4.

By our discussion above, we have

TrdD/E(γ2) = Qmax(~x).

It means that we have a concrete realization of the above quadratic form (9.2.1).
Moreover, we may use the embedding (5.1.2) to calculate the characteristic polyno-
mial of γ, which could be expressed as

(9.2.3) Pγ(t) = t5 + P1(~x)t4 + P2(~x)t3 + P3(~x)t2 + P4(~x)t+ P5(~x),

where for each i = 1, . . . , 5, Pi(~x) is a homogeneous polynomial of degree i in
Z[~x] (thus is of 25 variables). Using the explicit relation between ~x and γ, these
polynomials Pi(~x) could be calculated explicitly. In particular, we have P1(~x) =
−TrdD/E(γ) and Qmax(~x) = P1(~x)2 − 2P2(~x).

Now we discuss a possible minimal short vector that can be picked. Consider
a solution of ι(x)x = pe in Λmax

D \ OE . Using Lemma 9.1.1, we write x = α+ ρ2β
such that

• α, β lie in (Λmax
D )ι such that M ′ = Q(α) = Q(β) = Q(2α + β) is a totally

real field of degree 5 and L′ = EM ′ is a CM field of degree 10 over Q.
• We have 7α, 7β, 2α+ β ∈ OM ′ ∩ Λmax

D . When M ′/Q is unramified over 7,
we further have α, β ∈ OM ′ .
• We have TrdD/E(4ι(x)x) = TrdD/E((2α+ β)2) + TrdD/E(7β2) = 20pe.

Let γ be an element in Λmax
D ∩ (OM ′ − Z), such that TrdD/E(γ2) reaches the

smallest value. Let ~x ∈ Z25 be the vector related to γ. We have

Qmax(~x) = TrdD/E(γ2) ≤ (7/8)[TrdD/E((2α+ β)2) + TrdD/E((7β)2)/7] = 35pe/2.
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9.3. Finding Subfields L′ ⊂ D. We explain how to list all possible maximal
subfields L′ ⊂ D, such that there exists an element x ∈ L′ ∩ Λmax

D \ OE satisfying
ι(x)x = pe. In particular, we necessarily have x ∈ OL′ . Consider M ′ = L′ι, which is
a totally real field of degree 5 over Q.

We need to check all CM fields L′ of degree 5 over E, such that

• L′ can be embedded into D, or equivalently by the local-global compatibility,
L′ is inert at ρ2 and ρ̄2, or equivalently M ′ = L′ι is inert at 2.
• By Lemma 9.1.1, Disc(M ′) ≤ C ·710ε · (4pe/7)10 where ε = 0 or 1 depending

on if M ′/Q is unramified at 7 or not.
• The equation ι(x)x = pe has a solution in OL′ \ OE .

The strategy is to list all L′ satisfying the first two conditions above, and then check
one by one if the third condition is satisfied.

To check if ι(x)x = pe has a solution in OL′ \ OE , a necessary (and effectively
checkable) condition is that there is a principal ideal I dividing (pe) and different
from (p) (resp. (ρp) and (ρ̄p)) when e = 2 (resp. e = 1) such that ι(I)I = (pe).
To find I, we only need to consider the decomposition of (pe) into the product
of prime ideals, and check if we may divide these prime ideals into two multisets
with their products equal to principal ideals I and ι(I) respectively. Remark that
two solutions to ι(x)x = pe such that I = (x) differ by a unit u ∈ O×L′ satisfying
ι(u)u = 1. Also, since the unit groups of OL′ and OM ′ are of the same rank, both
the kernel and the cokernel of the map O×L′ → O

×
M ′ , y 7→ ι(y)y are finite. Thus u is

a root of unity. Finally, any CM field L′ of degree 5 over E only has roots of unity
1 and −1. Thus for each ideal I, there are at most 2 solutions x,−x with I = (x).
Since there are only finitely many possible I, for each L′ there are finitely many
solutions to ι(x)x = pe.

Using Sagemath, for pe = 9 or 11 we checked the first 8000 CM fields L′ listed on
the website LMFDB satisfying the first two conditions, and found around 200 fields
among them having a solution ι(x)x = pe. We listed the related solutions as well.
In particular, this list contains all the fields L′ such that M ′/Q is unramified at 7.
If we furthermore focus on the case where M ′/Q are ramified at 7, then for pe = 9
or 11 there remain less than 40000 fields to be checked. When the discriminant
becomes large it gets slower to check if a certain field L′ has a solution and to find
the solutions. But in any case it is a one-time check.

Hence at last we expect that for small pe we may list all CM fields L′ satisfying
the above conditions, and x ∈ OL′ \OE such that ι(x)x = pe. On the other hand, it
is only a necessary condition, saying that some solutions x might not be embedded
into Λmax

D .

9.4. Strategy. Now, computing all the solutions to ι(x)x = pe in Λmax
D \ OE can

be divided into the following three steps:

(1) List all the possible totally real fields M ′/Q of degree 5 and the related CM
field L′ = EM ′, such that there exists a solution ι(x)x = pe in OL′ \ OE ,
and for each L′ find all the solutions x. Using Lemma 9.1.1 we need to
search over all possible totally real fields M ′ with bounded discriminant,
which can be done for small pe.

(2) List all γ ∈ (Λmax
D )ι such that TrdD/E(γ2) ≤ 35pe/2. Equivalently, list all

~x ∈ Z25 such that Qmax(~x) ≤ 35pe/2. Noting that here Qmax is a specific
positive definite quadratic form of 25 variables and explicit coefficients. The
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main problem is that the number of solutions is gigantic—when pe = 11
and 35pe/2 = 375/2, there are around 1014 solutions ~x, thus can hardly be
fully listed and further checked in Step (3) below. On the other hand, by
taking a smaller bound, we are still able to find certain γ, which possibly
leads to some solutions x.

(3) For each γ in the list of Step (2), check if the field M ′ = Q(γ) lies in the list
of Step (1), which can be done by calculating the characteristic polynomial
Pγ(t) of γ. After that, for any x in OL′ \ OE such that ι(x)x = pe, we may
express it as an explicit Q-coefficient polynomial of γ and ρ2. Then, we may
check directly if x lies in Λmax

D or not. This will theoretically give all the
solutions to ι(x)x = pe in Λmax

D \ OE . Combining with §8.2 and Corollary
9.1.2, we find all the gates.

More precisely, in Step (3) if we write x = α + ρ2β, then we have M ′ =
Q(α) = Q(β) = Q(2α + β) and γ can be considered to be a shortest vector in
Z[7α, 7β, 2α+ β] \ Z ⊂ (Λmax

D )ι \ Z. Thus by solving the equation ι(x)x = pe in L′,
we may precompute the characteristic polynomial of γ for each candidate L′ in Step
(1). In that sense, we are essentially required to solve the following problem:

Problem 9.4.1. Find all vectors ~x ∈ Z25 such that Qmax(~x) ≤ 35pe/2 and
(P1(~x), P2(~x), P3(~x), P4(~x), P5(~x)) lies in a fixed precomputed list of vectors in Z5.

The above problem is quite concrete. We hope that some techniques, including
the modulo n technique for small n, will reduce the complexity of the problem
and lead to an effective algorithm of finding all the solutions for small pe (for
instance pe = 9 or 11). However solving this problem or even determining if it is
computationally tractable on modern hardware is far out of the scope of the authors’
current expertise.

9.5. Initial Data. For convenience of the reader, we list our choice Bmax and Qmax

in the setting of §5.3.
Implementing the procedure of §6.3 in Sagemath, finds an explicit 25× 25 matrix

Bmax with rows:

Row 1: ( 1
11 , 0, . . . , 0);

Row 2: (0, 1
11 , 0, . . . , 0);

Row 3: (0, 0, 1
11 , 0, . . . , 0);

Row 4: ( 6
11 ,

2
11 ,

1
11 , 1, 0, . . . , 0);

Row 5: ( 5
11 ,

8
11 ,

3
11 , 0, 1, 0, . . . , 0);

Row 6: ( 3
121 ,

8
121 ,

2
121 , 0, 0,

1
11 , 0, . . . , 0);

Row 7: ( 6
121 ,

5
121 ,

4
121 , 0, 0, 0,

1
11 , 0, . . . , 0);

Row 8: ( 10
121 ,

1
121 ,

3
121 , 0, 0, 0, 0,

1
11 , 0, . . . , 0);

Row 9: ( 7
121 ,

4
121 ,

1
121 , 0, 0, 0, 0, 0,

1
11 , 0, . . . , 0);

Row 10: ( 5
121 ,

6
121 ,

7
121 , 0, 0, 0, 0, 0, 0,

1
11 , 0, . . . , 0);

Row 11: ( 97
121 ,

178
121 ,

226
121 , 0, 0,

3
11 , 0, 0, 0, 0, 2, 0, . . . , 0);

Row 12: ( 194
121 ,

81
121 ,

210
121 , 0, 0, 0,

3
11 , 0, 0, 0, 0, 2, 0, . . . , 0);

Row 13: ( 162
121 ,

113
121 ,

97
121 , 0, 0, 0, 0,

3
11 , 0, 0, 0, 0, 2, 0, . . . , 0);
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Row 14: ( 2485
121 ,

2146
121 ,

1807
121 , 0, 0, 16, 4, 8, 201

11 , 6, 12, 4, 2, 22, 0, . . . , 0);

Row 15: ( 1291
121 ,

1162
121 ,

791
121 , 0, 0, 10, 20, 12, 4, 25

11 , 10, 16, 6, 0, 22, 0, . . . , 0);

Row 16: (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1
121 , 0, . . . , 0);

Row 17: ( 4
121 ,

2
121 ,

5
121 , 0, 0,

1
121 ,

10
121 ,

6
121 ,

1
121 ,

7
121 ,

7
121 ,

4
121 ,

1
121 , 0, 0,

2
121 ,

1
11 , 0, . . . , 0);

Row 18: ( 9
121 ,

6
121 ,

5
121 , 0, 0,

10
121 ,

9
121 ,

10
121 ,

5
121 ,

9
121 ,

5
121 ,

6
121 ,

7
121 , 0, 0,

7
121 , 0,

1
11 , 0, . . . , 0);

Row 19: ( 7
121 ,

9
121 ,

1
121 , 0, 0,

1
121 ,

7
121 , 0,

7
121 ,

1
121 ,

8
121 ,

3
121 ,

9
121 , 0, 0,

6
121 , 0, 0,

1
11 , 0, . . . , 0);

Row 20: ( 10
121 ,

6
121 ,

4
121 , 0, 0,

5
121 ,

8
121 ,

1
121 ,

1
121 ,

6
121 ,

5
121 ,

6
121 ,

7
121 , 0, 0,

9
121 , 0, 0, 0,

1
11 , 0, . . . , 0);

Row 21: (12, 18, 4, 0, 0, 12, 20, 4, 14, 16, 0, 0, 0, 0, 0, 597
121 , 0, 0, 0, 0, 22, 0, 0, 0, 0);

Row 22: ( 2146
121 ,

710
121 ,

81
121 , 0, 0,

839
121 ,

162
121 ,

1888
121 ,

1323
121 ,

65
121 ,

1517
121 ,

2388
121 ,

597
121 , 0, 0,

1194
121 ,

113
11 ,

0, 0, 0, 0, 22, 0, 0, 0);

Row 23: ( 1501
121 ,

920
121 ,

565
121 , 0, 0,

162
121 ,

1017
121 ,

1372
121 ,

1533
121 ,

291
121 ,

323
121 ,

920
121 ,

1517
121 , 0, 0,

1517
121 , 0,

113
11 ,

0, 0, 0, 0, 22, 0, 0);

Row 24: ( 549
121 ,

1501
121 ,

597
121 , 0, 0,

1323
121 ,

65
121 , 2,

1033
121 ,

1565
121 ,

2114
121 ,

1791
121 ,

49
121 , 0, 0,

920
121 , 0, 0,

113
11 ,

0, 0, 0, 0, 22, 0);

Row 25: ( 12988
121 , 23910

121 , 16908
121 , 0, 0, 16053

121 , 18570
121 , 28911

121 , 13181
121 , 18344

121 , 8309
121 ,

8906
121 ,

1517
121 ,

0, 0, 26669
121 , 176, 132, 220, 597

11 , 44, 154, 176, 132, 242).

Using this Bmax, we find an explicit Qmax such that the related symmetric matrix
BTmaxA0Bmax has coefficients that are all non-negative integers. Since it is already
explicit, we won’t display its entries for brevity. Neither will we display the 50× 50
matrix Amax, although such a matrix is helpful in verifying if an element x in D
lies in Λmax

D . To compensate, by observing η(x) ∈ GL5(L) one can still judge if x is
in Λmax

D or not.

9.6. Finding an Explicit Gate Element. In this part, we explain our strategy
for finding an explicit gate element. We assume pe = 9 or 11.

(1) We listed all the totally real fields M ′ with the CM fields L′ having a
solution of ι(x)x = pe with
• M ′/Q inert at 2;
• Disc(M ′) bounded by 0.134288 · (44/7)10 ≈ 12959555 for M ′/Q unram-

ified at 7, and 0.134288 · 4410 ≈ 3.6523 × 1015 for M ′/Q ramified at
7.

We checked the first 8000 totally real fields M ′ listed on LMFDB and found
139 candidates that have a norm solution in L′. Here, we list the smallest
and the largest M ′ and their discriminant: Q[t]/(t5 − 2t4 − 3t3 + 5t2 + t−
1), 36497, Q[t]/(t5 − 2t4 − 9t3 + 7t2 + 7t+ 1), 8733025.

(2) We listed all ~x such that Qmax(~x) ≤ 40. It turns out that there are 463798
solutions. We restore the corresponding γ.
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(3) We checked for γ in Step (2) if Q(γ) occurs in the precomputed list in Step
(1). It turns out that there are only several hundred candidates.

(4) We checked if each related solution x in Step (3) as a polynomial of ρ2 and
γ is in Λmax

D .

Example. Within the above range we already found an element ~x and a corresponding
γ ∈ (Λmax

D )ι such that

• Qmax(~x) = TrdD/E(γ2) = 34;

• (m0
0,m

0
1,m

1
1,m

0
2,m

1
2) = (− 2

11α
4
1 + 7

11α
2
1 − 3

11α1 − 2
11 ,−

34
121α

4
1 + 36

121α
3
1 +

64
121α

2
1− 10

121α1 + 61
121 ,

30
121α

4
1− 46

121α
3
1− 28

121α
2
1 + 80

121α1− 125
121 ,

45
121α

4
1 + 43

121α
3
1−

229
121α

2
1 − 9

11α1 + 177
121 ,

3
121α

4
1 + 19

121α
3
1 + 17

121α
2
1 − 5

11α1 − 85
121 ).

• γ has characteristic polynomial x5 − 17x3 + 21x2 + 21x− 25, which defines
a field M ′ of discriminant 89417 and unramified at 7.
• For α = 1

11γ
4 + 2

11γ
3− 8

11γ
2 + 3

11γ−
17
11 , β = − 3

11γ
4− 4

11γ
3 + 43

11γ
2− 9

11γ−
42
11 ,

we checked that x = α+ βρ2 is a solution of ι(x)x = 11.
• Finally, x ∈ Λmax

D . This can be checked by first converting x to the related
column vector (~xL)T ∈ Q50, and then verifying that Amax · (~xL)T ∈ Z50.

10. Algorithm Summary

We now summarize the complete algorithm constructing our Ramanujan com-
plexes XG(K∞,p).

10.1. Structure of Output Complexes. We compute the details of the local
structure of the output complexes as in §3.4.

10.1.1. Split case. If v0 is split, B(Gv0
) has type A4. The types of simplices are

orbits of subsets of {0, 1, 2, 3, 4} under the cyclic permutation (1234). We can
compute how many simplices of each type a vertex is contained in terms of sizes of
various flag varieties:

{0, 1} 2(q5
v − 1)

(qv − 1)
{0, 1, 3} 3(q5

v − 1)(q4
v − 1)(q3

v − 1)

(q2
v − 1)(qv − 1)2

{0, 2} 2(q5
v − 1)(q4

v − 1)

(q2
v − 1)(qv − 1)

{0, 1, 2, 3} 4(q5
v − 1)(q4

v − 1)(q3
v − 1)

(qv − 1)3

{0, 1, 2} 3(q5
v − 1)(q4

v − 1)

(qv − 1)2
{0, 1, 2, 3, 4} (q5

v − 1)(q4
v − 1)(q3

v − 1)(q2
v − 1)

(qv − 1)4

Each 4-simplex is also contained in qv + 1 chambers.
Note that as in §3.4, these complexes have universal covers different from those

constructed in [LSV05a, LSV05b].

10.1.2. Inert case. If v0 is inert, then B(Gv0
) has type 2A′4. There are three types of

vertices {0, 1, 2}, without loss of generality, labeled such that 0 is hyperspecial and
2 is non-hyperspecial special. The higher-dimensional simplices have type that are
subsets of {0, 1, 2} and B(Gv0

) is made up of apartments that look like Figure 2.
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We again calculate the degrees of each type of chamber at each vertex in terms
of sizes of flag varieties:

{0, 1, 2} {0, 1} {0, 2} {1, 2}
0 (q2

v + 1)(q3
v + 1)(q5

v + 1) (q2
v + 1)(q5

v + 1) (q3
v + 1)(q5

v + 1) —

1 (qv + 1)(q3
v + 1) (qv + 1) — (q3

v + 1)

2 (qv + 1)(q2
v + 1)(q3

v + 1) — (qv + 1)(q3
v + 1) (q2

v + 1)(q3
v + 1)

Note that the reductive quotients of special fibers of the integral models at a vertex
of type 0, 1, 2 are U(5), U(3) × U(2), and U(4) respectively. Formulas for point
counts of unitary groups over finite fields may be found in [CCN+85, §2].

Alternatively, the numbered labels on vertices in the tables of [Tit79] give:

• Each edge of type {0, 1} is contained in (q3
v + 1)-chambers.

• Each edge of type {0, 2} is contained in (q2
v + 1)-chambers.

• Each edge of type {1, 2} is contained in (qv + 1)-chambers.

•

••

• x2

x0

x1

Figure 2. Apartment and chamber of type 2A′4

10.2. Algorithm. In the notation of the previous sections, we are pickingG,K∞0 ,Λ0,p

with a := a1. The number n will define K∞,p = K∞,p0 (n) and therefore Λp.

Input. Prime p 6= 2, 7 and n ∈ Z>0 relatively prime to 2 · 7 · p.

Output. Ramanujan simplicial complex of the type described in{
§10.1.1 p ≡ 1, 2, 4 (mod 7)

§10.1.2 p ≡ 3, 5, 6 (mod 7)

with

n24
∏
q|n,

q≡1,2,4
mod 7

(
1

q24(q − 1)

4∏
i=0

(q5 − qi)

)
×

∏
q|n,

q≡3,5,6
mod 7

(
1

q24(q + 1)

4∏
i=0

(q5 + (−1)iqi)

)



50 RAHUL DALAL, ALBERTO MÍNGUEZ, AND JIANDI ZOU

vertices if p ≡ 1, 2, 4 (mod 7) and

n25
∏
q|n,

q≡1,2,4
mod 7

(
1

q25

4∏
i=0

(q5 − qi)

)
×

∏
q|n,

q≡3,5,6
mod 7

(
1

q25

4∏
i=0

(q5 + (−1)iqi)

)

type-0 vertices if p ≡ 2, 3, 5 (mod 7).

Constants and Notation. We define constants:

• p0 = 11,
• α1 is a root of the polynomial x5 − x4 − 4x3 + 3x2 + 3x− 1 and αi := αi1,
• ρ2 := (1 +

√
−7)/2, ρ11 = 2 +

√
−7,

• If p is split, p = ρpρ̄p in Z[ρ2],
• a = ρ2ρ

3
11/ρ̄2ρ̄

3
11,

• b = 10,
•

A =


α1 ασ1 ασ

2

1 ασ
3

1 ασ
4

1

ασ1 ασ
2

1 ασ
3

1 ασ
4

1 α1

ασ
2

1 ασ
3

1 ασ
4

1 α1 ασ1
ασ

3

1 ασ
4

1 α1 ασ1 ασ
2

1

ασ
4

1 α1 ασ1 ασ
2

1 ασ
3

1


−1

.

• Write n = n0p
np0
0 with gcd(n0, p0) = 1 and np0 ≥ 0.

As notation

• E is the number field Q[ρ2],
• M is the totally real field Q[α1],
• L is the number field Q[ρ2, α1] with ring of integers

OL = Z〈αi, ρ2αi : 0 ≤ i ≤ 4〉,
• σ : α1 7→ α4

1+4α2
1−2, ρ2 7→ ρ2 and ¯: α1 7→ α1, ρ2 7→ ρ̄2 are automorphisms

of L,
• Given γ ∈ L,

Uγ :=


γ

γγσ

γγσγσ
2

γγσγσ
2

γσ
3

γγσγσ
2

γσ
3

γσ
4

 .

Algorithm: Precomputation. We first do some precomputations for the prime p
determining the local structure of our expander complexes

(1) Find the gate set SΛ̄0,p
:

(a) Following §§6.3, 9.2 to find the transition matrices Amax, Bmax and
quadratic form Qmax. One possible choice of Bmax and Qmax is listed
in §9.5.

(b) Following the three-step strategy in §9.4 to solve the norm equation
for x ∈ Λmax

D \ OE such that

ι(x)x = pe :=

{
p p ≡ 1, 2, 4 (mod 7),

p2 p ≡ 3, 5, 6 (mod 7).



UNITARY RAMANUJAN COMPLEXES 51

(c) Set SΛ̄0,p
to be the set of ψx for these x such that ι(x)x = pe and where

e = 1 or 2 and ψ = ρ̄−1
p or p−1 in the split and inert cases respectively.

(2) Compute the map Q
∼−→ SΛ̄0,p

: x 7→ sx needed for Construction 4.2.3, 4.2.4:

(a) When p or n is divisible by p0, use the expression of Λmax
D and Chinese

remainder theorem to calculate the matrix Vp0
∈ GL5(L) as in §8.1.1.

(b) If p ≡ 1, 2, 4 (mod 7),
(i) Find γp ∈ OL,(p) such that NL/E(γp) ≡ a (mod p).

(ii) Define the matrix Bp = UγpA
−1V

− logp0
(gcd(p,p0))

p0 .

(iii) The vertices M̄ ( (OEρp/ρp)
5 in Q and simplices containing

these vertices are determined by Construction 8.4.1.
(iv) sM̄ is the element of SΛ̄0,p

such that

(B−1
p sM̄Bp)(OEρp/ρp)

5 = M̄.

(c) If p ≡ 3, 5, 6 (mod 7):
(i) Find γp2 ∈ OL,(p) such that NL/E(γp2) ≡ a (mod p2).

(ii) Define the matrix Bp2 = Uγp2 A−1V
− logp0

(gcd(p,p0))
p0 .

(iii) The vertices M̄ ( (OEρp/p
2)5 in Q and simplices containing

these vertices are determined by Construction 8.4.2 inputting

H = B†p2Bp2 .

(iv) sM̄ is the element of SΛ̄0,p
such that

(B−1
p2 psM̄Bp2)(OEp/p2)5 = M̄.

(if desired, it is possible to further conjugate by a Cp2 as in
Lemma 8.1.3 so that the H inputted to Construction 8.4.2 is the
antidiagonal Hermitian form J.)

Algorithm: Construction. Then we can construct our infinite family of complexes
indexed by n:

(1) Reduce SΛ̄0,p
mod Λ̄p:

(a) Find γn ∈ OL,(n) such that NL/E(γn) ≡ a (mod n) through Hensel’s
lemma and the Chinese remainder theorem.

(b) Define the matrix Bn = UγnA−1V
−min(1,np0

)
p0 .

(c) Find Cn such that C†nB†nBnCn ≡ λ · J mod n, where J is the antidi-
agonal matrix with all ones and λ ∈ (Z/n)×.

(d) Define U5(Z/nZ) to be the subgroup GL5(Z[(1+
√
−7)/2]/n) preserving

the Hermitian form J. Let

U ]5(Z/n) :=

{
U5(Z/nZ)/U1(Z/nZ) p ≡ 1, 2, 4 (mod 7)

U5(Z/nZ) p ≡ 3, 5, 6 (mod 7)

(e) C−1
n B−1

n SΛ̄0,p
BnCn (mod n) gives a set of representatives of U ]5(Z/nZ).

(2) Construct XG(K(n)p,∞) using the generators SΛ̄0,p
of the group Λ̄0,p/Λ̄p ∼=

U ]5(Z/nZ) and the assignment Q
∼−→ SΛ̄0,p

: x 7→ sx through:{
Construction 4.2.3 p ≡ 1, 2, 4 (mod 7),

Construction 4.2.4 p ≡ 3, 5, 6 (mod 7).



52 RAHUL DALAL, ALBERTO MÍNGUEZ, AND JIANDI ZOU

The most computationally intensive step is (1) in the precomputation, where
the key is to solve Problem 9.4.1. Luckily, the precomputation only needs to be
done once for each infinite family of complexes—for the theoretical purpose of the
algorithm being polynomial time in n this is just an (extremely large) additive
constant factor.
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Ãn, Discrete Math. 269 (2003), no. 1-3, 35–43. MR 1989451
[DDL24] Yotam Dikstein, Irit Dinur, and Alexander Lubotzky, Low acceptance agreement

tests via bounded-degree symplectic hdxs, 2024 IEEE 65th Annual Symposium on

Foundations of Computer Science (FOCS), IEEE, 2024, pp. 826–861.

[Del80] Pierre Deligne, La conjecture de Weil. II, Inst. Hautes Études Sci. Publ. Math. (1980),

no. 52, 137–252. MR 601520

[DEL+22] Irit Dinur, Shai Evra, Ron Livne, Alexander Lubotzky, and Shahar Mozes, Locally
testable codes with constant rate, distance, and locality, Proceedings of the 54th

Annual ACM SIGACT Symposium on Theory of Computing, 2022, pp. 357–374.
[DEL+25] Irit Dinur, Shai Evra, Ron Livne, Alexander Lubotzky, and Shahar Mozes, Good

locally testable codes, Annals of Mathematics 201 (2025), no. 3, To appear.

[DEP25] Rahul Dalal, Shai Evra, and Ori Parzanchevski, Multi-qubit golden gates, 2025.
[Din07] Irit Dinur, The PCP theorem by gap amplification, Journal of the ACM (JACM) 54

(2007), no. 3, 12–es.



UNITARY RAMANUJAN COMPLEXES 53

[DK17] Irit Dinur and Tali Kaufman, High dimensional expanders imply agreement expanders,
2017 IEEE 58th Annual Symposium on Foundations of Computer Science (FOCS),

IEEE, 2017, pp. 974–985.
[Dri88] V. G. Drinfeld, Proof of the Petersson conjecture for GL(2) over a global field of

characteristic p, Funktsional. Anal. i Prilozhen. 22 (1988), no. 1, 34–54, 96. MR 936697

[EFMP23] Shai Evra, Brooke Feigon, Kathrin Maurischat, and Ori Parzanchevski, Ramanujan
bigraphs, 2023.

[EGGG24] Shai Evra, Mathilde Gerbelli-Gauthier, and Henrik P. A. Gustafsson, The Cohomo-

logical Sarnak-Xue Density Hypothesis for SO5, 2024.
[EK24] Shai Evra and Tali Kaufman, Bounded degree cosystolic expanders of every dimension,

Journal of the American Mathematical Society 37 (2024), no. 1, 39–68.

[EKZ22] Shai Evra, Tali Kaufman, and Gilles Zémor, Decodable quantum LDPC codes beyond

the n distance barrier using high-dimensional expanders, SIAM Journal on Computing
53 (2022), no. 6, FOCS20–276.

[EP22] Shai Evra and Ori Parzanchevski, Ramanujan complexes and golden gates in PU(3),

Geom. Funct. Anal. 32 (2022), no. 2, 193–235. MR 4408431

[EP24] Shai Evra and Ori Parzanchevski, Arithmeticity, thinness and efficiency of qutrit
clifford+t gates, 2024.

[Fir16] Uriya A First, The Ramanujan property for simplicial complexes, 2016.

[GH24] Jayce R Getz and Heekyoung Hahn, An introduction to automorphic representations:
With a view toward trace formulae, vol. 300, Springer Nature, 2024.

[GK22] Roy Gotlib and Tali Kaufman, Nowhere to go but high: a perspective on high-

dimensional expanders, Proc. Int. Cong. Math, vol. 6, 2022, pp. 4842–4871.
[GL17] Alain Genestier and Vincent Lafforgue, Chtoucas restreints pour les groupes réductifs
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