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ABSTRACT. In this article, we construct new families of Ramanujan complexes
with local structure distinct from all previously known examples. Our approach
is based on unitary groups over number fields, more specifically on what we
call super-definite unitary groups—definite unitary groups that are anisotropic
modulo their center at a finite place. These arise naturally as groups of units
in central division algebras with involution of the second kind.

Our first main result gives a general construction of infinite families of
Ramanujan complexes associated with a super-definite unitary group G over a
totally real number field and a finite place vg. The structure of the resulting
complex is governed by the type of the Bruhat—Tits building at vg. It includes
new examples of type A, when vg is split, and novel families of type QA%,
ZAL{ (with n even), B-Ch, 2B-C,, and C-BC,, in the non-split case. This
construction works uniformly across all ranks.

Since much of the motivation for constructing expander complexes comes
from computer science, we investigate the algorithmic explicitness of our con-
struction in the latter part of the paper, and provide an example in rank 5
where it becomes fully explicit. In particular, this example yields golden gates
for the real Lie group PU(5).
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1.1. Context and Motivation. Ramanujan complexes are particular types of
expander complexes. These are combinatorial objects that have recently become
important in computer science and mathematics.

The simplest case of an expander complex is an expander graph: very roughly, a
sparse graph that still has very short paths between vertices. In computer science,
such graphs are an important tool for understanding and utilizing pseudorandomness,
and therefore have a wide range of applications, from complexity theory to error-
correcting codes to network design; see [V 12] for a survey on pseudorandomness
and the central role played by expander graphs. Some deep mathematical theories,
such as Kazhdan’s property (T) and the Ramanujan conjecture, have been used
to give explicit constructions of expander graphs [Mar73, Mar84, Mar88, LPS88],

creating exciting connections between pure mathematics and computer science.
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An expander complex X is a higher-dimensional generalization: instead of just
vertices and edges, we also keep track of “higher-dimensional” connections: triangles
made up of 3 vertices, 3-simplices made up of 4 vertices, etc. Together, these give X
the structure of a simplicial complex that has an analogous “expansion property”.
See [GK22] for a partial review of the applications of high-dimensional expanders. To
name just a few, ideas related to expander complexes have been key to recent major
breakthroughs in computer science and combinatorics: for example, in matroid
theory [ALGV19], constructing locally testable classical and high-rate quantum error-
correcting codes [DELT22, DELT25, PK22, EKZ22], constructing lossless vertex
expanders [HLM™*25a, HLM'25b], and providing an alternate proof of the PCP
theorem [Din07, DK17]. They are even of speculative industrial interest, because
the error-correcting codes they give rise to may outperform the currently-used
Reed—Solomon codes in the parameters needed to construct efficient zero-knowledge
and succinct proof systems—see, for example [GLST23, RZR24] for some recent,
initial explorations using “exotic” codes.

There is currently no universally accepted best generalization of the expansion
property characterizing expander graphs; various possibilities are surveyed in [Lub18].
Of these, coboundary expansion and topological expansion seem to be the most
relevant in applications. However, these two variants tend to be hard to establish,
leading to the consideration of the mathematically more convenient optimal spectral
expansion condition—this essentially constrains the eigenvalue gaps of operators in
a “Hecke algebra” of generalized adjacency operators (see [CSZ03]). A Ramanujan
complex is a simplicial complex satisfying this optimal condition of spectral expansion,
see Definition 2.2.1 below for details. Unlike in the graph case, the full relationship
between spectral expansion and other types of expansion is still open. Nevertheless, a
tight connection is still expected: for example, [KKL14, FK24] construct topological
expanders from certain spectral expanders.

1.2. Our Contribution. The goal of this paper is to construct novel families of
Ramanujan complexes. Our approach builds on the philosophy underlying the
construction of Ramanujan graphs by Lubotzky—Phillips—Sarnak [LPS88] and its
higher-dimensional extension in type A by the Lubotzky—Samuels—Vishne [LSV05a,
LSV05b], W. Li [Li04] and A. Sarveniazi [Sar07]. In those works, Ramanujan
complexes were obtained as quotients of the Bruhat—Tits building associated with
G = GLy(F), where F is a local field, just as Ramanujan graphs were obtained
in [LPS88] as quotients of the Bruhat—Tits tree for G = GLo(F'). These quotients
arise from certain arithmetic lattices obtained by globalizing G into an inner form
of a general linear group, and the optimal spectral expansion condition comes from
the Ramanujan conjecture. For GL(2), this conjecture was proved by Deligne over
number fields [Del80] and by Drinfeld over function fields [Dri88]. In higher rank,
however, the conjecture over number fields remains open, and therefore all of the
above constructions assume that F' has positive characteristic, where L. Lafforgue’s
work on GL(NN) over function fields applies [Laf02].

Instead of globalizing GG into an inner form of a general linear group, the idea
underlying our work is to globalize G into an inner form of a unitary group, more
precisely into what we call a super-definite unitary group—that is, a definite unitary
group such that at one finite place it is anisotropic modulo its center (i.e., the units of
a division algebra). Such unitary groups can be constructed using involutions of the
second kind. Unfortunately, the Langlands correspondences in positive characteristic
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are not yet developed enough to extend the argument of [LSV05b] to these unitary
groups.

The key insight of this work is that, surprisingly, the situation over number
fields is much better due to powerful trace-formula techniques that are unavailable
over function fields. Specifically, the Ramanujan property can be deduced from
the (almost complete) endoscopic classification of representations of non-quasi-
split unitary groups [KMSW14] together with the work of A. Caraiani [Carl2].
Moreover, nothing prevents us from constructing Ramanujan complexes at the other
finite places of our super-definite unitary groups as well, producing complexes with
significantly different local structures compared to previous examples.

In the case of expander graphs, having a large “library” of local structures to select
from is critical for applications. For example, the Sipser—Spielman construction
of linear-time encodable and decodable expander codes [SS96, Spi95] specifically
requires biregular graphs with restricted bidegrees instead of purely regular graphs.
In the case of higher-dimensional complexes, a recent work [DDI.24] on agreement
testing needed constructions coming from symplectic type-C,, complexes.

More precisely, our first main result, Theorem 3.3.1, provides infinite families
of Ramanujan complexes of increasing size, given a super-definite unitary group G
defined over a totally real number field F' and a place vy of F. Information about the
structure of the resulting complex can be read off from the type of the Bruhat—Tits
building B(G,, ), using the tables in [Tit79], which determine the reductive quotients
of the special fibers of various integral models of G; see §10.1. In particular, in the
split case, this yields new families of Ramanujan complexes of type A,, while in the
non-split case, we get families of various novel types 24/, 24" (with n even), B-C,,
’B-C,, and C-BC,,. This abstract construction works for all ranks n.

1.2.1. Explicitness. Since our motivation comes from computer science applications,
a substantial and important part of this article focuses on one particular example
where we can make our complexes explicit. By an “explicit construction”, we mean
a construction of expander complexes that can potentially serve as a part of a larger
practical algorithm.

At present, there are very few constructions of good higher-dimensional Ra-
manujan complexes beyond the type-A,, case also covered by [LSV05a, LSV05b];
to our knowledge, the only example is [EGGG24], via SO(5). Here, only a weaker
“Ramanujan density” property is achieved, and the construction is not fully explicit.
In the case of Ramanujan graphs, there are many examples coming from rank-3
super-definite unitary groups: Ballantine et al. [BFG " 15] and Ballantine-Ciubotaru
[BC11] give some that are partially explicit while Evra—Parzanchevski and Evra—
Feigon-Maurischat—Parzanchevski [EP22, EFMP23] give ones that are fully explicit
in this strong sense.

Part 2 of the paper focuses on making our construction fully explicit. For
that, we require an additional assumption that G has class number one, i.e., that
G(A>) = K*G(F) (see Paragraph 1.4 for standard notation on adele groups),
and that K°° NG(F) = {1}. Under these assumptions, for all finite places vg, the
group A,, := G(F) N K°" acts simply transitively on G,,/K,,, enabling a highly
explicit construction of the complex. In Section 4, we explain how this additional
“class-number-one” property facilitates a strategy to render our abstract construction
explicit. More precisely, we describe explicit constructions for the related Ramanujan
complexes in the split case (type A,) and unramified inert case (type 2A’). With
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a bit more effort, a similar construction should work for other types we mentioned
before; however, for the sake of brevity, we restrict our attention to these two most
important cases, which occur at almost all non-archimedean local places.

The caveat is that these assumptions imply, by [MSG12], that the rank of the
unitary group must be less than or equal to 5. That same paper provides an example
of a super-definite unitary group in five variables, along with a compact subgroup
K™ satisfying these conditions. We implement our explicit construction using
this example in the second half of the paper. More precisely, in Section 5-6, we
explicitly construct our desired division algebra D of degree 5 over E = Q(v/—7),
an involution ¢ of second kind on D together with a ¢-stable maximal order A/
of D. In Section 7, using this maximal order we construct the group Ag, = Ay,
mentioned above with vy being a fixed prime p. In Section 8, we explain the explicit
construction of the related Ramanujan complex, where the key point is to fully
describe the finite set of the so-called “golden gates” S Ao,,- Interestingly, this finite
set of precomputed elements is named “golden gates”, because they can computably
and efficiently approximate arbitrary group elements on PU(5) over R. Golden
gates on unitary groups are of interest in quantum computing and were previously
studied in [PS18, EP22, DEP25]; see Definition 4.2.1. The precomputation of such
a set requires solving an explicit norm equation in AF**, whose detailed procedure
is described in Section 9. Finally in Section 10 we summarize our algorithm.

While the machinery used in Part 1 to prove that our expanders are optimal relies
on the latest advances in the theory of automorphic forms, the explicit construction
in Part 2 is carried out using classical algebraic number theory—our main reference
is a paper by Ralph Hull from 1935!

Finally, we sum up our main claims for explicit constructions, one formal and
one informal:

Theorem 1.2.1. Let p # 2,7 be prime and let B, be the Bruhat-Tits building for
e GL5(Qp) if p=1,2,4 (mod 7),
o Us(Qp) (the quasisplit unitary group with respect to the unramified quadratic
extension of Qp) if p=3,5,6 (mod 7).
Then we give an explicit algorithm which, given any n relatively prime to 2-7 - p
produces a Ramanujan Complex X, with universal cover By,. The algorithm runs in
time polynomial in n and the size of X, grows polynomially in n.

This algorithm and the exact size of &), is described in §10.2. Since the universal
cover of &), is B, its local structure is completely determined: in particular, the
types of simplices and their incidence relations are fixed (see §10.1). Furthermore,
there is an efficient way of explicitly describing this local structure (cf. §8.4).

Claim 1.2.2 (Informal). Fiz p. Given a once-and-for-all precomputed finite list of
data depending just on p, the algorithm in Theorem 1.2.1 is practically executable
on a modern computer for p = 3,11.

We emphasize that we have not implemented the algorithm—due to its complexity,
doing so would constitute a substantial software engineering project. Also, since the
number of vertices of &), is roughly given by a polynomial in n of degree 25, when n
is large it is hopeless to fully compute and store the entire complex explicitly. Thus,
by “practically executable” we rather mean that for any vertex in the complex, we
can determine all the adjacent vertices and the related simplices, which requires on
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the order of several million small matrix multiplications (cf. §8.2.2) over a degree
10 extension of Q and is thus practically feasible.

The practicality of our algorithm also comes with an additional important quali-
fication: the list of precomputed data in Claim 1.2.2. Although we do not compute
these lists here, as one possible strategy, we reduce the problem to finding all vectors
of a given small norm in a certain 25-dimensional integer lattice and checking if their
“characteristic polynomials” are equal to the given one, see Problem 9.4.1. This is
related to lattice-norm problems that are well-studied due to their applications in
cryptography, but are correspondingly known to be computationally challenging in
general.

Solving the problem in this particular case, or even determining if it is compu-
tationally tractable on modern hardware, is far out of the scope of the authors’
current expertise. Nevertheless, we are able to find at least one explicit gate (cf.
§9.6), giving hope that more computational expertise could fully solve the problem.

1.2.2. Possible Extensions. We expect there to also be examples of class number
one, super-definite unitary groups in rank 4 (beyond the already-studied rank 2
and 3 cases—see Remark 4.1.4). In addition, the techniques of [EP24] suggest a
(much more complicated) extension of this construction that works for non-trivial
but small class number.

The results here should also be extended to the function field setting. At the
moment, there isn’t a good replacement for the endoscopic classification in positive
characteristic so the argument of Theorem 3.3.1 doesn’t generalize. However,
the geometric methods used to study the positive characteristic case are rapidly
progressing, so it is reasonable to expect a workaround to be available soon—see
Remark 3.3.3. It is therefore worth exploring if the constructions of class-number-
one inner forms of GLy from [CS98] extend to unitary groups, potentially giving
examples in arbitrarily high rank.

1.2.3. Conditionality. The proof of Theorem 3.3.1 depends heavily on Mok and
Kaletha—Minguez—Shin-White’s endoscopic classifications for unitary groups [Mok15]
and [KMSW14]. Both depend on the unpublished weighted twisted fundamental
lemma. The second in addition pushes many technical details to a specific reference
“[KMSb]” that is not yet publicly available.

We note that [AGI™24] recently resolved the dependence of [Mok15] and [KMSW14]
on the unitary analogues of the unpublished references “[A25][A26][A27]” in [Art13].

1.3. Acknowledgments. We thank Alexander Bertoloni-Meli and Daniel Li-Huerta
for explaining many aspects of function-field Langlands correspondences to us and
their potential relevance to this project. We also thank Goulnara Arzhantseva,
Shai Evra, Mathilde Gerbelli-Gauthier, David Schwein and Hongjie Yu for helpful
conversations.

All authors were supported by Principal Investigator project PAT4832423 of the
Austrian Science Fund (FWF) while working on this project. The second author was
also supported by the project ATR2024-154613 funded by MICIU/AEI/10.13039/
501100011033.

1.4. Notation.
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1.4.1. Conwventions. Let E be a number field and let v be a place of E. We denote
by E, the completion of E at v. If v is finite, we write OF, for the ring of integers
of E,.

The ring of adeles of F is

/
Ap =[] B,

the restricted product with respect to the subrings O, at finite places.
For an E-algebra B, we define

B, :=B®gE,.
Similarly, if Op is an Og-algebra, we define
Op.w = 0p ®o, O,.
If F C E is a subfield and p is a place of F, we define

By:=B®p F,=B®g (E@r F,) = [ B,
v|p
and
Opp =0 ®o, Op, = O @0, (O ®o, O HOB v
vlp
where we use, for example, [Serl3, Proposition I1.§3.4] to compute O ®o, OF, .
Let S be a subset of the finite places of either E or F. We define

Bg := H B,, B® = H B,, Op,s = H OB, (’);_?3 = H OB.y-
veS vgS veES vgS
If v € O, we define
OB’(A/) :=BN03g,s,

where S is the set of places v dividing ~.

For a variety X over E, we define Xg := X(Es) and X := X(E®). Depending
on the context, these may be regarded via their natural coordinate embeddings into
X(Ag).

1.4.2. Notation Reference. We use the following non-standard notation across mul-
tiple sections:
Abstract Construction
e B(G) is the reduced Bruhat—Tits building of a group G as in §2.1.3.
o X(K°v) := Xqg(K* ") is the Ramanujan complex from group G, finite
place vg, and open compact K°"° from Definition 3.1.1.
® Ao, Ay, are lattices in G,,, assigned to Ramanujan complexes satisfying
Assumption 4.1.3. They are related to the open compact groups K§° and
K> = K(n) of G* respectively.
e Ay, is a central quotient of Ag,, from (4.2.1).
e Sj is the generating set of “gates” of an appropriate lattice A as in Definition
4.2.1.
The Explicit Example

e F is the number field Q(v/—7).
e D is a particular division algebra over E constructed in §5.1.
e L, M are number fields used to construct D in §5.1.1.
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® po is a specific prime number, and p2, P2, Ppys Ppys 9, %, a4, b are specific
algebraic numbers in §§5.1.1, 5.1.2.

u is a particular cyclic generator of D.

7 is a realization of D as a subalgebra of matrices in (5.1.1).

¢ is an involution of the second kind on D defined in §5.2.1.

G is a unitary group defined in §5.2.

AR is a maximal order of D and u4,u_,y,y— are specific elements of D
needed to define A in §6.1.

Anax, Bmax are transition matrices defined in §6.3.

K§° is an open compact subgroup of G(A>) defined in §7.1.

The “dagger” () denotes the transpose-conjugate of a matrix.

U,, A, B,, are matrices defined in §8.1.

Qmax is a positive definite quadratic form over Z?°, and P, (t) is the charac-
teristic polynomial of some v € (A'5?*)* with coefficients being polynomials
Pl(f), Pg(f),Pg(f), P4<f), P5(f) over T € 7?5 defined in §92

Part 1. General Theory
2. BACKGROUND MATERIAL

In this section, we review simplicial complexes and their quotients. We then
introduce Bruhat—Tits buildings and their quotients by discrete subgroups, leading to
the notion of Ramanujan complexes as higher-dimensional analogues of Ramanujan
graphs.

2.1. Complexes and Buildings.

2.1.1. Simplicial Complexes. A simplicial complex is a generalization of a graph also
encoding “higher-dimensional” relationships among sets of three or more vertices.
Instead of thinking of these relationships as line segments connecting vertices, we
think of them as triangles, tetrahedra, 4-simplices, and so on, depending on their
number of vertices. Formally,

Definition 2.1.1. A simplicial complez X is a set X of vertices together with a set
of simplices still denoted by X, so that each simplex F' € X is a finite subset of X
such that all the subsets of F' are also in X (called the faces of F'). We let X* denote
the set of i-simplices (i.e. simplices of i + 1 vertices) and say X is finite if X° is. We
regard X as the union of all simplices and write X = ||/ X = | |5 Upexi F-
In particular, we say that X is of dimension d if X% # () and X! = X4+2... =),
and in this case we call a simplex of size d a chamber of X.

In particular, X° L X" is called the 1-skeleton of X, which forms a graph.

By realizing each i-simplex as an open subset of R’ equipped with the correspond-
ing topology, we realize X as a topological space as well. Then, a simplex F’ is a
face of another simplex F' if and only if F’ lies in the closure of F.

From now on, we further assume X to be a locally finite, connected simplicial
complex of dimension d.

2.1.2. Quotients of Compleres. Now we consider an ¢-group G acting faithfully
simplicially on X. Topologically, each element v € G induces a homeomorphism
with respect to the above simplicial topology. Combinatorially, for any F € X? and
a face F’ of F, we have that v(F) € X with v(F’) being a face of F. We further
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assume that the stabilizer of each v € X in G is an open compact subgroup. Then
X is called a G-complex in the sense of [Firl6, §3C].

Let I' be a closed subgroup of G. We would like to realize I'\ X as a quotient
simplicial complex of X, i.e. the quotient topological space I'\ X would be a simplicial
complex such that the projection X — I'\X is a covering map. In general, even
if a quotient topological structure of T'\ X could be defined, a simplicial structure
compatible with that of X requires more conditions.

Ezample. Let X be the Bruhat—Tits building of G = PGL2(Q,) (see Paragraph
2.1.3 below) as an infinite regular tree of degree p + 1 and T a lattice acting simply
transitively on the set of vertices X% of X (¢f. [Lub94, Lemma 7.4.1], where
I' =T(2)). Let the segment [0, 1] represent the closure of a chamber of X, then
the quotient I'\ X is homeomorphic to the segment [0,1/2]. Thus I'\ X reduces
to the point 0, while I'\ X! becomes the segment (0,1/2], which is not open. It is
impossible to give a “quotient” simplicial complex structure of I'\X compatible
with that of X. This counterexample shows that there cannot exist an element ~y
that stabilizes a chamber without fixing it pointwise.

We have the following proposition determining whether I'\ X is a quotient simpli-
cial complex of X.

Proposition 2.1.2. [Firl6, Proposition 3.7, 3.9] The quotient space T\X 1is a
simplicial complex if and only if
o {Tug,...,Tus} = {Tvg,...,Tv} implies T{ug,...,us} = T{vg,...,v¢} for
all pairs of simplices {ug,u1,...,us},{vo,v1...,0:} € X.
Moreover, the projection X — T\X is a covering map if and only if
o The action of I is free, meaning that the stabilizer of v in I is trivial for
every v € X°.

The following proposition determines whether the quotient simplicial complex is
finite.

Proposition 2.1.3. [Firl6, Proposition 3.13] The quotient simplicial complex T\ X
is finite if and only if G\X" is finite and T is cocompact in G.

We conclude with the following definition.

Definition 2.1.4. [AB08, Appendix A] Let X be a simplicial complex of dimension
d and Ay a fixed simplex of dimension d. We call X colorable if there exists a
simplicial map fx : X — Ay that maps a simplex in X to a simplex in Ay of the
same dimension.

Identifying Ay with 0,1,...,d, the map fx sends each i-simplex F' of X to a
subset of {0,1,...,d} of cardinality ¢ + 1, which is called the type of F.

2.1.3. Bruhat-Tits Buildings. Bruhat—Tits theory assigns to a reductive group G
over a non-Archimedean local field F an infinite simplicial complex with a G-action.
We only sketch some results and leave [Tit79], [AB08], [KP23] for more details.
Assume G is simple over F and write G = G(F) for short. Let B = B(G) be the
reduced Bruhat—Tits building of G, which is a simplicial complex of dimension d
with d being the F-semisimple rank of G. Moreover, there is a related G-action on
B which is simplicial and acts transitively on the set of chambers. If we further
assume the center of G to be finite, then the stabilizer of any point in B is an open
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compact subgroup of G, making B a G-complex'. Moreover, B is colorable, allowing
us to discuss the types of its facets.

Given a facet F' in B, there is an associated open compact subgroup Pr of G(F),
called a parahoric subgroup, that fixes F' pointwise. More generally, a related group
scheme Gr over Op can also be constructed whose generic fiber is G and whose
Or-points form Pg. In the literature, there are discrepancies in the definition of a
parahoric group. For us, we require the group scheme Gp, or equivalently its special
fiber to be connected. More precisely, our group Pr is exactly the group G(F)% in
[KP23, Definition 7.4.5.(3)]. When F is a chamber, the related parahoric subgroup
is called an Iwahori subgroup. At the other extreme, if F' is a vertex, then the
related parahoric subgroup is maximal among all of them. We may introduce the
terminology of “special, extra-special and hyperspecial” vertices following [KP23,
Definition 1.3.39, 7.11.1]. In particular, a vertex is hyperspecial if and only if its
related group scheme is reductive ([KP23, Theorem 9.9.3]). Finally, we define the
type of a parahoric subgroup as the type of the related facet. Then two parahoric
subgroups of the same type are conjugate to each other (but the converse is not
always true in general).

Now we consider a closed discrete subgroup I' of G. We consider the related
quotient I'\ B as a topological space. Under the two conditions of Proposition 2.1.2,
the quotient [X] := I'\B inherits a simplicial complex structure.

Furthermore, the quotient G\B is always finite. If we further assume I" to be
cocompact in G, then the related simplicial complex [X] is finite.

In the cocompact case, we give a more practical assumption of [X] being a
quotient simplicial complex. One such assumption is:

Assumption 2.1.5. For any nontrivial v € I' and any vertex v, the distance
between v and v in the 1-skeleton of B(G) is greater than 2.

In particular, for any facet F, we have yF N F = (), and the assumptions of
Proposition 2.1.2 are satisfied.

Remark 2.1.6. Assume that I' acts freely and preserves types of vertices—these
are natural and mild assumptions. Assume there exists a vertex v and 1 £~y €T
such that vv and v are at distance less than 3. First note that the distance can
only be 2, otherwise yv and v are either the same or of the same type. In the
distance-2 case we may find another vertex vy adjacent to both v and ~yv. If we have
{Twg, Tv} = {Twy, I'yv} implying that I'{vg, v} = I'{vp,yv}, then either v and v'v
are adjacent for some 7' € ', or vg is fixed by an element of T, which is impossible.
Thus this assumption is, in some sense, necessary.

Remark 2.1.7. Using the formalism of simplicial sets instead of simplicial complexes
would allow us to define quotients much more easily and in all cases. We do not do
this for consistency with the previous literature on Ramanujan complexes.

Theoretically such I" can always be found. Since in the cocompact case, there are
only finitely many I'-orbits of vertices, for each representative v; we can simply find
a related normal sublattice I'; of I" such that vertices in I';v; are at distance greater
than 2. Then the sublattice N;I'; satisfies the assumption. In practice, the above
assumption can be verified directly for a given class of cocompact lattices defined by

I general, we may replace G by G5¢ or Goq.
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congruence subgroups (for instance, A,, in Assumption 4.1.3) for sufficiently large
level.

2.2. Ramanujan Complexes. Ramanujan complexes are particular finite simpli-
cial complexes that generalize the well-established notion of Ramanujan graphs (cf.
[Lub94, Definition 4.5.6]) to higher dimensions.

Following [Lub18], we consider Ramanujan complexes arising as quotients of
Bruhat—Tits buildings. Let I' C G and B be as above. In particular, the quotient
[X] :=T'\B is a finite simplicial complex. Let I be an Iwahori subgroup of G, which
in particular fixes a chamber in B.

Associated to T is the space of functions L?(IT'\G)! = C*>°(I'\G)! where I is an
Iwahori subgroup. This is a module for the Iwahori Hecke algebra

H = H(G,I) = CZ(I\G/I).

The action of 5 on this function space encodes the information of many interesting
combinatorial adjacency and boundary operators on various spaces of functions on
the simplices of B. For example, if G is semisimple and simply connected, then
C>®(I'\G)! is the set of functions on the chambers of T'\ .

Representations of G with an I-fixed vector correspond bijectively to irreducible
-modules through 7 — 77, Let GT**™P be the set of such modules corresponding
to tempered 7. An irreducible #-module 7! is weakly contained in L*(G)! if and
only if 7 € GI**™P motivating:

Definition 2.2.1 ([Lubl8, Definition 2.7]). For I' C G as above, we say that
[X] = I'\Bis a Ramanujan complezif for all irreducible s#-modules 7! C C>=(I'\G)?,

we have that either 7/ € G¥**™P or 7/ comes from a 1-dimensional representation
wof G.

In other words, the spectra of these various combinatorial operators on I'\B,
up to exceptions coming from constant functions, are contained in that of those
operators on B itself. This should be seen as a higher-dimensional generalization of
the notion of a d-regular Ramanujan graph that, except for the constant function,
the adjacency operator has the spectrum contained in that of the adjacency operator
for the infinite regular tree.

Remark 2.2.2. In [Firl6], Uriya First proposed an alternative definition of Ramanujan
complexes '\ X (with X being a general G-complex) using the spectrum of a
collection of related operators. We refer to ibid., especially [Firl6, Theorem 6.22]
for the relationship between this definition and Definition 2.2.1.

Remark 2.2.3. In the classical setting where F = Q, and G = PGL2(Q,), the set of
vertices [X]" and edges [X]! of the finite (p + 1)-regular graph [X] = I'\B are given
by T\G/K and T'\G/I respectively, where K is a maximal compact subgroup of
G. In [Lub94, Theorem 5.5.1], it is shown that A is an eigenvalue of the adjacency
matrix § as an operator acting on L?(I'\G/K) = L*(I'\G)¥ if and only if the related
unramified representation p* occurs in L?(I'\G). Proving that '\ B is Ramanujan is
equivalent to showing that all unramified representations occurring in L*(I'\G/K)
are either principal series or one-dimensional ([Lub94, Theorem 5.4.3]). Equivalently,
we need to show that those spherical representations occurring in L?(I'\G) are either
tempered or one-dimensional. This justifies Definition 2.2.1.
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3. ABSTRACT CONSTRUCTION OF COMPLEXES

3.1. Relation to Automorphic Spectrum. Let F' be a number field, and let co
denote the set of Archimedean places of F. Let G be a connected reductive group
over F' such that G, is compact for all v € co. Fix a finite place vyg.

Let K be a compact open subgroup of G(Ap). For the related compact open
subgroup K°v° C "0 define

Ty, == G(F) N K>,
This gives an embedding
(3.1.1) Ty \Guo /Lo, = G(F)\G(AF)/K*"I,,Gx,

where I, is a fixed Iwahori subgroup of G,, By [GH24, Theorem 2.6.1], the adelic
quotient
G(F)\\G(Ap)/K>" [, G
is finite, and therefore so is Iy \Gy, /L, -
Let B(G,,) be the reduced Bruhat-Tits building of G,,,, viewed as a polysimplicial
complex. Define the quotient complex T',,\B(G,,) as follows:
e Its O-simplices are the I',,-orbits of 0-simplices of B(G,,);
o Its k-simplices are the I',,-orbits of k-simplices of B(G,,), i.e. distinct sim-
plices {[xo], [x1],..., [zk]} represented by equivalence classes of k-simplices
{zo,x1,..., 2k} in B(Gy,). (Some of these may be degenerate.)

This complex is finite. Indeed, let C be a fixed chamber in B(G,,). Then the map
Ty \Guo/Ivy — Ty, \{chambers of B(G.,)}, g—g-C,

is surjective. Hence the quotient has finitely many chambers and, consequently,
finitely many k-simplices for all k.

As explained in the previous section, in general the quotient complex need not
inherit a simplicial structure from B(G,,). It does inherit one if the assumptions in
Proposition 2.1.2 hold, and in particular if Assumption 2.1.5 is satisfied.

Definition 3.1.1. Denote the simplicial complex defined above by
X (K" := X (K°™),
and set

C (X (K1) 1= C%(Lyy \Gup) .

This may be viewed roughly as the space of functions on the top-dimensional
simplices of X (K°"0), although the description is slightly more subtle when G
contains elements acting on a top-dimensional simplex by a nontrivial automorphism.

The key property we will use is that the embedding in (3.1.1) induces

Co(XG(K>")) < LAG(F)\G(Ap)) ™ o=,
As F(Gy,, I, )-modules, this can be expressed as an injection

Co(X(K0) = @ (my) o ® (w0) KT,
NGARdiSC(G)
Teo trivial
where AR gisc(G) denotes the multiset of automorphic representations in the discrete
spectrum of G, and the Hecke action is on the first tensor factor. Applying
Definition 2.2.1 to this decomposition yields:
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Proposition 3.1.2. The complex X (K°") is Ramanujan if and only if for every
7 € ARqise(G) such that s is trivial and (w°v )K" 2 0, the representation Two
is either tempered or a one-dimensional representation (i.e. a character).

3.2. Super-Definite Unitary Groups. In [Clo93], Clozel studies special inner
forms of unitary groups whose associated arithmetic locally symmetric spaces have
cohomology essentially concentrated in middle degree. An analogous phenomenon
was used in the case of forms of GL,, over function fields to construct Ramanujan
complexes in [LSV05a].

The construction in [LSV05a] relies on the following two properties:

Assumption 3.2.1. The group G satisfies:
(1) G, is compact for all v | oo;
(2) there exists a finite place v, such that G,, is anisotropic modulo its center.
Such a place is called an anisotropic place of G.

The second condition is more restrictive than it may appear:

Theorem 3.2.2 ([KP23, Theorem 10.3.1]). The only absolutely almost simple
groups G,, over non-Archimedean local fields that are anisotropic are of type A.
More precisely, Gy, /Za,, 1is isogenous to D) /F) for some division algebra D,
over F, .

We will use the fact that an anisotropic place admits a large open compact
subgroup:

Lemma 3.2.3. Let G,, be anisotropic modulo its center. Then there exists an open
compact subgroup Ko C G, such that G, /Ky is abelian.

Proof. Let G}, be the intersection of the kernels of g — [x(g)|v, as x ranges over
all F,,-rational characters of G. Then G}, contains G5, hence G,, /G}_ is abelian.
Moreover, Gia is isogenous to the norm-1 subgroup of a division algebra and is
therefore compact. Thus, Ky := G},a satisfies the claim. (]

Groups defined over number fields and satisfying the properties in Assump-
tion 3.2.1 indeed exist:

Proposition 3.2.4 ([KMSW14, §0.3.3]). Let F be a totally real number field and

E/F a totally complex quadratic extension. Let G* := Uﬁ/F be the associated
quasisplit unitary group. Then G* has an extended pure inner form G satisfying the
properties in Assumption 3.2.1.

Definition 3.2.5. We call the groups constructed in Proposition 3.2.4 super-definite
unitary groups.

3.3. Complexes from Unitary Groups. We can now abstractly construct our
Ramanujan complexes using the same methods as in [LSV05b] for general linear
groups over function fields.

Theorem 3.3.1. Let E/F be a CM extension of number fields and let G be a super-
definite unitary group that is an extended inner form of the quasi-split unitary group
G* = UE/F(N). Fiz a finite place vy and a compact open subgroup K°v0 C G0,
Assume that one of the following holds:

(1) N is prime;
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(2) there exists an anisotropic place v, of G such that G, /K,, is abelian.

Then Xa(K°v) is a Ramanujan complex.

Remark 3.3.2. Condition (2) is satisfied if for example K, is the subgroup of norm
one elements in G,, = D), as in Lemma 3.2.3.

Proof. We verify the condition of Proposition 3.1.2.
Let 7 € ARgisc(G) be such that 7, is trivial and (7°%v0 )K" £ 0. Let 1) be
the Arthur parameter of 7 as in [KMSW14, Theorem 1.7.1]. Write

k

P = @Tz‘[di]>

where the 7; are simple parameters. Let v, be an anisotropic place of G. Since
sy, 1s relevant and G, is anisotropic (and hence its dual group admits no proper
relevant parabolic subgroups), we must have k = 1.

Case 1: N prime.

In this case, either dim7; =1 and dy = N, or dim7m, = N and dy = 1.

In the first situation, let v, be a split place of E/F such that G,, is split. By the
description of A-packets for GLy (which coincide with the corresponding singleton
L-packets, see [KMSW 14, §1.2.2]), the local representation 7, is a character. By
[KST20, Lemma 6.2], this implies that the global representation 7 is a character,
and hence m,, is also a character.

In the second situation, since s, is an irreducible representation of a compact
group, it is finite-dimensional and therefore cohomological. By [NP21, Corollary
4], the global parameter 7 is cohomological, which by the main result of [Carl2]
implies that (71),, is tempered. By the local Langlands correspondence for unitary
groups [KMSW14, Theorem 1.6.1(6)], it follows that m,,, is tempered.

Case 2: G, /K,, abelian.

If G,,/K,, is abelian, then ,_ is a character. By [Bad08, Proposition 3.7], the
local Arthur parameter 1¢,, must be of the form xo[1][N] or xo[N][1], for some
self-dual character xo of GL;(E ®p F,,). Indeed, in Badulescu’s notation, t,,,
corresponds to a representation of GLy that transfers to a character of G,,. More
precisely:

e In case (a) of [Bad08, Proposition 3.7], C(0) is a character and k = 1, so
v, = Xo[N][1].
e In case (b) of [Bad08, Proposition 3.7], C(7) is a character and [ = 1, so

Yo, = xo[1][N].
In either case, the global Arthur parameter v is restricted to the two possibilities
appearing in Case 1, and the same argument applies. [

Remark 3.3.3. At present, we are only able to carry out the construction over
number fields. While the rapidly developing theory over function fields should
eventually allow a generalization to positive characteristic, extending the above
argument encounters two main obstacles:

First, we only have a transfer of 7 from G to Res% GL,, when the parameter of 7
pushes forward to a cuspidal representation, since the global Langlands correspon-
dence of [Laf18] applies only to cuspidal representations. Second, we do not know
that the L-packet associated to a tempered parameter at a non-split place consists
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entirely of tempered representations, as the global-local compatibility of [GL17]
provides a local Langlands correspondence only up to semisimplification.

Overcoming these difficulties would allow the argument to extend to the function
field case.

3.4. Structure. The local structure of X (K°") can be read off from the label
of B(Gy,) in the tables of [Tit79]. In our case of unitary groups, we get labels (see
[DEP25, Table 3.1]):

A, when v is split,

2A!, when vy is inert and G, is quasisplit,

B-C,, /2 if n is even, G, is quasisplit, and vg is ramified,

2A” if n is even, G,, is non-quasisplit, and vg is inert,

’B-C, /2 if m is even, G, is non-quasisplit, and vg is ramified,
C-BC(n—1)/2 if n is odd and vy is ramified.

For simplicity, we focus on the A,, and 24/, cases in this paper. There is no essen-
tial difficulty in extending constructions beyond—just slightly more combinatorial
complexity.

The affine root system underlying the label determines the structure of the
apartment, with types of simplices corresponding to subsets of the vertices in the
corresponding diagram in an inclusion-reversing way. The valency of one type of
simplex in another can be computed as the size of the flag variety in the reductive
quotient of the special fiber of the reductive model corresponding to the simplex
stabilizer. Computing these valencies in general requires input from Bruhat-Tits
theory and formulas for point counts of finite groups of Lie type (e.g. [CCNT85,
§2]). This is easier for top-dimensional facets of a chamber: each one corresponds
to leaving out one vertex in the affine Dynkin diagram and the number of chambers
containing it is qﬁo + 1, where d is the integer attached to the excluded vertex in
[Tit79).

Finally, while at split places the type-A,, local structure of these complexes is
the same as in the constructions of [LSV05a], their universal cover is a building for
a group over a p-adic field instead of a function field. Since buildings for groups
of split, semisimple rank > 4 encode the information of their base field (see [ABOS,
§11.9] for a summary), these universal covers are necessarily different when G has
full rank > 5.

We work out all these details precisely for the A, and 24!, cases in rank-5 in
§610.1.1, 10.1.2 respectively.

4. EXpLICIT CONSTRUCTION OF COMPLEXES

Let F be a totally real number field and let E/F be a quadratic CM extension.
We now describe how to make the abstract construction of X¢ (K °°>¥0) explicit. Our
approach adapts the ideas from the function field case [LSV05a].

4.1. Class Number One. We require one additional assumption on G:

Definition 4.1.1. Let G/F be a reductive group such that G, is compact. We
say that an open compact subgroup K> C G(A*) has class number 1 if G(A™®) =
K>*G(F).

We call K> golden if, in addition, K> N G(F) = {1}.

The key property is:
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Lemma 4.1.2 (e.g. [DEP25, Lemma 4.1.3(1)]). Let G/F be a connected reductive

group such that G, is compact, and let K= C G(A*) have class number 1. Then for

every finite place vo, the group Ay, = G(F) N K qacts transitively on Gy, /Ky, .
If K is furthermore golden, then A,, in addition acts simply.

We can now list the precise inputs and assumptions for our explicit construction
of Xg(KOO’UO):

Assumption 4.1.3. Assume the following conditions on G and K°0:

e G is a super-definite unitary group of rank N with respect to E/F, such
that there exists K§° C G(A*°) with class number 1.

e Either N is prime, or there exists an anisotropic place v, such that G, /Ko v,
is abelian.

e K§° is golden.

e g is a finite split or inert place of F' such that G, is quasisplit and Ky,
is hyperspecial®.

o K% C K" is a normal subgroup. For example, choose an ideal n of
Op relatively prime to vy and all places where G or K§° is ramified, and let
K% := K(n) C K§° be the corresponding principal congruence subgroup.

As convenient notation, whenever these assumptions are satisfied, we define the
lattices:
o Ao, :=G(F)NKG™.
o Ay, i=G(F)N K,

Remark 4.1.4. There are many known examples of G and K°" satisfying As-
sumption 4.1.3: see [PS18] for the rank-2 case, and [EFMP23] for rank-3. However,
these small ranks only produce Ramanujan graphs instead of higher-dimensional
complexes. The paper [MSG12] constructs an example in rank 5 which will be our
main object of study for part 2 of this paper. Unfortunately, it also proves that
there are no other examples over number fields in rank > 5.

Finally, we expect many examples in rank 4—for example, for E/F = Q(v/—7)/Q,
numerics with the mass formulas of [MSG12] suggest that a rank-4 unitary group
that is compact at infinity, equivalent to the units of a division algebra over 2,
non-quasisplit at either 3 or 7 together with a K§° that is special at 2, extra-special
at the non-quasisplit prime, and special everywhere else should work.

Remark 4.1.5. The assumption that K§° is golden can be weakened to class-number-
one at the cost of making Constructions 4.2.1 and 4.2.2 combinatorially more
painful—basing them off a Schreier coset graph instead of a Cayley graph. We do
not present this for brevity.

4.2. Construction Overview. We now describe an explicit construction of the
complex X (K ") under the conditions of Assumption 4.1.3. For consistency of
notation across the different splitting types of vy, define

(421) /_\O,vo = AO,UO/(AO,UO N Zépvlo)’

where ngo denotes the maximal split torus in the center of G,,.
The construction relies on finding certain special elements called “gates”:

2For simplicity, we exclude the ramified and non-quasisplit cases.
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Definition 4.2.1. Let vy be an unramified finite place of F, and let A be a group
acting transitively on G,z for some hyperspecial point xg € By,. Then define the
gates of A to be

Sx := {s € A : sz is at graph distance d,, from z},

where d,, = 1 if vg is split and d,, = 2 if vp is inert.
If A in addition acts simply transitively on G,,x¢, then for each x at graph
distance d,, from zq, let s; € S; denote the unique element satisfying s,xo = x.

Remark 4.2.2. By the work of [DEP25], the gates of Ay, form a set of “golden
gates” for G as in [DEP25, Definition 1.2.1]. Note that this is independent of
the work of [DEP25, §6] and in particular the rank 4 or 8 condition needed for
[DEP25, Conjecture 6.3.4] since the Ramanujan conjecture holds on the nose for
super-definite G by Theorem 3.3.1.

Theorem 3.3.1 allows us then explicitly construct Ramanujan complexes. We
present both the split and inert cases as Cayley graph-type constructions:

4.2.1. The split case. If vy is split, then Gy, /Ko, is the set of vertices of the
extended Bruhat-Tits building BUO associated with G, and Ag,, acts simply
transitively on these vertices by Lemma 4.1.2. Modding out by the center, Ao,vg
acts simply transitively on the vertices of the reduced building B,,.

Fix a point g € B,, stabilized by Ky ,,, and define A, analogous to /7\0’%. Since
the action is simply transitive, the elements s, in S]\MO generate Mg ,,, and the
1-skeleton of B,, is the corresponding Cayley graph.

This allows us to construct:

Construction 4.2.3. Let X be the simplicial complex that is the union of all
simplices containing xg, let Q be the vertices of X different from xq, and consider
the gate set

SRowg = {s: : € Q}
of ]\071,0. Then we have the following simplicial structure:

e The 0-simplices are the elements of A,y \Ao,u, -
e Forr >0, the r-simplices are the subsets of the form x1 U {8z21,2 € A}
for 1 € Ayy\Ao,v, and zo UA an r-simplex of X.

4.2.2. The inert case. Let xo be the hyperspecial vertex stabilized by Ko ,,, which
by our convention we take to be of type 0. A key property is that G,z coincides
with the set of type-0 vertices of B,,. These are precisely the vertices at even graph
distance from z (see, e.g., [DEP25, Example 3.3.5]). By Lemma 4.1.2, Ag 4, = Ag.u,
acts simply transitively on G, /Ko.,, and hence also on the set of even-distance
vertices.

In addition, the lattice formed by the vertices in an apartment is exactly half the
cocharacter lattice. Thus, each vertex = at distance 2 from z determines a unique
vertex z’ at distance 1 that is the midpoint of the segment [z, z(]. Conversely, by
extending the line from z( through such an z’ to twice its length in any apartment,
every vertex at distance 1 can be obtained in this way.

We can therefore carry out a construction analogous to that in Construction
4.2.3, with the additional step of “filling in” the vertices of other types.
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Construction 4.2.4. Let Q = {x1,...,2;} be the set of type-0 vertices at distance
exactly 2 from xg and let X be the simplicial complex that is their convex hull. For
each x; € Q, there is a unique verter at distance 1 in the convex hull of ¢ and x;.
The fibers of the resulting map define a partition QQ = | |T;. We label the vertices
at distance 1 from xqg as yr; according to the corresponding piece of the partition.
Note that the yr; range over all vertices at distance 1 from xo.

Consider the gate set

SRouy = {82 1 € Q}.
Then we have the following simplicial structure:

o A 0-simplex for each element of Ayy\Ag,uv,-

o A 0-simplex for each subset of the form xU{s,x : t € T}}, for x € Ayy\Ao v,
and one of the Tj. We denote this 0-simplex by yr,(x), though this labeling
18 mot unique.

o A top-dimensional simplex (i.e., a simplex of dimension |N/2|) for each
collection of 0-simplices of the form

zU{yr, (z) s yr, € A}

where © € Ny, \No v, and A is a top-dimensional simplex of X containing
ZXo-
o All subsimplices of the top-dimensional simplices above.

Remark 4.2.5. Except for the simplifying result characterizing the possible yr,,
Construction 4.2.4 applies whenever G, xo comprises all vertices of the same type
as rg. In the unitary case with vy non-split, this condition holds in all cases except
when N is even, vg is ramified, and G,, is quasisplit; see, for example, [DEP25,
Table 3.1].

Proposition 4.2.6. Let G, vy, K§° and K°" satisfy Assumption /.1.3, with
vo split or inert and the related A,, or A,, satisfying Assumption 2.1.5. Then
Constructions 4.2.3 and 4.2.4 provide an explicit description of the Ramanujan
simplicial complex X (K °v0).

Remark 4.2.7. We emphasize that the Assumption 2.1.5 plays a crucial role of
guaranteeing that the complexes constructed in Construction 4.2.3 and 4.2.4 are
indeed the quotient complexes A, \B,, and A,,\B,, respectively. On the other hand,
for small enough K°* the related A,, and A,, indeed satisfy this assumption,
thus to the end of constructing an infinite family of Ramanujan complexes such an
assumption won'’t cause any trouble.

4.3. Finding Gates. The constructions in Proposition 4.2.6 require finding the
gate sets Sy, , . These can be done analogously to [DEP25, §§3.3.1, 4.3.1].

4.3.1. Setup. Let B be a central simple algebra over E. An involution of the second
kind on B is a map ¢ satisfying ¢(ab) = ¢(b)¢(a) and such that ¢ acts as Galois
conjugation over F' on E C B.

By the classification of inner forms of unitary groups (see, for example, [KMSW14,
§0.8]), there exists a central simple algebra B of dimension N x N over E with an
involution of the second kind ¢ such that

G ={z € Resk B : 1(x)x = 1},
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where ResE B is given by ResZ B(R) = B ®p R. Define 0 to be the composition of
¢ with inversion as an involution on Res B*.

From now on, assume that vy is a place not lying over 2 where B is split. Thus,
By, 2 Matnxn(Ey,) and Gy, = GLy(E,,), where we abbreviate E,, = E Qp F,,.
In particular, the involution # induces an affine embedding of reduced buildings (cf.
[KP23, Theorem 12.7.1, Section 14, p. 490-491])

(4.3.1) B(Gu,) < B(By,),

whose image is precisely the set of f-fixed points in B(B,; ). Note that the condition
Z(Guy) C Z(B)) NGy, is always satisfied.

We now make an extra assumption on K§°. It is rather minor: we believe it can
always be explicitly realized in practice (cf. Section §7 for instance).

Assumption 4.3.1. There is an Og-order Ag of B such that:
K® =G" N (A ®o, @E)
and (Ap)y, == Ap ®o, Op,, is a maximal (-stable order of B,,.

In particular
Aowo = G(F)N [[(AB)y = BN K™
vtvg
and KBy, := (AB)y, N By is a f-stable hyperspecial subgroup of B, containing

Ko ,4,- Moreover, the vertex g related to Ko, in B(G,,) corresponds to the vertex
z( related to Kp y, in B(B) via (4.3.1).

4.3.2. Fizing Coordinates. Let A be a maximal split torus of G,,, such that z lies
in the apartment A(G,,, A) of G,, defined by A. Let Ap be a #-stable maximal split
torus of B, that contains A, whose existence is guaranteed by [HHW93, Proposition
2.3]. In particular, A equals the connected component of A%.

Then the apartment A(B), Ap) of B\ defined by A contains the vertex x{, since
the embedding of apartment A(G,, A) — A(B,;, Ap) induced by (4.3.1) maps g
to (. As aresult, A C Ap are maximally split tori in good position to Ko, C
Kp y,- Then there is an induced embedding X, (A) — X, (Apg) corresponding to a
containment of Cartan double cosets: for A € X, (A) and m,, a uniformizer in E,,:

KO,U())‘(’R—UO)KOWO < KBv'UOA(TrUO)KB7UO'
Up to a change of basis, we may, without loss of generality, choose the isomorphism
By, = Matnxn(FEy,) so that:
[ ] (AB)’UQ = MatNxN(OEvO) and KB,vo = GLN(OEUO);
o Ap = {diag(z1,...,zn) 12 € B };
e The involution 6 can be identified with the involution on GLy(E,,) given

by g — h=1g=Th for a Hermitian matrix h € GLy(E,,);
e When vy = wyws is split, we have

h = (hi,hT) = u((h1, In))(h1, Iy)

for some hy € GLx(Fy,). Then, conjugating by (h1,Ix), we may assume
without loss of generality that A is the identity;
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e When vy is not split in £, since 8 fixes both Kp ,, and Apg, up to conjugation
by a permutation matrix, we may write

h= wodiag(x179527 s Iy hOwi’r‘v ERRE) j23j1>7

where z1,...,2, € (’)Evo, wy € Gy is the longest permutation matrix, r
denotes the split rank of G,,, and hgy € GLN,QT(OEUO).

Finally, define
Xy :={(ar,...,an) a1 > - >an, a; € Z}.

As in Assumption 4.1.3, we restrict to the cases where G,, is quasisplit and
unramified; the other cases can be treated similarly using the more intricate theory
in [DEP25, §3.3.2].

4.3.3. Split Case. When vy = wyws further splits in E, we may identify X, (Ag)
with ZN x ZN and X, (Ap) with X x Xy by taking the valuation of each diagonal
coordinate in E,,. Then X, (A) is identified with Z~ and X (A) is identified with
Xn. More precisely, we have

a—(a,a”

T
Gyo = GILN’U,1 ‘—)> GLN’wl X GLN’w2 = B1>)<o

which induces
A= (A=)
X+(A) 2 Xy —— Xy X (7XN).
Next, the condition that sz is at distance 1 from z for s € ]XO,vo is equivalent to
s being contained in a K ,,-double coset corresponding to some (a;); € Xy with
a1 —an =1 (see, for example, [DEP25, Example 3.3.4]). Up to multiplication by a
central element, we may, without loss of generality, choose a representative for s
with ay =0 and a; = 1.
We can also compute that

(AB)v, N B = Matnun(0Og, ) N GLy (Ey,)

is the union of Kp ,,-double cosets corresponding to (a;); x (a}); € Xy x Xy with
a;, a; > 0.

Note that any uniformizer w,,, of E,,, viewed as an element of Ap, corresponds
to

A= ((0,...,0),(1,...,1) e ZN x ZV.
Therefore, our condition on s is equivalent to requiring that
s € 7T;21 (AB)UO \ ((AB)UO U 7T1;217_T'U12 (AB)UO

In total, if we can find a “globalization” m € Og that is a uniformizer at wo and
integral at all other places (for example, if O is a PID), then

Sf\o,vo = {Wﬁlg € Ao, i t(g)g=7T, g€ A, g ¢ TAp UTAR},

noting that 77 is a uniformizer for F,,.
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4.3.4. Inert Case. In the case when v is moreover inert in £ and G, is quasisplit,
we may identify X, (Ap) with Z" and X, (Ap) with X by taking valuations. Then
X« (A) is identified with Z" and X (A) with X,.. More precisely, we have

Gy = Un "™ (h) = GLx(E,,) = B

vo?
inducing the embedding

A—(X,0,...,0,—\)

X, (A)=7Z" 7N = X, (Ap).

Here, the condition that sz is at distance 2 from z is equivalent to s being
contained in a double coset corresponding to some (a;); € X, C Z" with a; = 1 and
ar = 0 (see, for example, [DEP25, Example 3.3.4]).

Similarly, we have

(AB)'UO n Bio

is the union of double cosets for (a;); € Xy with all a; > 0.

Therefore, as in the split case, whenever we can find an appropriate “globalization’
m € Op that is a uniformizer at the place of E dividing vy and integral at all other
places, our condition on s becomes s € (Ap)y, and s ¢ (Ap)y,. This yields

Y

S]\O,vo = {ﬂ-ilg € ]\07110 : L(g)g = 7T2a g€ A37 g ¢ TrAB}'

Part 2. An Explicit Example

We now apply the general theory above to a specific example of a class-number-one
group G and K°%%° C @ satisfying Assumption 4.1.3. This example was originally
introduced in [MSG12, Theorem A(2)].

Let E = Q(+/—7), and let pg be the prime ideal of O lying over 2, generated by
(1++/=T7)/2. Consider the degree-5 division algebra D over E with:

e Hasse invariants inv,, D = —invy, D # 0,

e Hasse invariants inv,D = 0 for all p # po, po.

Let ¢ be an involution of the second kind on G (see §4.3.1) and set G to be the
subgroup of ¢ o (-)!-fixed points in D*. Let G9°* be the derived subgroup and G.q
the adjoint subgroup of G.

For each p, let Kgf;f C Gger be parahoric subgroups such that

e They are coherent; that is, there exists a group scheme ¥ over Z, such
that for almost all primes p, 45" (Z,) = K¢

e K{9 is the unique parahoric subgroup of G§° = SLy(D,).

. Kgf;r belongs to one of the two conjugacy classes of special parahoric
subgroups (see [MSG12, §11.2]). Beware that these two classes behave
differently—one is extra-special and the other isn’t (though they have the
same volume).

o ng; for p # 2,7 is in the unique conjugacy class of hyperspecial subgroups.

Fix a split prime p with respect to E/Q. Let
d d d
A =G (@) n I K8

p'#p
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We realize A§S as a lattice in G4 and let Ng,,  (A§%) be the normalizer of A§%
in Gaqp- Then, [MSG12, Theorem A(2)] implies that Ng,, ,(A§%) acts simply
transitively on the set of vertices B%(G,) of B(G)).

Over the next sections we find an explicit matrix representation of this example,

and then apply our construction to it.

e In §5, we construct the division algebra D as matrices over a number field
and realize G C D rationally.

e In §6, we find a convenient maximal order A5** inside D.

o In §7, we check that A** defines subgroups Ky, and lattices Ag , consistent
with [MSSG12]. This requires a technical step to relate our context of working
with G to the context in [MSC12] working with Gder.

e In §8, we compute local isomorphisms between G, and standard models
of GL5(Q,) and Us(Q,) so that we can compute the action of G, on
a standard description of its Bruhat—Tits building. This allows us to
implement constructions 4.2.1 and 4.2.2.

e In §9, we provide an effective way of explicitly constructing all the elements
in the gate set Sz, .

e In §10, we sum up our full algorithm.

5. A Grour G WITH CLASS NUMBER ONE

In §5.1, we construct our desired division algebra D as explicit matrices over
a number field. In §5.2, we construct an involution of the second kind on D that
allows us produce our desired group G rationally.

5.1. Constructing D.

5.1.1. Basic setup. The paper [[Hul35], though it only applies to division algebras
over QQ, suggests ideas for finding particularly nice realizations of D as a cyclic
algebra.

Let E = Q(v/—7) as before. We write

p2=014++v=7)/2 and py=(1-+v-T7)/2.
Then 2 = paps and O = Z[p2]. Notice that a prime p is split over E/Q if and only

if p=1,2,4 (mod 7), and inert over F/Q if and only if p = 3,5,6 (mod 7). We fix
a split odd prime pg. Write

Do = PpoPpo, Where ppo = ao+bop2,  pp, = o+ bop2, ao,bo € N.

We consider the totally real cyclic extension M of Q of degree 5 and discriminant
pg, whose only ramified place is pg. Theoretically M can be realized as a subfield
of the totally real field Q(¢p, + Cp_ol) over Q, where (p, is a primitive pg-th root of
unity. As a result, pg is in the norm group Nj;q(M*). We fix 6 € M such that
Nirg(6) = po. We fix a Z-basis o, i = 0,1,2,3,4 such that Oy = EBf:O Zoy;. In
particular, when Q) is monogenic over Z, we may find some a; € Oy and choose
a;=at,i=0,1,2,3,4.

Let L be the compositum of M and E, which is a CM field of degree 10
over Q. Since M/Q and E/Q are both Galois, we get that L/Q is Galois with
Gal(L/Q) = Z/10 and that L/E is also cyclic and degree 5. Let o be a fixed order
5 automorphism in Gal(L/FE) = Gal(M/Q) and let x — Z be the order 2 automor-
phism in Gal(L/M) = Gal(E/Q). We have O, = OOy, since the discriminant of
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M and E are coprime. Also, L/E is only ramified at p,, and p,, where it is totally
tame.

5.1.2. Constructing D. Now we give a realization of our division algebra D of degree
5 over E (which is non-split only at ps and pa).

We assume that both p,, and p,, are not in the norm group Ny,g(L*). Then,
we may find an integer d € {0, 1,2, 3,4} such that pg/ﬁgﬁ%gl is a fifth power in [F,,, =
Og/pp,Op. For the same d, we have prgg/ﬁg is a fifth power of Fp, = Og/pp,OFr
as well. Define

a; = P2P20/52ﬁg0 and a. = CL?, e=1,2, 374

We claim that a. is a norm element with respect to L, /E, at all places v of E not
over 2, but not a norm element at v = ps, p2. Indeed,

e L/E is either split or inert at a place v of E not over 2 or pg, and a, is of
valuation 0 at v. Then a. is a norm element at v.

e Both py and pgng /P2 are norm elements at j,,, where the latter follows
from the fact that its image in F,, = Og/p,,OF is a fifth power. Thus
ae = Py x (pgpzf)e/ﬁg is a norm element at gy, .

e In parallel a. is also a norm element at py,.

e Finally, a. is not a norm element at ps or ps, since L/F is unramified at
these two places and the valuation of a. at these two places is not divisible
by 5.

As a result, for a fixed e, with a = a., the division algebra

4
D= D(L,a) := GauiL7 ub=a, wulu'=1forallel
i=0

is non-split only at pa and ps. By choosing e and using the Hasse principle we can
make it be in the exact isomorphism class we want.
We can also realize D C Mats5(L) through

1 l
1 7
(5.1.1)  ur 1 R UK 1 for I € L.

a 1ot

This indeed gives us an embedding of algebraic monoids over E
(5.1.2) n: D < Resk Mats 5.
For later use, we may and will pick an element b € 20 such that

b=b"1 (modp), b =pla (mod p,,0Or), b°=p;%a (mod p,,Og).

5.2. Constructing G.
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5.2.1. The Involution. We define the following involution (as an anti-homomorphism)

on D:

tiu—ut, Il foralllelL.

Since @ = a1, it is indeed an involution of the second kind. A useful formula for
this involution is:

4 4 4 4
(5.2.1) L (Z lﬂﬁ) = Zuﬂl_l =1y + Zduil;_i =lp+ Zcfl l_gl_zuz

i=0 i=0 i=1 i=1
5.2.2. The Group. Consider the algebraic group G over Q defined by

G(R):=U; p(R):={d € (D®gR)” : t(d)d = 1}.
Since @ = a~', the involution ¢ corresponds to the pullback of the conjugate-transpose
involution:

i A AT

via 7. This realizes G as a subgroup under the embedding:
(5.2.2) ng : G — Resg[ USL/M’Id — Res(é GLs,

where UE{“ /M-I Genotes the (non-quasisplit) unitary group preserving the diago-

nal Hermitian form on RCSJLM G3. Since this Hermitian form is positive definite,
Resg U5L /M1 g anisotropic over R, and thus so is G.

5.3. A Concrete Choice of Initial Data. In this subsection, we consider the
construction of the previous two paragraphs in the particular case when pg = 11. In
this case,

e We have P11 :2+\/j7and/311 :27\/777

e The field M is defined by the minimal polynomial 2° — 2% — 423 4+ 322 + 3z —1
and indexed by Number field 5.5.14641.1 in LMFDB.

e Write a; for a root of the above polynomial and realize it as an element
in M, we further have Oy = Z[a]. We fix a choice of o, for instance
o(ar) = —af +4a? — 2. We also have Oy = Z{ay, a‘l’,af,a‘f, a‘1’4>.

e Using Sagemath we find the element § = o + 2 such that Ny /() = 11.

e We pick d = 3. In this case, we have

pr1=4—pn=4, p2=5 po=—-4 in Fy1 =O0g/p10k
and
pa/papii = 5/(—4 x 42%) = (=1)° in Fi = Op/pnOp.
Similarly, we have
pr1=4—pn=4, pe=-4, p2=5 in Fy1 = O0g/pm0Ok
and
papii/pe = (=4 x 4°)/5 = (=1)° in Fi1 = Op/pOs.
e We pick e =1 and b = 10.
Remark 5.3.1. Another possible choice is pg = 331. In this case we may simply pick
d = 0, since it is straightforward to verify that ps/ps is already a fifth power in
Ogr/p3310p and Og/p331Op. This special feature will largely simplify our discussion

below, but on the other hand the discriminant as well as the ring of integers of M
are much more complicated than those for py = 11.


https://www.lmfdb.org/NumberField/5.5.14641.1
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5.4. Some Technical Lemmas. We record here two technical lemmas relating to
our arithmetic setup that will be useful later:

Lemma 5.4.1. Define NY(L) := {& € L* : 2z = 1}. Then the first Galois
cohomology H'(Gal(L/E), N'(L)) is trivial. In other words, for any xo € E* such
that xoTo = 1, there exists lo € L™ such that lolo =1 and Np/p(lo) = vo.

Proof. Consider the short exact sequence
1= N'(L) = L = Npm(L™) — 1.

Taking the related long exact sequence and using that H'(Gal(L/E),L*) = {1},
by Hilbert’s Theorem 90, we get

H'(Gal(L/E), N'(L)) = N (L)) N o (E).

Therefore, the Hasse norm theorem gives that H'(Gal(L/E), N1(L)) = {1} if and
only if for all prime numbers p:

NLP/MP(L;)Gal(Mp/Qp)/NEp/Qp(E;) _ {1}

We check this for each p:
When p is split over M/Q, we have L, = Ef?f’ and thus

NLP/MP(L;)Gal(I\/[p/Qp) = Ng,/q, (pr)'
When p is split over E/Q, we have
NLP/MP (L;) = MPX and NEp/Qp (E;) = Q;

Furthermore, 1\41,X Gal(My/Qp) _ Q-

When p is not split over either M/Q or E/Q (in particular p # 2) we have that

NLP/MP(L;)Gal(Mp/Qp) and NEp/@p(EpX)
are subgroups of Q,;, the latter being of index 2. Thus, we only need to show that
Gal(M,/Q,
Ny, (L) 2 /00) oL

When Ly, /M, is unramified, a uniformizer of Q) is not in the former norm. When
Ly /M, is tamely ramified (i.e. p=7), an element in ZX that is not in ZX? is not in
the former norm. This completes the proof of the claim and the lemma.

O

Lemma 5.4.2. Zg(Q) = NY(E) :={z € EX : 2z = 1}.

Proof. First, NY(E) = G(Q) N EX C Z¢(Q). Given an element z in G that is not
in £, consider the field E[z] in D which is of degree 5, then there is another field
L C D of degree 5 over E that does not commute with z. Furthermore, there exists
a norm 1 element in L that is not in E, thus we may write L = E[y] with gy = 1.
As a result,  and y do not commute, hence x is not in the center Zg(Q). a

6. CONSTRUCTION OF A MAXIMAL (-STABLE ORDER

In this section, we construct a t-stable maximal order AR of D.
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6.1. Constructing a Maximal Order AJ**. Under the decomposition D =
EB?ZO u'L, we define an order Ap of D as follows:

ei dei] [—<i _ dei
AD—@UJZI— b oy % by Flon.

Using the fact that u% = a = (pgppo) /(p2pl, )¢, it is straightforward to check that
Ap is indeed an order of D. Moreover, by direct calculation we have

ei dei _ _d51 e(5 i) de(S i) 6(5 i) de(5 i)
O Sl ) el B

Therefore, Ap is t-stable.
Now we construct a maximal order A5** of D containing Ap. Define

4
ei _ 2de
Ap + = @uﬂrﬁg ]pg ]pLO W(’)L, where uy = ué® and ui = pgea

ﬂ _Li _4i
rnax ®y+p 31 p2 O-‘pzlo O-‘OL7 where y+:(b—u+)54/,6p0

ei _ 2dei
@u p[ ]pg ]pZEO W(’)L, where u_ = u6~ % and u®> = p;*a

2d7

ApZ = @yz oy ]Pz ppo WOL, where y_ = (b—u_)8"/pp,.

From our constructlon, Apy and Ap _ are orders of D, but on the other hand
AB™E and AB™ are a priori only lattices of D. Finally, define

Ap™ = AP + AR C D.
Proposition 6.1.1. The following hold:
(1) For any place v of E not dividing po, we have AR™, = AB*™ = Ap, | =
Ap, - = Ap, which is furthermore a maximal order of D,;
(2) max -+ 18 a mazimal order opop , which contains AD, ADﬁpo + ADﬁpo —
cmd Amz;x B
PO’
(3) Amax - is a mazimal order opopo which contains ADPF0 , ADppo e ADPF0 —
and A‘MX e
Ppo )

(4) AT is a mazimal order of D that contains Ap.

Proof. Statement (1)

The equalities follow directly from the definitions of these orders, so we only
need to show that Ap, is a maximal order of D,. If v does not divide 2 or pg, then
the division algebra D, is split. In this case, the extension L, /FE, is either split or
unramified. In particular, the norm map

L X X
Np,/e, 1 O, = Op,

is surjective. Since a is integral in O, we may pick v, € OZU such that N /g, (70) =
a. Write u = u'y,. Since pa, ps are also integral in O, , we have

4 4
% /4
ADU = @u OLv = @u OLq,-
i=0 =0
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Noting that (u’)% = 1, we identify

4
17
- @uL,
=0

with Endg, (L,) = Matsys(F,), where v is identified with an order-5 Galois action
and elements of L, with multiplications. Moreover, Ap, is exactly the order in
D, fixing the lattice O, of L,. In the split or unramified case, Oy, is a maximal
lattice in L,, thus Ap, is a maximal order in D,,.

Now assume v = py or ps, which means that D, is not split. Let w be the unique
place of L over v. Then L,,/F, is an unramified extension of degree 5. By definition,

4
ADv = {Z uill
=0

Moreover, for x = Z?:o u'l; € D, we have that the valuation of u'l;,i =0,...,4
with respect to D, are pairwise different. As a result, Ap, consists of elements in
D,, having non-negative valuation, thus it is the maximal order of D,,.
Statement (2)

The first claim follows from the argument in [Hul35, Proof of Theorem 4, p526-
527]. More precisely, we may use the OE%0 -basis {y’.a; : 0 <i,j < 4} to show

l; € Ly, bw(l;) > iw(a)} .

that Ap™ . is an order and to calculate its discriminant as in [Hul35, Proof of
Po’

Theorem 4, p526-527] , which turns out to be the ideal p%f*l) of O, . By [Rei03,
PO P
Theorem 14.9], AF*™ | is therefore a maximal order. In particular, the above
Ppg

argument shows that

maX
ADgy, + = EBMOD c EB«%OLPP AD e+

Also, by direct calculation we have

et — —I et — ]
) 7@1; §—2dei 525 O, c@u gdei gl s Or,, =Ap,, CAp, .+
=0 =0
where we used the fact that the valuation of § at py, is 1/5, and 0 < [4€}] — dei <

[2dei] _ 2dei Finally, we have that

g8 = (b )5y, = (0072 — )y

and as a result for ¢ = 0,1,2,3,4 we have

|'2d

ei —e 2dei )
y pg 1 g ]ppo —‘OL;’)I)O _ (b672de o ) Do ® 62deZOL5pU c @U+OL—

PpU

since bd~2% has valuation 2de/5 > 0 and p[o 1 52dei Yo valuation [Qd‘” Qd” >0
at Pp,- Thus we have shown that Ap*™ _ C Ap, .
ro’

Statement (3)
This argument is analogous to (2). The only change is to show that A‘Eix 48
Po’

contained in ADpp _. This is because
o

Yyt = (b—uy)8"/ppy = (b= u_5")5" /i,
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and as a result for ¢ =0, 1,2, 3,4 we have

4
ei il [_4i o T_4i .
yiﬁg sz( ° WpIEo o= (b— u—62d6)1542p£0 ° WOL/J]ao C @ul_Ome ’

. o[_4s . .
since b, 029¢ are integral and 541;)1[,0 * | has valuation L+ -2 >0 at pp,.
Statement (4)
This follows from the fact that A" is a maximal order of D, and AG** D Ap,

for any place v of E.?
O

6.2. -Stability. In this part, we check that A}** is ¢-stable.

Lemma 6.2.1. (1) For a prime number p different from po, we have t(Ap,) =
Ap,.
(2) We have

max \ __ max max __ Amax
L(ADﬁpo ) ( Dﬁpo ’+) A Ppo " ADPPO
and
max _ max __ Amax __ Amax
L(ADPPO) = L(ADPpo,f) = ADﬁpO# = AP .

Here we use the identification

4 4 4

~ [ ~ i i _ ~ _

Dy, =P u'Ly, = Pu'Ly,, x Pu'ly,, =D,y x Dy,
i=0 =0 =0

4 4
Zulz,Zul = O > huh), L€ Ly, €L,
i=0 i=0
As a result, L(A%Z’J‘) = Apox.

Proof. The proof of (1) is straightforward. For p # 2, we have that

4
i
=D,
i=0

where we write Op = O ®z Zj. It is t-stable since in this case O, is Gal(L/K)-
stable, ((u') =u”~'a~" and a € O . For p =2, it follows from the fact that both
t(Ap,) and Ap, are maximal orders of Dy = D,, X Dj,, and thus they are the same.
For (2), by symmetry and Proposition 6.1.1.( )(3), we only need to show that
max max max t e . max ter
L(ADﬁpo +)C ADPPO . Here, ADPP0 _ is a maximal order of D, ~and ADﬁpg L isa

maximal order of Dﬁpo' Since
max
/’po + €|) y+OLpp0

SWe tacitly used the following fact: Let I' be a lattice of a division algebra D over a number
field E, then T' = D N, guite I ®0y OF, - Indeed, we may find a free Op-basis e1,...,e,2
2 2
of T', such that we have I' = @?:1 Oge; and I'y = ?:1 OFE,e;. In general, any element

2
T = Z?:l zie;, ©; € B of D lies in I' if and only if xz; lies in Of, for each i and v, since

OEZEﬁm OEU.

v finite
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we only need to show that

Wyv) € ADY = @y O, -

By definition, we have
U(y+) = (b —us )6/ ppy) = 1(b0" —ud™ ) /pyy = (80— 5P u™) [y,

= (645 — g4 deqdaql) /0 = (8% — uld §1de(§9)Hdeq 1) /p
= 5% — (g0 = D)6 (57 [y,
= 57/ — (- — Y57 0 (57)*

Lemma 6.2.2. (y_p,, 0% —b)* =b* + Z?:l y' a;, where a; lies in PL,,,

Proof. By direct calculation, for [ € L we have

W pped 4 =1(b—ud~%) = —ul” 6% 4+ bl = —y_p,, 6 +bl—17).

Using this equation several times to move the y_ occurring in each monomial of
(y—Ppod~* —b)* to the leftmost and the fact that b€ Or, N E and py,d~* € py,

Ppo
the result follows.
O
As a result, we only need to show that
54E/ppo _ b454de(50)dea71(50)4/pp0 c OLp,,O ’
or equivalently, B
b— b464de (6J)dea—1 (60)45—4 c prpO )
This is simply because its image in IFp, = OLppo /prpo is
b—l _ b454d66dea—1646—4 _ b_ ( b5 de —1) —_ O,
since 6° = pg, b = b~! and the o-action is trivial on the residue field Fp,-
(I

As a result, we have ¢(A'5*) = A, since the same equations hold after taking
the completion at every prime p. We note it as the following formal proposition.

Proposition 6.2.3. A5** is t-stable.

6.3. Description of A'%** and (A5**)*. The main goal here is to describe A%** and
its t-invariant part (AmaX)L as free Z-modules, and then to propose a computational
way to find a basis.

We first study the t-invariant part D* of D. By direct calculation, for v =
SN uil; € D' with [; € L, we have

4 4
o+ Y ha i = 1(9) =y =l + 317w
=1 =1

Comparing the coefficients, we have

_ e 2 e 3 e 4 1T
ZO = lo, lclr =a 114, lg =a 1[3, lg =a 1[2, lz =a 1[1.
Write I; = m? + pam?! for m?,m}! € M, then m$, m9, mi, m9, mi are independent

variables, and the rest variables my, m$, mi, mY, m} are determined by the former
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ones. More precisely, write a = ag + p2a; with ag,a; € Q, then by direct calculation

we have

mg =0, mi = (ap + a1)(m?)” + (ap — a1)(m1)”,

my = —ay(mf)7 — (ap + a1)(my)?,

(631) 0 0\o? 1\o?2
mg = (ap + a1)(my)? + (ag —a1)(my)? ,
m} = —a1(m9)”" — (ao +a1)(m})”".

Now we consider AF** and (AB*)*. A priori, they are free Z-modules of rank 50

and 25 respectively. Write
4 1
D= @@uinir

i=0 j=0
Also, as free Op-modules:
4 1 4 1
Ap =P P viarintOu and AR = PPy aiplOu
i=0 j=0 i=0 j=0
with
avi= b o B and = gl T LT i = 01,2,3,4

Define @, ., % as row vectors in D° with their (2i + j + 1)-th coordinate being
u'ph, yiayaph, yla_iph

respectively for ¢ = 0,1,2,3,4 and j = 0, 1. Define

1 s s? 53 st

0 t 2171(5)25 EQJ(S)f 2371(8)t
Tg’g(s,t) = 0 0 Hg(t) Elvg(S)HQ(t) EQ’Q(S)HQ(t) s

00 0 () Sys(s)s(t)

00 0 0 I, (t)

where for s,t € L, we use shorthand:
—1 + (80_71)2,
Sa(s) =57+ 527 +s(s7 )2+ (s7 )%, Tials)=s+s7 457,

—1 -2

Yoo(s) = 5%+ 58% 4857+ (s )+ s7 7 4 (s7 )%

Y11(s) =5+ s"fl, Yo1(s) = s2 + 557

k—1

—2 + 80_37 Hk(t) _ H tg'_z'
i=0

Recall that y+ = s+ + ut4. Then, by direct calculation, we have®

Yi13(8) =5+ s 5%

(17 Y+, y:2t7 y?ﬁ:v yill:) = (]-7 U, ’LL2, u37 u4)Tﬁ,§(8i7 t:l:)v
where
S+ = 54b/ppov by = 76de+4/ﬁpov S— = 54b/ppov o= *64ide/ppo'
From this, we define matrices A, A_ € GL5(L) by

Ay =Ty g(s+,t+) diag(a+,0,a+,1,a+ 2,0+ 3,0+ 4).

4Here and throughout, the notation y+, s+, t4, etc. indicates that all signs are chosen
consistently, giving two identities corresponding to the 4 case and the — case.
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Moreover, for an element | = mg 4+ myps € L with mg, m; € M, we identify [ with

the 2 x 2 matrix
mo —2m1
mi Mo+ m

under which multiplication by [ is realized as the right multiplication of the matrix
on row vectors. In this way, we realize Ay and A_ as matrices in GL1g(M). From
our construction, we have

b =gr - Opp = WAy - Of,

where elements in O} C M are regarded as column vectors of 10 coordinates.

For a lattice £ of column vectors over Oy (resp. over Z and of number of rows
divisible by 5), we denote by Lz (resp. Lo,,) the corresponding lattice of column
vectors over Z using the identification Oy =2 EB?ZO Zaoy; for each Ojyr-coordinate.

We consider the sum lattice A - 03¢ + A_ - 019 in M'°, which a priori might
not be a free Op-module. Instead, (A4 - O + A_ - 019); is a free Z-module of
rank 50. Then, using the Hermite normal form (HNF) algorithm over Z, we can
find an explicit matrix Apnax € GL5o(Q) such that

Apax - Z° = (A4 - O3 + A_ - O3))z.
As a result, we get
AP =7 - (Amax - Z°%) 0, -
Consider
Colpax :=
{(m) 3141 € (Amax - Z)0,, : m] satisfies (6.3.1), i =0,...,4, j =0,1}.
Then
(AD™)" =4 - Colpax.
Consider the Oy;-lattice Col™™f consisting of the 1,3,4,5,6-th rows of Colyay; it

max

determines Colyay via the equations (6.3.1). Also (Col™); is a free Z-module of
rank 25. Thus we may use again an HNF algorithm to find a matrix Biax € GL25(Q)
such that

(COlhalf )Z = Brax - Z25.

max

In other words, we found concrete Z-basis of A and (AF**)* via Apax and Bpax.

7. CONSTRUCTING THE GOLDEN SUBGROUP K§°

In this part, we use the maximal order A5** constructed in §6 to define K§° and
thus Ao, for each p. We show that K§° is golden by checking its consistency with
[MSG12, Theorem A(2)], as explained in the beginning of Part 2 of this article.

7.1. Construction of K§°. Define a group scheme ¥, over Z by:
Yo(R) :=={g € Ap™ ®z R:1(g)g = 1}

for any Z-algebra R. In particular, it is an integral model of G/Q. For all p, we
have
D(Zp) = G(Qy) N AL

Proposition 7.1.1. The following hold:
(1) For p # 2,7, we have that Ky, = %(Z,) is a hyperspecial parahoric
subgroup in G(Qp).
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(2) %(Z7) has a special parahoric subgroup in G(Q7) of index-2, which we
denote by Ko 7.
(3) Koz :=%(Zs) is the unique mazimal open compact subgroup in G(Qs).

Proof. We have (Resg D)g, =1L, Resg;’ D,,, which is endowed with an involution
6 := 1o (-)~1. Using Proposition 6.1.1 and 6.2.3, (AD2¥)* is a f-stable maximal
open compact subgroup of (Resg D*)(Qp) = D,. Let o be the f-stable vertex in
the reduced building B((Resg D*)q,) corresponding to (A5>)*.

Assume p # 2 is split. Write v, v for the two places over p, and note that
DY = DY x Dy. Up to a change of basis, we may identify D) and Dy with
GL5(Q,), and moreover the involution 6 is given by

0:D; x DS — DS x D),

(91,92) — (92_”@1_1 )-

Here, 1 denotes the conjugate-transpose of matrices. As a maximal open compact
f-stable subgroup of D x D, we may identify (AB)* with K, x K11, where
K, (resp. K; ') is a maximal compact subgroup of DX (resp. D.). By projecting
D x D} onto D, the group G(Q,) = (D)’ is identified with D and Ko, is
identified with K,. Thus Ky, is hyperspecial in G(Q,).
Assume p = 2. Similarly we have Dy = DX x D, with
4 4
D,, =@Pu'L,, and D,, =EPu'Ly,.
i=0 i=0
In particular, we have D;, = D/ PP. We define the anti-homomorphism
t:D,y = Dp,, (1€ Lyy,u)— (1€ Ly, u™t).
Then the involution 6 is given by
0:D, x Dy — D} x D

p2?

—1 —1
(917.92) — (92 Tagl Jr)

Under this setting, A% is identified with the product of orders Op,, x Op,,. Still
using the projection DX, x Dy, — DX, the group G(Qq) = (D5)? is identified
with Dg and Ky o is identified with ngz' Thus K2 is the only maximal compact
subgroup of G(Qz).

Assume p is non-split. Then (Resg D*)q, = Resg: DY = Resgg GL5 and
G(Q,) = (D;)e is a unitary group. Since p # 2, we have the identification of
sets B(G(Qp)) = B((Resg D*)g,)? and we may realize zy as a vertex in B(G(Qp)).
The affine root system of B(G(Q,)) is given in [Tit79, §4.3, §4.4]: it is of type
C-BCY if E,/Q, is unramified, and of type C-BC" if E,/Q,, is ramified (here we
are referring to the labels in [BT72, p29-p30, Tableau] for the types of affine roots).
Using [AN02, Sections 6 and 8], we see that x, realized as a vertex in B(G(Q,)),
corresponds to the leftmost node in the affine Dynkin diagram.® As a result,

5Indeed, the general result in [AN02, Remark 15] only deduces that zo corresponds either to
the leftmost or the rightmost node (the authors did not study the direction of the arrows). But in
our case, one could generalize their calculation to verify that xg must correspond to the leftmost
node.
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is hyperspecial if E,/Q, is unramified (p # 7), and special if E,/Q, is ramified
(p = 7). Thus, in the unramified case (p # 7), Ko := %(Z,) is the hyperspecial
parahoric subgroup of G(Q,) related to x¢ with special fiber being a unitary group.
In the ramified case (p = 7), %(Zr) is not connected with the reductive quotient
of the special fiber being an orthogonal group. It has an index-2 connected special
parahoric subgroup denoted by Ky 7.

X
® @ ® ® @
S S

N

Ficure 1. Affine Dynkin Diagram of type C—BC%V and C—BCIQII

O

Remark 7.1.2. Let p; be the place of E over 7. Then, given x € Gy(Z), we have that
Nrdp,g(z) = +1 (mod p7), depending on whether x lies in the identity connected
component of % (Zr).

From now on, we fix the parahoric subgroups Ky, as in the above proposition.
We define ng,f = Gger N Ky, for each p.

Proposition 7.1.3. The subgroups K&‘;f of Gger for all p form a coherent set of
parahoric subgroups satisfying the requirements on page 21.

Proof. For all prime p, we need to show that the group Ky, N G (Q,) is a related
hyperspecial or special parahoric subgroup of Gder(Qp), which follows from a case-
by-case discussion:

e When p = 2, we have G(Q2) = U;(Dg,) and G4 (Q2) = SU;(Dg,) and the
claim is clear;

e When p is split, we have G(Q,) = GL5(Q,) and G9'(Q,) = SL5(Q,) and
the claim is also clear;

e When p is inert or ramified, we may without loss of generality assume
G4 (Q,) = Us(Q,p) and G4*(Q,) = SU5(Q,) related to the unitary involu-
tion @ defined by identity matrix. From our choice, the parahoric subgroup
Ky corresponds to the connected integral model Us(Z,), since it is the
one related to the f-stable hyperspecial parahoric subgroup GL5(Og, ) of
GL5(E)). Its intersection with SU5(Q,) being SUs(Z,) gives the related
special or hyperspecial parahoric subgroup.

Finally, let %(?er be the group scheme over Z such that

G5 (R) :={g € A5™ @z R: 1(g)g = 1, det(g) = 1}.
Then for p split or inert, we have 4'*(Z,) = K{%. Hence we get a coherent set. [J
7.2. Simply transitive action of Ag,. For each p # 2, define

Aop = EK"P NG(Q) = Gy, where Ko™ = [] Ko,

p'#p
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Then by definition we have A§% = Ag, NG9 (Q). Let Agpaa be the image of Ag
in Gaa,". If furthermore p is split with respect to E/Q, we identify (“)z, with the
group scheme GLj5 over Zj,.

To translate [MSG12] to our case of forms of GL5 (instead of SLj), we need the

following lemma and its corollary:
Lemma 7.2.1. There exists a split prime p such that
(1) We have NPGL,)(QP)(ASE;) = Ao pad-
(2) Ao paa acts simply transitively on the set of vertices BY(G,) of B(G,).
(3) Ao, acts transitively on G, /Ko p.
Proof. Claim (1):
By the table in [MSC 12, Proposition 30], the image of A3 is an index-5 subgroup

0.p
of NPGL5(QP)(A8?pr)- Since A, normalizes Agf;f, we have Ag pad C NPGLS(QP)(AS?;).
Thus, we only need to show that the images of Agp and A% in PGL5(Qs) do

not coincide, or a fortiori Ag, as a subgroup of G(Qp,) = GL5(Q,) is not in
QE Gder((@p) = Q; SLs (Qp)~
We next choose p to satisfy:
e p is split with respect to the field extension L/Q;
e Write p = 2 + 7s2 for 7,5 € Z, then (r + sp)/(r — sp) is a 5th power in
Z/po, where p € Z/po such that p? = —7 (mod py).
For example, when pg = 11 we have
104211
10-2-11
Next, we claim that zo = (r + sv/=7)/(r — s1/=7) is a norm from L to E. By
the Hasse norm theorem, it suffices to check this locally. For any prime v of E,

p=947=10*+7-112, v/-7=2 (mod 11), 1°  (mod 11)

e if v is not over py or p, then xzq is in Ogv and thus a norm element with
respect to L, /Ey;
e if v is over p, then zy is a norm element with respect to the split extension
Ly/Ey;
e if v is over pg, then g € (’)Ev is a norm element with respect to the totally
tamely ramified extension L, /FE, since it is a 5th power modulo 1+ pg, .
Let lp € L such that Ny, g(lo) = zo. By Lemma 5.4.1, we may further assume that
lolp = 1. Then we realize [y as an element in G(Q). Since N e(lo) = z0 € Og[l/p)],
by definition we have lp € AH** for v not over p. Moreover, from the expression of
o, we have

Npp(lo) =20 = (r+svV=T)/(r —sv/=7) =1 (mod pr).
In total, lp € G(Q)NK;"* = Ag,p. Since the determinant of [y in G, is a uniformizer,
we have lo ¢ Q, SL5(Q,) which completes the proof of (1).
Claim (2):
This follows from [MSG12, Theorem A(2)] and Proposition 7.1.3.
Claim (3):
Let B°(G,) be the set of vertices in B(G)). We consider the map

Gp/Kop — B (Gp),  gpKop — gp -,

6Beware that this may be different from the previously defined f\gyp since it is a quotient by
the entire center instead of just the part that is split at p.
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where z is the vertex with related parahoric group being K ,. Since Ag, acts
transitively on B°(G,), we have that given any g,Kop, there exists A € Ay, such
that A-x = g, - x, or equivalently, gp)fl,z];1 € Ky, for some z, € Z(G,). Moreover,
we may pick an element z € E* such that

o 2Z=1;

e both z and z~! are integral outside p;

o 2Ky, = 2pKo .

Regarding z as an element in G(Q), from our construction we indeed have that
z € Aop. Thus we have g,K¢o, = A2Kpp. On the other hand, if g1 Ko ), = g2Kop
for g1,92 € Ao p, then by (2) glggl fixes the vertex corresponding to Ky, and thus
is trivial in Agp aq. Therefore g; and gy differ by a central element in G,,. O

Corollary 7.2.2. The group K§° is golden. In particular, for all p, Ao, acts
transitively on Gp/Ko p and Ao, acts simply transitively on the G, - x,, where ),
denotes the vertex in B°(G)) corresponding to Ko .

Proof. Given the first statement, the second follows from [DEP25, Lemma 4.1.2(2)].

For the first statement, Lemma 7.2.1(3) and [DEP25, Corollary 2.2.4] gives that
G(Q)K§{*G = G(A). Lemma 7.2.1(2) gives that G(Q) N K§° C Z&(Q). Therefore
it suffices to show that K5° N Zz(Q) = 1.

By Lemma 5.4.2, Zg(Q) = N'(E). We verify that at each local place v of E
over a prime number p, the element z € N'(E) is in OE When p is split with
respect to E/F, we have that x € B N K, = OEU. When p is not split, we have
that the valuations of z and  at v are both 0, meaning that x € (’)Ev. As a result,
z € O = {£1}. Finally, since x lies in K7, we must have = 1 (¢f. Remark 7.1.2).

(]

8. GATE SETS FOR GG

The last piece we need to run the constructions of Proposition 4.2.6 is the
computation of the gate sets SAo,p- In this section, we will often use boldface
to represent elements of Matsy«5(L) or elements of G interpreted as elements of
Matsyx5(L) through the map 7 from (5.1.2). We will also use the shorthand At :=
AT,

8.1. Explicit Trivializations. We will need explicit trivializations (i.e., explicit
isomorphisms to standard matrix algebras) of A5 and K§° locally and mod n.

8.1.1. Local Trivializations of A}**. Let ¢ # 2,7. Assume first ¢ # py and let us
construct explicit isomorphisms Ag?qx — Matsy 5((’)Eq).

Note first that
4

max __ _ i 5 _
Dy 7AD,qf@u(9Lq, u’ = a.
=0

Since L/F is either split or unramified at places of E over ¢ and a € qu, we may
find v, € OF such that Np_ /g, (74) = a. Define

: (on g 0'2 (o8 0'2 0'3
U, = diag(1, 74, YgVg » YaVq Vg +VaVg Vg Vg ) € GLs(OL,)
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Then by definition

Yq
g
U, '"n()Ug =n(l) for 1 € Ly and U, 'n(u)U, = ’732
4 ’ygs
g
Next, we take o € Oy such that the matrix

«a a® o o o
a® o o o o«
A=]a" oo oo a a°
o’ o a a® o’
' a a® a® o’

can be regarded as an element in GL5(Of,). In the case where

2 3 4
Op =Z{a,a%,a% ,a°% ,a% )

for some a € Oy, this is so since det(A) = Disc(Oy) = pg. Then

AU ') U,A™ AU '(u)U AT € Matsy5(Op,), wherel € Oy, .
Combining with Proposition 6.1.1, we must have
(8.1.1) AU (A5 U,A™ = AU '(Ap,g)UA™" = Matsx5(Og,).

Now we drop the condition ¢ # po. We may still find v, € L, such that
N1, /By, (Ypo) = a. We define U,,, and A as above; then
AU, (A5 )U, A
is a maximal Og, -order of Matsx5(Ep,). Using the explicit description of A
in §6.3 and the Chlnese remainder theorem for any fixed ng relatively prime to
2.7 po, we may find a matrix V,, € GLs(L) such that

Vpo el; + Mat5X5(n00E,(no))

and
VAU, (AR5 YU, A~V b = Mats.5(0p,, ).

D,po

8.1.2. Mod n trivializations of A5**. Now, let ny be relatively prime to 2 -7 - p
and let n = ng - p,"° for some n,, > 0. Equation (8.1.1) can be extended to a
trivialization over Of,/ng. We apply Hensel’s lemma and the Chinese remainder
theorem to produce v, € Op, (n,) X Ly, such that

Np/g(ym) =a  (mod n).
Define
U,, = diag(1, n, W5, Y570 W 1570 75 ) € GLs(L)
and
B, = U,A~1v, ")
Then we have B, € GL5(Or,) for all g|n.
We consider the reduction mod n map
(Ap™) =[] AB™ — (AB™)>™/n(A5™)> = AR, /nAR:

v finite
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Lemma 8.1.1. We have the isomorphism
B, 'n((A5™)%) /n(n(A5™)>)B,, = Matsxs(Op/n).
Proof. The definition of B,, guarantees that
B, 'n(ABT:))Bn = [ [ Mats.5(Og, ).

qln

Modding out n we get the result.
O

8.1.3. Trivializations in G. If H is a 5 x 5 invertible Hermitian matrix over F, we
define an algebraic group over Z by

(8.1.2) UH(R) := UPP/2H .= (X € Matsy5(Op ®z R) : XTHX = H}

for any Z-algebra R and shorthand Us(R) := Uf 2/29 Where J is the antidiagonal

Hermitian form.

Lemma 8.1.2. Let n be relatively prime to 2 - 7. Then reduction mod n induces a
surjection

i
B, '(K$°)B,, — Uy ™" (Z/n) C Matsx5(Op/n).

Proof. Let S be the set of primes dividing n. It suffices to consider the reduction

mod n of B, 'n(Ky s)B,,. By definition, we have Ky, = G, N ARy for gn. Since

n(Gy) = {X € n(D,) : XTX = 1}, the result follows from Lemma 8.1.1.
]

We remark that for ¢ | ng, the matrix B}, B,, already lies in GL5(O,). When
q = po, since the maximal compact subgroup n(A‘Bj") is {-stable, the group

B;ln(AIBjX)Bn = GL5(0EQ) = GL5(OEPQ) X GLE,(OE%)

is Ad(B] B,,) o (-)'-stable, thus B/ B,, € Q; GL5(Og,)-
We can conjugate further to get Us(Z/n):

Lemma 8.1.3. Let n be relatively prime to 2 - 7. Assume that Hermitian H €
Q; GL5(Og,) for all gin. Then there is C,, € GL5(Ogr/n) such that

C,'U¥(z/n)C, = Us(Z/n).
Proof. For g|n, we first claim that there exists C, € GL5(Og,) such that
C; U3 (Op,/q"")Cq = Us(Og, /g"").

If ¢ is inert in E/Q, using [Jac62, Theorem 7.1], there exists C, € GL5(Op,) and a
scalar A € Q such that C};HCq = M. If ¢ = pyp, is split over E/Q, then both
unitary groups become split and isomorphic to GLs(Z/q"« (™). Identify GL5(Og,)
with GL5(Og, ) x GL5(Og, ) and write H = (X, X" and J = (J,J). Then we
may construct C, = (X71J,15) such that C, € GL5(Op,) and CZHCq = AJ for
some A € Q.

In general, let C,, be a matrix in GL5(Og/n) such that C,, = C, (mod ¢"(™)
for all g|n, which exists by the Chinese remainder theorem. Then C/ HC,, = \J
(mod n) for some A € Q* which implies that C,1UH(Z/n)C,, = Us(Z/n).

O
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8.2. Explicit Gates. By Proposition 7.1.1, the order A5** satisfies the conditions
of Assumption 4.3.1. The trivialization (8.1.1) also identifies

AIB?)X = Mat5><5(OEp).
which we can, without loss of generality, conjugate to satisfy the other conditions in

§4.3.
Therefore we get from §4.3 that

Sho, = {0719+ tl9)g =17, g € AB™, g & pAE™}
at inert p and
Sha, = 7719+ Ug)g =P, g € AB™, g ¢ pAB™ U p,AB™)
at split p = pppp-

8.2.1. Finding gates. Finding explicit gate elements is the hardest part of our
algorithm, which we leave to Section 9 for a more detailed discussion.

8.2.2. Counts. When p is split, gates are in bijection with vertices at distance 1
from zg. By a standard formula in terms of p-binomial coefficients, this is

4

ISR, | = Z (f) p split.
=1 p

For example, | Sy, | = 3961830 when p = 11.

When p is inert, gates are in bijection with distance-2 hyperspecial vertices. Each
of these corresponds to a unique non-special vertex at distance 1. As we will see in
§10.1, there are (p° + 1)(p® + 1) such non-special vertices and (p® + 1)(p® + 1) such
special but non-hyperspecial vertices. Each of these non-special (resp. special but
non-hyperspecial) 1 corresponds to p (resp. (p+ 1)(p* +1) — 1) distance-2 vertices
x9 (in the notation of §10.1, if we fix x1, then ¢ and all possible zo form the set of
vertices of type 0 adjacent to x1, which is of type 1 or 2). Therefore

1S3, =p@* + D@+ 1) +[(p+ D> +1) = 1)(° + 1)(p° +1)  p inert.
For example, |S;\0’p| = 765672 when p = 3 and 297782760 when p = 5.

8.3. Reductions of Gates. We finally discuss our choices of K°7 and the reduc-
tions of Sx, in Ag,/Ap.

8.3.1. Choice of K°P. We now consider n relatively prime to 2 -7 - p. Let
o= I 1 a

qs split qr inert

and define
K7 =[] Kola™)
q#p

where K 4(¢™) denotes the principal congruence subgroup of level ¢"« in Ky , C G,,.
Then
GLs(Z/q") g split,
Us(Z/q™)  q non-split,

where Us is defined as in equation (8.1.2).

Ko,q/Koq(q") = {
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Then, since G(Q) C GP* is dense:
Aop/Ap = (GQ) NKGP)/(GQ) NK™P) = K= JK™P
(8.3.1) = JI cts@/a™s) [ Us@/aq") = Us(z/n).

qs split qr inert

. 1, 1, .
Since Agp N Zép: =AogpN Zzp ? where Zzp * denotes the part of the center split over
Qp, we also get

Us(Z/n)/Uy(Z/n) p split,

(8.3.2) /_\O,p/Ap = Ug(Z/n) = {U5(Z/n) p inert.

We can also compute the sizes of these groups as products over primes dividing n.
For prime n, the sizes are standard and can be found in [CCNT85, §2]. For prime
powers n, we additionally use that at unramified places [Kq ,(¢"") : Ko 4(¢%)] =
q¥m G for i > 1 (see, e.g., [KP23, Theorem 13.5.1(1)]). The formulas for general n
then follow from the Chinese remainder theorem.

4 4
Us(z/n)] =n* ][] (ql%g, [T - qé)) < 11 <q;5 [1+ (—1)iq3)> :
i=0 i=0

gqs|n qr|n
qs split qr inert
qs — 1 gr +1
Uy (Z/n)| =n H X H .
asin ar atln ar
qs split qr inert

8.3.2. Explicit Reductions. We next need to compute the images of the elements
of Sx, in UX(Z/n). As in Lemmas 8.1.1 and 8.1.3, choose B,, € GL5(Or,(n)) and
C,, € GL5(Og/n) so that the reduction modulo n defines a surjection

B, 'n((A5™)™) B, — Matsxs(Op),
and
(B,C,)(B,C,) = 1.
Then:

Lemma 8.3.1. Reduction mod n induces an isomorphism

C,,' (B, "n(Aop)Bn/B, 'n(A,)By) C, =5 Us(Z/n).

n

Proof. By equation (8.3.1), we have
Bgln(AO,p)Bn/Bgln(Ap)Bn = B;1W(K$7p)Bn/Bgln(Km’p)Bn7

where S is the set of primes dividing n. By the definition of principal congruence
subgroups, B, 1n(K°?)B,, is exactly the set of elements of B, 'n(K;"")B,, that

are 1 mod n. Therefore, by Lemma 8.1.2; this quotient is exactly UELB" (Z/n).
The result then follows from the definition of C,,. O

8.4. Gates to Vertices in the Building. The last piece of data we need is an
explicit assignment of z € X' to gates s, € Sx,  as in Construction 4.2.3 or 4.2.4.
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8.4.1. Labeling X. We first need to label the vertices of X and describe its simplices.

In the split case, let p = p,pp, and fix an isomorphism G, = GL5(E,,). We
assume that z( is stabilized by GLs (OEpp) under this isomorphism. Then, by a
standard construction (e.g., [KP23, §15.1]), the vertices of X’ correspond to lattices
M C EEP such that

ppOp, SMC O}, .
For 1 < k <5, the k-simplices containing z correspond to sequences of lattices M;
with
ppO%, CMiC - C My C O,

Finally, the Gp-action is through the isomorphism G, = GL5(E,, ).

Reducing mod p,, we get the following construction:

Construction 8.4.1. Let p = p,p, be split in E. Then the vertices of Q in
Construction 4.2.3 can be identified with the subspaces

0#MC (Op,,/pp)°
with the k-simplices containing xo corresponding to sequences of such M; for 1 <
1 < k satisfying that
0# My G- S My S (Og,,/pp)°
Furthermore, given M as above, then for any g € GL5(E,,) such that gzo € Q,

we have grg = M if and only if there is X € E,  such that A\g € GL5(E),,) N
Matsx5(Og, ) and \g(Og,, /pp)® = M.

In the inert case, we have explicitly constructed a Hermitian form H), := BLQ B,: €
GL5(Og,) on EJ and the related identification G}, = U5H” (Qp). Assume that zg is
stabilized by GL5(Og, ). Again, by a standard construction (e.g., [KP23, §15.2]),

e the vertex o corresponds to the Hj-selfdual’ lattice O%p§

e the vertices x; of X at distance 1 correspond to pairs of lattices My, My C

E} such that
pOL, C Mi C M2 C O,
and M; is the H,-dual lattice of p~! Ma;

e Given two pairs of lattices (M;, M3) and (M, M%) corresponding to two
distance 1 lattices x1, 2} as above, {zg,x1,z}} forms a simplex if and only
if either M1 C M} or M{ C My;

e The type-0 vertices x5 of X at distance 2 correspond to lattices M C E;’
such that p~' M is H-selfdual and

p*Of, S MG Op,

Furthermore, given a distance 2 vertex xo and the associated lattice M, the

distance 1 vertices x1 between zy and x5 correspond exactly to those pairs
(M7, M3) such that

M C My € Ms.

Moreover, x1 lies in the convex hull of zy and x5 if and only if the associated
M is minimal among all possible z;.

THere we say that an Op,-module M3 is the dual of My if M2 = {z € E} :Hp(My,z) € Og, }.
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If we fix an apartment containing zy and x2, there may be either one or
three such z1, depending on whether the convex hull consists of two long
edges or two short edges in the reduced building. In the latter case, let
(M1, My), (M), M5), and (M7, MY) be the three pairs corresponding to
distance 1 vertices between xg and xzo. Then (M;j, Ms) corresponds to the
midpoint of zg and xs if and only if My C M} and M; C M.

Ezample. Take H,, = J. Then, z, relates to O%p, x5 relates to p?Op, @p(’)‘n};p ®0g,,
ah relates to p2(’)%p @ pOg, ®© O%p, x1 relates to pO4Ep ® Og, CpOg, ® (94Ep, x}
relates to p(’)?’Ep ® (’)QEP C p(’)%p ® O%p, zY relates to pOp, ®© O, ® p(’)QEp ®0Og, C
pOg, ® O%p ® pOg, ® Og,. Then z} is the unique vertex between o and x5, and
x1, ),z are the three vertices between zy and x5 in a fixed apartment (but there
could be more such vertices in other apartments).

Reducing modulo p?, we get the following construction:

Construction 8.4.2. Let p be inert in E. Consider the rank 5 free O, /p?-module
(Og, /p*)° and realize H,, as a Hermitian form on it. Then the vertices in Q in
Construction 4.2./ can be identified with the Og, /p?-submodules

0#MGS (O, /p*)°
that are Hp—gelfdualg. Furthermore, for any g € U5H” (Qp) such that gzo € Q, we
have gxg = M if and only if there is X € E, satisfying
Mg € GL5(E,) NMatsx5(0p,) and Ag(Og, /p?)° = M.
The vertices in X at distance 1 can be identified with pairs of O, /p?-submodules
(POg, /p%)° € M1 S My S (O, /p?)°.
such that /\;11 is the Hy,-dual of 13/\712. A 2-simplex containing xo consists of two
such pairs (My, M) and (M}, M%) such that
(pOg, /p*)° € M1 C My C My C My € (Og, /p°)°.

A vertex at distance 1 related to (M1, My) is between zo and a vertex at distance 2
related to M if M C My C (Op, /p*)°, and moreover, it lies in the convex hull if

=

the related My is minimal.

8.4.2. Matching to Gates. Now we can match s, to z € Q.
In the split case p = pp,pp, choose B, as in Lemma 8.1.1. Then

B, (S, ,)Bp € GL5(E,,) N Matsxs5(Og,, )

and
B;ln(SAO'p)Bp N Mat5x5(pp(9Epp) = @

So Lemma 8.1.1 gives a reduction-mod-p, map as an injection

B;l’l](S]\O’p)Bp — Mat5><5(0E/,0p).

8Here we say that an OEp/pQ—module Mz is the dual of My if M2 = {z € ((91;10/p2)5 :
Hp(My,z) = 0}.
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Now we apply Construction 8.4.1. Note that the condition (O, /p,)® = M only

depends on the reduction of g mod p,. In total, for each vertex M € @, we have
that s, is the element in Sz, such that

(B, 'n(s0)Bp)(Ox,, /pp)° = M.
In the inert case, we instead choose B> as in Lemma 8.1.1. Then similarly,
pB;2177(S;\0’p)sz C GLs5(E,) N Matsx5(Og,)
and
pB;le](S[\O’p)sz N Mat5x5(p20Ep) == @
So Lemma 8.1.1 gives a reduction-mod-p? map as an injection
B;zln(pS;\O’p)sz — Mat5X5(OE/p2).

We similarly input Construction 8.4.2. In total, for each vertex M € Q, we have
that s, is the element in Sz, such that

(B2 1(ps x)Bp2) (O, [p*)° = M.
9. FINDING GATES

Choose a prime p # 2,7 and let e be 1 if p is split in E and 2 if p is inert in F.
In practice, we focus on p® = 9 or 11, which correspond to the smallest inert and
split cases respectively.

9.1. Basic Reduction.

Lemma 9.1.1. Let x € AR\ Op such that (z)x = p°. Then

o I':=FE[z] C D is a CM field of degree 5 over E on which v acts as complex
conjugation.

o Write M’ = (L')" which is a totally real field of degree 5 over Q. Write
T =a+ pf for a,3 € M" and ps = (1 ++/=T7)/2. Then M’ = Q(a) =
Q(B) = Q(2a + ).

o Ta,7B,2a + B € Opy NAE™. Furthermore o, 8 € Opr when M'/Q is
unramified at 7.

e The absolute value of all the real embeddings of B (resp. 2ac+ ) are smaller

than /4pe /7 (resp. /Ap®).

o The discriminant
Disc(M') < C - (4p°/7)10 M’ not ?‘amiﬁed at 7,
C - (4p°)*0 M’ ramified at 7,
where the constant C ~ 0.134288.

Proof. From our construction, L’ is an abelian division algebra over E not equal
to F. Since all maximal abelian subalgebras of D are degree 5 over E, L' must be
maximal and also degree 5.

Since «(z) = p°a~!, «(z) € E(x) = L' which forces «(L') = L’. Then, since
{z € D : u(x)x = 1} is compact, so is {z € (L)% : t(x)z = 1}. This is only
possible if M’ = L'* is totally real, in which case ¢ has to act as complex conjugation
since it is an involution.

Let x = a + p28 with «, 8 € M’. Then,

a? +af +25% = p°.
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We cannot have Q(«a), Q(8) or Q(2a + B) being strictly contained in M’, or
equivalently «, 8 or 2ae + 8 are contained in Q. Otherwise using the above equation
E[z]/E is of degree 1 or 2, which is impossible.

By direct calculation, we have

Ta = (pau(z) — pox)V =7, 78 = (x — 1(x))V=7 € V-TAF*NM' C Opp,
20+ B =x+u1(z) e AN M C Opp.

Since the norm form as a polynomial in « has a real root:

(5(1’))2 _ 4(2(5(i))2 -p)>0 = |6(i)| < \/‘W7

where () denote the image of 3 under the i-th real embedding M’ < R for
i=1,...,5. Since (2a + B)? = 4p°® — 7%, we have that every real embedding of
2a + B is of absolute value not greater than /4p°.

If M’ is not ramified at 7, we have that «, 5 € Opp since (AR**)* N L'™* C Op,
and Op = OpOp. Therefore, we have that Z[3] is an order in Oy and

| Disc(M")| < | Disc(Z[8])| = H 18 — g2

1<i<j<5

If we had —1 < () < 1, we can numerically maximize the product on the right-hand
side of the above equation and bound it by C & 0.134288. Scaling this by (4p¢/7)2%/2
gives
| Disc(M")| < C - (4p®/7)*°.
If M’ is ramified at 7, as in the unramified case, we have
| Disc(M")| < | Disc(Z[2a+ B])| < C - (4pe)10.
O

Corollary 9.1.2. Let x € AN'E** such that o(x)z = p°. Then x € ppAF>* U p, AT
(resp. x € pAT** ) in the case E/Q is split (resp. inert) over p if and only if x € Ofp.

Proof. I z € Op, then noting that Og is a PID, we have that the ideal ()
equals (pp) or (pp) (resp. (p)) in the split case (resp. inert case). This implies that
x € ppAP*Up, A5 (resp. x € pAp*). Conversely if z is not in O, then L' = E[z]
is a CM field of degree 5 over £/ and z is in Op/. Assume that x € p, AR U pp AR
(resp. x € pAp™), then for y = p, 'z or p, e (resp. y = p~'x) in Or/, we have
t(y)y = 1. Tt is straightforward to check that the only units in O, are 1 or —1.
Then y = +1 and z is in F, contradictory!

O

9.2. Quadratic Form, Characteristic Polynomial and Minimal Vector. We
regard (AB*¥)" as a free Z-module of rank 25 and consider the following quadratic
form

(9.2.1) (N5™) = Z, v+~ Trdpp(?),

induced by the reduced trace map. If v ¢ E, then E(y) is a CM field of degree
5 over E, with Q(v) = E(v)" being a totally real field of degree 5 over Q. Then
Trdp,(7?) = Trg(y)/o(¥?) is a non-negative integer. If v € E N (AB™)" = Z, then
still Trg(y),0(7?) = 57% is a non-negative integer. As a result, the quadratic form is
positive definite.
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Write v = Z?:o u'l; with I; € L, then 1(y) = 7 implies that
7 o —17 o2 —17 o3 —17 ot —17
l():lo, ll =a l4, 12 =a l3, l3 =a lg, l4 =a ll,
and thus .
Trdp/p(y?) = TYM/Q(Zl[i)
i=0

We write lg = mJ, [; = m{ + pami and Iy = mJ + pamd with m{ € M, then we have
Trdp,p(v%) = Traryg((mp)” +2((m3)° + mimy +2(m1)*)+
2((m3)?* +mims +2(m5)?))

Notice that this equation concerns only the totally real cyclic extension M/Q.
Let

(9.2.2)

1M = ((mg)q, (mY)q, (m1)q, (m3)q, (m3)q)

be a row vector in Q?°, where (m?)q denotes the corresponding row vector of m?
in Q° via the identification M =2 @?:0 Qa;. Using our discussion in §6.3, each
v € (ABaX)¢ corresponds to a column vector F1 in Z2® satisfying

T =T
m- = Bmax X

Then, consider the following explicit quadratic form on Z2°:
Qmax(f) =T B,:anAoBmax . fTv

where we define
. 2T T 2T T .
AO = dlag (T, <T 4T> s <T 4T) > Wlth T = (TrM/Q(aiaj))Ogi,jgél-

By our discussion above, we have

TrdD/E(’72) = Qmax(f)'
It means that we have a concrete realization of the above quadratic form (9.2.1).

Moreover, we may use the embedding (5.1.2) to calculate the characteristic polyno-
mial of v, which could be expressed as

(9.2.3) P,(t) = t° + Py ()" + Po(2)t* + P3(2)t* + Py(2)t + P5(2),

where for each ¢ = 1,...,5, P;(Z) is a homogeneous polynomial of degree i in
Z[Z] (thus is of 25 variables). Using the explicit relation between # and +, these
polynomials P;(Z) could be calculated explicitly. In particular, we have P; (&) =
—Trdp/p(7) and Qmax(Z) = Pi(L)? — 2P,(&).
Now we discuss a possible minimal short vector that can be picked. Consider
a solution of «(z)z = p® in AB** \ Op. Using Lemma 9.1.1, we write z = o + p2f3
such that
o «,f3 lie in (A5**)* such that M’ = Q(a) = Q(8) = Q(2a + B) is a totally
real field of degree 5 and L' = EM' is a CM field of degree 10 over Q.
e We have 7a, 78,20 + 8 € Oy NAE>. When M'/Q is unramified over 7,
we further have «, 5 € Opyr.
e We have Trdp, g (4u(x)z) = Trdp, (2 + 8)?) + Trdp,p(767%) = 20p°.
Let v be an element in AR N (Oyp — Z), such that Trdp,g(7?) reaches the
smallest value. Let & € Z2° be the vector related to v. We have

Qmax (%) = Trdp /(%) < (7/8)[Trdp g ((2a + B)?) + Trdp £ ((78)?)/7] = 35p°/2.
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9.3. Finding Subfields L’ € D. We explain how to list all possible maximal
subfields L' C D, such that there exists an element z € L' N A'5** \ Op satisfying
t(x)x = p°. In particular, we necessarily have x € Or,. Consider M’ = L’*, which is
a totally real field of degree 5 over Q.

We need to check all CM fields L’ of degree 5 over E, such that

e L' can be embedded into D, or equivalently by the local-global compatibility,
L' is inert at ps and po, or equivalently M’ = L'* is inert at 2.

e By Lemma 9.1.1, Disc(M’) < C- 70 (4p¢/7)'° where & = 0 or 1 depending
on if M'/Q is unramified at 7 or not.

e The equation ¢(z)xz = p° has a solution in O/ \ Og.

The strategy is to list all L’ satisfying the first two conditions above, and then check
one by one if the third condition is satisfied.

To check if «(x)x = p® has a solution in O \ Of, a necessary (and effectively
checkable) condition is that there is a principal ideal I dividing (p°®) and different
from (p) (resp. (pp) and (pp)) when e = 2 (resp. e = 1) such that «(I)I = (p°).
To find I, we only need to consider the decomposition of (p¢) into the product
of prime ideals, and check if we may divide these prime ideals into two multisets
with their products equal to principal ideals I and ¢(I) respectively. Remark that
two solutions to ¢(z)z = p° such that I = (z) differ by a unit u € OF, satisfying
t(u)u = 1. Also, since the unit groups of O, and Oy are of the same rank, both
the kernel and the cokernel of the map OF, — Oy, y — (y)y are finite. Thus u is
a root of unity. Finally, any CM field L’ of degree 5 over E only has roots of unity
1 and —1. Thus for each ideal I, there are at most 2 solutions =, —z with I = ().
Since there are only finitely many possible I, for each L’ there are finitely many
solutions to ¢(x)x = p°.

Using Sagemath, for p¢ = 9 or 11 we checked the first 8000 CM fields L’ listed on
the website LMFDB satisfying the first two conditions, and found around 200 fields
among them having a solution ¢(x)xz = p¢. We listed the related solutions as well.
In particular, this list contains all the fields L’ such that M’/Q is unramified at 7.
If we furthermore focus on the case where M’/Q are ramified at 7, then for p¢ =9
or 11 there remain less than 40000 fields to be checked. When the discriminant
becomes large it gets slower to check if a certain field L’ has a solution and to find
the solutions. But in any case it is a one-time check.

Hence at last we expect that for small p¢ we may list all CM fields L’ satisfying
the above conditions, and x € O, \ Og such that ¢(z)z = p¢. On the other hand, it
is only a necessary condition, saying that some solutions x might not be embedded
into AB*.

9.4. Strategy. Now, computing all the solutions to ¢(z)x = p® in AF** \ O can
be divided into the following three steps:

(1) List all the possible totally real fields M’/Q of degree 5 and the related CM
field L’ = EM’, such that there exists a solution ¢(z)x = p¢ in Op/ \ O,
and for each L’ find all the solutions xz. Using Lemma 9.1.1 we need to
search over all possible totally real fields M’ with bounded discriminant,
which can be done for small p®.

(2) List all v € (AB*)* such that Trdp,g(7?) < 35p°/2. Equivalently, list all
T € Z*° such that Quax(¥) < 35p°/2. Noting that here Quayx is a specific
positive definite quadratic form of 25 variables and explicit coefficients. The
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main problem is that the number of solutions is gigantic—when p® = 11
and 35p°/2 = 375/2, there are around 10'* solutions &, thus can hardly be
fully listed and further checked in Step (3) below. On the other hand, by
taking a smaller bound, we are still able to find certain ~y, which possibly
leads to some solutions x.

(3) For each v in the list of Step (2), check if the field M’ = Q(«) lies in the list
of Step (1), which can be done by calculating the characteristic polynomial
P, (t) of v. After that, for any « in Ops \ Op such that ¢(z)z = p°, we may
express it as an explicit Q-coefficient polynomial of v and p,. Then, we may
check directly if = lies in A5** or not. This will theoretically give all the
solutions to ¢(z)z = p° in AF** \ Op. Combining with §8.2 and Corollary
9.1.2, we find all the gates.

More precisely, in Step (3) if we write = « + p2, then we have M’ =
Q(a) = Q(B) = Q2 + B) and ~y can be considered to be a shortest vector in
ZTa, 78,2+ B\ Z C (AF*)* \ Z. Thus by solving the equation ¢(z)z = p® in L',
we may precompute the characteristic polynomial of «y for each candidate L’ in Step
(1). In that sense, we are essentially required to solve the following problem:

Problem 9.4.1. Find all vectors ¥ € 72 such that Qumax(T) < 35p°/2 and
(P (%), Py(T), P3(T), Py(T), P5(T)) lies in a fized precomputed list of vectors in Z5.

The above problem is quite concrete. We hope that some techniques, including
the modulo n technique for small n, will reduce the complexity of the problem
and lead to an effective algorithm of finding all the solutions for small p¢ (for
instance p¢ = 9 or 11). However solving this problem or even determining if it is
computationally tractable on modern hardware is far out of the scope of the authors’
current expertise.

9.5. Initial Data. For convenience of the reader, we list our choice Bax and Qmax
in the setting of §5.3.

Implementing the procedure of §6.3 in Sagemath, finds an explicit 25 x 25 matrix
Brax with rows:

Row 1: (&,0,...,0);

Row 2: (0, &,0,...,0);

Row 3: (0,0, 15,0,...,0);

Row 4: (&,2,4.1,0,...,0);

Row 5: (&,2,2.,0,1,0,...,0);

Row 6: (137, 57, 157,00, %, 0,...,0);

Row 7: (1%, 137, 137,0,0,0, %,0,...,0);

Row 8: (&%, 3, :2,0,0,0,0,%,0,...,0);
Row 9: (14, 157+ 137+0,0,0,0,0, ,0,...,0);
Row 10: (137, 157, 127, 0,0,0,0,0,0, &,0,...,0);
Row 11: ({5,128 226 0 0, 2 0,0,0,0,2,0,...,0);
Row 12: (133, 21,219 0,0,0,-%,0,0,0,0,2,0,...,0);
Row 13: (382 113 97 0,0,0,0,%,0,0,0,0,2,0,...,0);
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Row 14: (2285 2U6 1807 0, 16,4,8, 22 6,12, 4,2,22,0,...,0);

Row 15: (1221 1682 T g 0, 10,20,12,4, 22,10, 16,6,0,22,0,...,0);

Row 16: (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 11,0, ...,0);
+,0,...,0);

Row 18: (131, 131> 1912 0: 0 91> o1 191 197 191> o0 o1 o100 0 1810 O
45,0,...,0);
£-,0,0,,0,...,0);

Row 20: (&%, 15, 131, 0,0, 231, 1572 157 To1> 191> 101> 191 127+ 05 05 1575 0, 0,0,
+,0,...,0);

Row 21: (12,18,4,0,0,12,20,4, 14,16,0,0,0,0,0, 27,0,0,0,0,22,0,0,0,0);

. (2146 710 81 839 162 1888 1323 65 1517 2388 597 1194 113
Row 22: (537, 121> 1210 0: 0, 751> 101 121 210 0.0, o1 11

» 121 1210 121 * 121 121’ 121 121 121°
0,0,0,0,22,0,0,0);
. (1501 920 565 162 1017 1372 1533 291 323 920 1517 1517 o 113
Row 23: (351, 121> 1215 0,0 0,0, 35750, 57>
0,0,0,0,22,0,0);
. (549 1501 597 1323 65 o 1033 1565 2114 1791 49 920 113
Row 24: (137, 151 12100, 0, 557> 121+ 2 0,0,737,0,0, 57
0,0,0,0,22,0);
. (12088 23910 16908 16053 18570 28911 13181 18344 8309 8906 1517
Row 25: (551, 551 1315 0,0, 131 1o > “Tor v 131 0 DT TaT0 1210 131

0,0, 26569 176,132,220, 227 44,154,176, 132, 242).

’ 1210 1210 121 7 121 0 1217

Using this Bupax, we find an explicit (Qax such that the related symmetric matrix
BT AoBmax has coefficients that are all non-negative integers. Since it is already
explicit, we won’t display its entries for brevity. Neither will we display the 50 x 50
matrix Apax, although such a matrix is helpful in verifying if an element x in D
lies in AF**. To compensate, by observing 7(z) € GL5(L) one can still judge if z is
in A or not.

9.6. Finding an Explicit Gate Element. In this part, we explain our strategy
for finding an explicit gate element. We assume p® =9 or 11.

(1) We listed all the totally real fields M’ with the CM fields L’ having a
solution of ¢(z)z = p° with
e M'/Q inert at 2;
e Disc(M’) bounded by 0.134288 - (44/7)'0 ~ 12959555 for M'/Q unram-
ified at 7, and 0.134288 - 4419 ~ 3.6523 x 10'° for M’/Q ramified at
7.
We checked the first 8000 totally real fields M’ listed on LMFDB and found
139 candidates that have a norm solution in L’. Here, we list the smallest
and the largest M’ and their discriminant: Q[¢]/(t> — 2t* — 3t3 + 5t2 +t —
1), 36497, Q[t]/(t> — 2t* — 93 + Tt2 + Tt + 1), 8733025.
(2) We listed all Z such that Qmax(Z) < 40. It turns out that there are 463798
solutions. We restore the corresponding ~.
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(3) We checked for v in Step (2) if Q() occurs in the precomputed list in Step
(1). It turns out that there are only several hundred candidates.

(4) We checked if each related solution x in Step (3) as a polynomial of ps and
7 is in A5,

Example. Within the above range we already found an element & and a corresponding
€ (A5*)* such that

L4 Qmax( ) TrdD/E‘(’YZ)
1) =

)
0,0 .1 2 4 7 2 3 2 .

i (m0am17m1am27m ( 101 + T 1 - 110‘1 BT 121 1 + 121 +
64 2 10 30 46 3 125 45 3
%géa% 1210‘1 + 121’ 121“1 121“1 121‘)‘1 + 1210‘1 1210 121 ai + 121a1
12191 — 0‘1 + 1217 1210‘1 + 121 O‘l + 121 - ﬁ)

e v has characterlstlc polynomial 2% — 1723 —I— 21x —|— 21z — 25, which defines
a field M’ of discriminant 89417 and unramiﬁed at 7

o Fora= 7'+ 37 -4+ -1, 8= -4 -+t -
we checked that = a + Bp2 is a solution of ¢(z)z = 11.

e Finally, z € AJ**. This can be checked by first converting x to the related
column vector (77)T € Q°°, and then verifying that Ay, - (70)7 € Z°°.

'
S

9
17

)

=
—

10. ALGORITHM SUMMARY

We now summarize the complete algorithm constructing our Ramanujan com-
plexes X (KP).

10.1. Structure of Output Complexes. We compute the details of the local
structure of the output complexes as in §3.4.

10.1.1. Split case. If vq is split, B(G,,) has type A4. The types of simplices are
orbits of subsets of {0,1,2,3,4} under the cyclic permutation (1234). We can
compute how many simplices of each type a vertex is contained in terms of sizes of
various flag varieties:

2(¢5 -1 S D(gr—1)(¢2 -1
(g, —1) (0.1,3} 3(q, ! )4y )(qv2 )
(QU -1) (QU - 1)((]1) - 1)
2(¢> — D)(g* -1 45 -1 (¢ - 1D(g3 -1
(q2’l) )(qU ) {O 2’ 3} (q'l} )(q'U :z(q'l) )
(¢ —D(gw — 1) (qw — 1)
S—1)(gt -1 S D(g* — (g2 —1)(¢®2 -1
3(4y )(qv2 ) {0,1,2,3,4) (g0 — D(gy — 1)(gy - Mgy —1)
(qw — 1) (go — 1)
Each 4-simplex is also contained in ¢, + 1 chambers.

Note that as in §3.4, these complexes have universal covers different from those
constructed in [LSV05a, LSV05Db].

{0,1}
{0,2}

{0,1,2}

10.1.2. Inert case. If vy is inert, then B(G,,) has type 2A/,. There are three types of
vertices {0, 1,2}, without loss of generality, labeled such that 0 is hyperspecial and
2 is non-hyperspecial special. The higher-dimensional simplices have type that are
subsets of {0,1,2} and B(G,,) is made up of apartments that look like Figure 2.
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We again calculate the degrees of each type of chamber at each vertex in terms
of sizes of flag varieties:

| {0,1,2} {0,1} {0,2} {1,2}
0 (gz+1)(gd+1)(g)+1) (g5 +1)(gp+1) (g5 +1)(gp+1) —
1 (g0 +1)(g + 1) (¢ +1) — (g5 +1)
2| (g0 + (g7 +1)(gy +1) — (o +1)(gs +1) (g2 +1)(gy +1)

Note that the reductive quotients of special fibers of the integral models at a vertex

of type 0,1,2 are U(5),U(3) x U(2), and U(4) respectively. Formulas for point

counts of unitary groups over finite fields may be found in [CCNT85, §2].
Alternatively, the numbered labels on vertices in the tables of [Tit79] give:

e Each edge of type {0, 1} is contained in (g5 + 1)-chambers.
e Each edge of type {0, 2} is contained in (¢2 + 1)-chambers.
e Each edge of type {1,2} is contained in (g, + 1)-chambers.

X1 2

)

FIGURE 2. Apartment and chamber of type 24/

10.2. Algorithm. In the notation of the previous sections, we are picking G, K§°, Ao p
with @ := a;. The number n will define K°>°? = K;°?(n) and therefore A,,.

Input. Prime p # 2,7 and n € Z~q relatively prime to 2 -7 - p.

Output. Ramanujan simplicial complex of the type described in

§10.1.1 p=1,2,4 (mod7)
810.1.2 p=3,5,6 (mod?7)

with
4 4
1 (e L@ =) ) < TT (o, TL6 + 1)
e\ —1) an \H @+ 1) g
=124 4=3,5,6

mod 7 mod 7



50

vertices

RAHUL DALAL, ALBERTO MfNGUEZ, AND JIANDI ZOU

if p=1,2,4 (mod 7) and

4 4
1 (j%[gf—qi))x 11 <qi5ﬂ<q5+<—1>iqi>)

q|n, qln, =0
q=1,2,4 q=3,5,6
mod 7 mod 7

type-0 vertices if p = 2,3,5 (mod 7).

Constants and Notation. We define constants:

po =11,
a1 is a root of the polynomial 2% — 2% — 423 4+ 322 + 32 — 1 and «; := of,
p2 = (1+=7)/2, pu1 =2+ VT,
If p is split, p = pppp in Z[pa),
a = papti/p2piy,
b =10,
o a‘{z ai’z a‘fz a‘{4 -

of aof of of o
A=|a of o @ of
oz‘f3 a‘f4 ar af a‘fz
o af a‘{z oz‘l’3

Write n = ngpy™® with ged(ng,po) = 1 and n,, > 0.

As notation

E is the number field Q[ps],
M is the totally real field Q[a],
L is the number field Q[p2, 1] with ring of integers

OL == Z<Ozi, P20 0 S 1 S 4>,
ooy 0/11—&—404%—2, p2 — pzand T: g — aq, p2 — po are automorphisms
of L,
Given v € L,
v

log
2

Yy
U, = ke
e o
2 3 4
el Al Siike 0

Algorithm: Precomputation. We first do some precomputations for the prime p
determining the local structure of our expander complexes

(1) Find the gate set Sx, :

(a) Following §86.3, 9.2 to find the transition matrices Apax, Bmax and
quadratic form Quax. One possible choice of Byax and Qumax is listed
in §9.5.

(b) Following the three-step strategy in §9.4 to solve the norm equation
for x € A'B** \ Op such that

) = pf = P p=1,2,4 (mod7),
P2 p=3,5,6 (mod 7).
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(c) Set Sy,  to be the set of ¢ for these x such that ((z)z = p® and where

—1 in the split and inert cases respectively.

e=1or2and ¢ =p," orp
(2) Compute the map Q —> SR,., : T+ Sy needed for Construction 4.2.3, 4.2.4:
(a) When p or n is divisible by pg, use the expression of AT}** and Chinese
remainder theorem to calculate the matrix V,,; € GL5(L) as in §8.1.1.
(b) If p=1,2,4 (mod 7),
(i) Find vy, € O (p such that Ny ,g(v,) = @ (mod p).

(ii) Define the matrix B, = U%A—lvgologpo (ged(ppo)

(iii) The vertices M C (Og,, /pp)® in @ and simplices containing
these vertices are determined by Construction 8.4.1.
(iv) sy is the element of Sx, such that

(B;:lSMBp)<OEpp /pp)5 =M.

(¢) f p=3,5,6 (mod 7):

(i) Find v,2 € Op () such that Ny p(v,2) = a (mod p?).

(i) Define the matrix B, = U, , A~1V,, 50 &0,

iii) The vertices M C (Og /p?)® in Q and simplices containin,

= Pp g

these vertices are determined by Construction 8.4.2 inputting
H=B/.B,.

(iv) sy is the element of Sx, such that

(B;;ps/\;[sz)(OEP/pQ)5 = M.

(if desired, it is possible to further conjugate by a C,2 as in
Lemma 8.1.3 so that the H inputted to Construction 8.4.2 is the
antidiagonal Hermitian form J.)

Algorithm: Construction. Then we can construct our infinite family of complexes
indexed by n:
(1) Reduce S3, mod A,
(a) Find v, € Op, () such that Np,,g(v,) = a (mod n) through Hensel’s
lemma and the Chinese remainder theorem.

—min(1,np,

(b) Define the matrix B,, = U, A~V

(¢) Find C,, such that CI B! B, C, = A-J mod n, where J is the antidi-
agonal matrix with all ones and A € (Z/n)*.

(d) Define Us(Z/nZ) to be the subgroup GL5(Z[(1++/=7)/2]/n) preserving
the Hermitian form J. Let

# | Us(Z/nz))U\(Z/0Z) p=1,2,4 (mod7)
v = {Us(Z/nZ) p=3,56 (mod7)

(e) C,'B, 'Sz, ,B,nC, (mod n) gives aset of representatives of UL (Z/n).
(2) Construct X¢ (K (n)P°°) using the generators Sy, = of the group Ao /A, =
Ug(Z/nZ) and the assignment @ —» SR, 1 T > Sy through:

Construction 4.2.3 p=1,2,4 (mod 7),
Construction 4.2.4 p=3,5,6 (mod 7).
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The most computationally intensive step is (1) in the precomputation, where
the key is to solve Problem 9.4.1. Luckily, the precomputation only needs to be
done once for each infinite family of complexes—for the theoretical purpose of the
algorithm being polynomial time in n this is just an (extremely large) additive
constant factor.
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